
POLISH MARITIME RESEARCH, No 4/2015 41

POLISH MARITIME RESEARCH 4(88) 2015 Vol. 22; pp. 41-47
10.1515/pomr-2015-0069

A MODEL OF THERMAL ENERGY STORAGE ACCORDING TO THE 
CONVENTION OF BOND GRAPHS (BG) AND STATE EQUATIONS (SE)

Marian Cichy, Prof.
Jacek Kropiwnicki, Ph. D.
Zbigniew Kneba, Ph. D.
Gdańsk Univeristy of Technology, Poland

ABSTRACT

The main advantage of the use of the Bond Graphs method and State Equations for modeling energy systems with 
a complex structure (marine power plants, hybrid vehicles, etc.) is the ability to model the system components of different 
physical nature using identical theoretical basis. The paper presents a method of modeling thermal energy storage, which 
is in line with basic BG theory. Critical comments have been put forward concerning multiport energy storage introduced 
by other authors or the so-called C-field. In suggested approach, the decision not to use pseudo Bond Graphs has been 
justified as not being in line with basic BG theory. On the basis of molecular physics it was considered that the state 
variable, in physical and mathematical sense, should be temperature rather than entropy. Examples of the application 
of the proposed approach to thermodynamic processes and heat exchange have been presented. The application of 
a single graph as a model for thermal energy storage has been illustrated by a way of numerical simulation examples.
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INTRODUCTION

In complex energy systems heat exchange elements are 
used to determinate the total efficiency and the impact of the 
systems on the environment [7, 19]. Usage of mathematical 
modeling and numerical simulation for construction 
improvement and energy saving, creates the need for a unified 
and comprehensive modeling of the entire system [2, 3, 8, 
14, 16, 17, 18, 20, 21, 22]. The method, which enables the 
realization of such tasks is the method of BG and SE.

In basic BG theory applied in problems in the area of 
mechanics, hydraulics, electricity, power stations, marine 
power plants and complex energy systems [4, 5, 11, 26, 28, 30] 
the following graphs with single nodes are used as “external” 
model elements:

• Sources of effort and sources of flow,
• Kinetic and potential energy storage,
• Elements that dissipate energy (dissipating elements).
Elements with multiport nodes are one nodes, zero nodes 

and energy converters in the form of transformers and 
gyrators. 

The application of this basic theory to thermal processes 
has encountered difficulties from the start. These difficulties 
are mainly related to the failure to find an answer to following 
questions: Which parameter does the accumulation of energy 
represented or in other words, which parameter can be 
considered to be the state variable in mathematical sense? 
Does the accumulated thermal energy constitute potential 

energy or kinetic energy? Does the introduction of the concept 
of “resistance” [11, 27, 28] to the modeling of thermal processes 
represent the dissipation of energy or its degradation? The 
lack of answer to these questions led to the introduction of 
so-called pseudo bond graphs (PBG) [4, 10, 11, 12, 25, 26, 27, 
29] in parallel with real bond graphs. This was a considerable 
departure from the basic theory, in which the unit of the 
product of generalized effort and generalized flow is the 
unit of power. Further elements, which have been specially 
introduced to the thermal process models are double nodes of 
energy storage and of thermal resistance as well as the graph 
defined by a double pair of energetic parameters [4, 21, 26]. 

The graph representing the thermal energy storage adopted 
by the cited authors is shown in figure 1.

Fig. 1. BG model of thermal energy storage adopted in papers [11, 28, 30]

The energy storage model in the form as shown in figure 
1 does not fit the general BG theory. General BG theory 
concerns energy storage element as an 1-port type element, 
which fulfills the following relation:
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On the basis of molecular physics [1, 6, 13, 24], it is 
possible to state that the only form of accumulating thermal 
energy in gases is the kinetic energy of molecules, which is 
exclusively dependent on temperature. In solid bodies where 
intermolecular forces play an important role, molecules form 
oscillators that store kinetic and potential energy [26]. The 
heat capacity in constant-volume of solid bodies is dependent 
on temperature and is determined on the basis of Debye 
theory [6, 13, 24]. 

The basic objective of this paper is to show that the models 
of thermal processes in the form of BG can be created by 
solely applying elements incorporated in basic BG theory. This 
means, that the introduction of 2-port type energy storage 
element and 2-port type thermal resistance element into 
the modeling of thermal processes, pseudo bond graphs in 
particular, is not expedient and just complicates the modeling 
of complex energy systems that require a uniform approach to 
modeling the elements of the system, in which the processes 
of a physical nature occur. An example of such a system is 
a model of an internal combustion engine described in the 
paper [8].

         THE PROPOSAL OF A NEW APPROACH 
TO THE MODELING OF THERMAL 

PROCESSES

As already stated in the proposed approach, solely the 
elements of the BG are applied that have been incorporated 
in the modeling of mechanical, hydraulic and electrical 
processes. Temperature rather than entropy [23] has been 
adopted as the state variable defining the storage of thermal 
energy. In basic BG theory, the graph representing thermal 
energy storage is a 1-port type element [8, 9]. The speed of 
accumulation is defined by the relation:

It was assumed that R element is 1-port type element and 
represents energy loss process, due to irreversible energy 
transfer to the atmosphere. The problem of dissipation 
element R will be illustrated by example in this chapter below. 
State equations are determined on the basis of the relation 
obtained directly from the graphical model:

On the basis of molecular physics [1, 6, 13, 24], it is 
possible to state that the only form of accumulating thermal 

(1)

(2)

(3)

energy in gases is the kinetic energy of molecules, which is 
exclusively dependent on temperature. In solid bodies where 
intermolecular forces play an important role, molecules form 
oscillators that store kinetic and potential energy [26]. The 
heat capacity in constant-volume of solid bodies is dependent 
on temperature and is determined on the basis of Debye 
theory [6, 13, 24]. 

The basic objective of this paper is to show that the models 
of thermal processes in the form of BG can be created by 
solely applying elements incorporated in basic BG theory. This 
means, that the introduction of 2-port type energy storage 
element and 2-port type thermal resistance element into 
the modeling of thermal processes, pseudo bond graphs in 
particular, is not expedient and just complicates the modeling 
of complex energy systems that require a uniform approach to 
modeling the elements of the system, in which the processes 
of a physical nature occur. An example of such a system is 
a model of an internal combustion engine described in the 
paper [8].

THE PROPOSAL OF A NEW APPROACH TO 
THE MODELING OF THERMAL PROCESSES

As already stated in the proposed approach, solely the 
elements of the BG are applied that have been incorporated 
in the modeling of mechanical, hydraulic and electrical 
processes. Temperature rather than entropy [23] has been 
adopted as the state variable defining the storage of thermal 
energy. In basic BG theory, the graph representing thermal 
energy storage is a 1-port type element [8, 9]. The speed of 
accumulation is defined by the relation:

where: 
T -  the vector of the temperatures of individual elements 

of the system, 
U – the vector the independent functions of time 

characterizing the energy fluxes in the system under 
consideration (control vector).

The energy sources in the thermal processes adopted in the 
paper are shown on figure 2. It should be noted, that in the “b” 
type source, both energetic parameters may be independent 
functions of time. A new development is adopting source 
“c”, in which the thermal flux is an independent function 
of time. Such source is present in a feedwater heater or 
a microwave oven, for example. Energy converters (fields) 
have been introduced (fig. 2) without the need to declare 
their type; whether they are a transformer or gyrator. Solely 
the basic condition (1) is fulfilled, which means:

Relations between parameters pointed in equation (5) can 
be either linear or nonlinear.

(4)

(5)
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Fig. 2. Energy sources and converters used in the proposed modeling method

The problem of energy transducers and dissipation element 
R will be illustrated by example of en electrical circuit with 
resistor shown on fig. 3. 

Fig. 3. Electrical circuit with resistor

R element transforms electrical energy to thermal energy. 
A real resistor is a thermal energy storage element with it’s 
properties: mass, specific heat, area which exchanges heat with 
the ambient. A resistor model should respect those parameters 
and have the possibility to calculate temperature by some 
different ways of heat exchange with the ambient. According 
to our proposal, using energy transducer and heat dispersing 
element allows to construct a model which joins electrical 
and thermal elements (fig. 4).

Fig. 4. Model which joins electrical and thermal elements

PE element transforms electrical energy to thermal energy, 
however R element disperses this energy to the ambient. 
There is no doubt that our model allows better processes 
simulation which are taking place in above example. It is 
obvious, that dissipating energy flux during steady state 
(SA = 0) is equal TSR = VRi.  

In the following paragraphs application examples of this 
approach will be presented as well as numerical simulations 
using BG elements shown on figure 2 and state equations. 

BG MODEL OF THERMAL ENERGY STORAGE IN 
THERMODYNAMIC PROCESSES

An illustration of the application of the proposed approach 
to modeling of thermal energy storage in a thermodynamic 
process is the process of the change in volume V(t) shown 
diagrammatically on figure 5 of a defined mass of gas m, to 
which a thermal flux is fed Q(t). The BG model of this process 
using the elements from figure 2 is shown on figure 6.

Fig. 5. Diagram of the thermodynamic process under consideration

The control vector in the state equation (4) for the BG 
model on figure 4 is:

Fig. 6. Model of the thermodynamic process in the form of a bond graph

The basic state equation in accordance with the general 
relation (3) directly obtained from the BG model on figure 6 is:

(6)

(7)
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In accordance with the adopted definitions:

the equation (7) represents the first law of thermodynamics. 
After incorporating relation (2) in the relation (7) and applying 
the Clapeyron equation, the relation (7) will be transformed 
into the general form of a state equation (4), which in the case 
under consideration is the form of:

NUMERICAL EXAMPLE OF A SIMULATION OF THE 
THERMODYNAMIC PROCESS 

The example concerns the compression process with 
a thermal flux being fed. Oxygen has been adopted as the 
medium (R = 259.8 kJ/kgK, CV = 0.66 kJ/kgK). The adoption of 
a constant value for specific heat does not change the equation 
(8). The initial conditions for t=0:

pp =105 Pa; Tp =290 K; Vp =10-2 m3.

From the state equation, the mass of the medium m = 1.33 
10-2 kg. The course of the change in volume has been taken 
to be in the form of a function: 

In the calculations, it has been accepted that: 
Vk = 10-3 m3; τ = 0.1 s. Based on this data the following 
was calculated:

The speed of the change in volume for is 
expressed by way of the relation:

The course of the thermal flux has been defined by the 
relation:

where: 
Qmax – maximal thermal flux for  
(Qmax = 5 kW). 

The course of temperature and pressure for the assumed 
excitations V(t) and Q(t) is shown on figures 7 and 8. 

(8)

(9)

(10)

Fig. 7. Course of temperature in the cylinder for the above data: thick line – 
with heat exchange, according to the relation (12), Qmax = 5 kW; 

thin line – without heat exchange

Fig. 8. Course of pressure in the cylinder for the above data: thick line – with 
heat exchange, according to the relation (12), Qmax = 5 kW;  

thin line – without heat exchange

It is easy to prove that work without any heat exchange 
process (presented on fig. 5 and 6) is an adiabatic 
transformation.

BG MODEL OF THE BASIC ELEMENTS OF 
HEAT EXCHANGE

The presented example of modeling encompasses energy 
transfer processes in the flux of a flowing fluid, heat exchange 
by convection and conduction as well as dissipation of energy 
by convection to the environment and by outflow of energy 
contained in the mass of the flowing medium. A diagram of 
the system under consideration is shown on figure 9. A model 
of these processes in the form of a BG, with the elements 
introduced as part of this approach (fig. 2) being applied is 
shown on figure 10. 

(11)
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Fig. 9. Example of a system of heat exchange by convection and conductance 

In accordance with the BG model the state variable vector 
for the example under consideration is:

The following notations will be introduced for thermal 
energy flux:

• The energy flux of the source SEFm: ,
• Accumulated energy fluxes Cf  in the liquid heat 

exchanger: ; C1 and C2 in the first and second 
conducting element: ; ,

• Energy flux transferred in the exchanger through 
the liquid to the first conducting element:  ,

• Energy flux transferred by the first conducting 
element to the second conducting element:   

• Energy fluxes dissipated by the outflow of the 
liquid Ro1 and by convection to the environment Ro2: 

.
The basic form of state equations obtained directly from 

the BG model is as follows:

Fig. 10. BG model of the heat exchange processes for the system in figure 6

(12)

(13)

By substituting the general relation (2) for the speed 
of thermal energy accumulation and applying the basic 
convection relations:

and conduction relations:

and by expressing the temperature of the walls Tfs and Tso 
via elements of the vector T and U, the form of state equations 
is obtained (4), which linear form supplemented by algebraic 
equations is:

where: 
A, B, C and D – matrices whose elements are real 

numbers,
Y – the vector of parameters arbitrarily selected for 

the analysis of parameters (e.g. temperature, heat f luxes, 
entropy f luxes).

The excitation vector for the case under consideration 
has the following form in the model (16):

Assuming in this example, that the specific heats, the rate 
of flow of the fluid and the heat exchange coefficients α and λ 
are constant the state equation is linear and has the form (16). 
The usage of this method has been also described in [7, 15].

EXAMPLE OF NUMERICAL SIMULATION

For the model shown on figure 9 water has been adopted as 
the flow medium and aluminum as the conducting material. 
The model’s parameters are contained in table 1. Following 
transformations and substitution of the parameters stated in 
table 1, the following equation matrices were obtained (16):

(14)

(15)

(16)

(17)
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Tab. 1. Model Parameters

Excitation functions (17) were taken to be step functions:

The following were adopted as the initial conditions 
for t = 0:

Figure 11 shows the course of temperature in individual 
elements of the system.

Fig. 11 Course of temperatures: a – in the liquid element;  
b – in the metal elements: thin line – 1st, thick line – 2nd element

FINAL CONCLUSIONS

In this paper, it has been demonstrated that using 
dual energy storage in the form shown on figure 1 in the 
modeling of thermal processes by means of bond graphs 
is not expedient and it is not in line with basic BG theory. 
The creators of this type of element most probably assumed 
that there are two forms of accumulating thermal energy. 
However, according to molecular thermodynamic theory, 
there is only one form of accumulating thermal energy. In 
his paper, Anselm [1] formulates the problem thus: “from 
a molecular point of view, the possibility of changing the 
system’s energy in two ways – by the work carried out on 
the system and the exchange of heat with the environment – 
becomes self-evident”. On the basis of the quoted examples of 
models of thermodynamic processes and heat exchange, it has 
been shown that using thermal energy storage in the form of 
a single node that is applied in basic BG theory for modeling 

mechanical, hydraulic and electrical processes in BG models 
of thermal processes is possible and perfectly justified. In the 
opinion of the Authors, there are no logical arguments that 
support using so-called “pseudo bond graphs” [4, 10, 11, 12, 
25, 26, 27, 29] for modeling thermal processes, as these do not 
fulfill the basic condition of the product of the generalized 
energetic parameters having the same measure as power. 
It is not possible to agree with some authors [23] adopting 
entropy as a state variable (in a physical and mathematical 
sense) that characterizes the accumulation of thermal energy. 
In accordance with molecular thermodynamic theory it is 
only temperature that can be such a state variable and this has 
been adopted in the method of modeling thermal processes 
presented in this paper. In the proposed method of modeling 
thermal processes a graph simulating the loss of energy has 
been adopted as element R. 
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