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ABSTRACT

Cutting a tubular element into thin rings is  an operation often used in engineering processes. Total work of the 
cutting consists of that necessary for initial deflection of cut material and the cutting work itself.  This paper presents 
mathematical models which describe deflection of cross-section of a single tubular element as well as a single layer 
of tubes under action of external forces ( acting and reacting ones). The deflection concerns end part of tube hence  
the cutting object model has been reduced to a thin ring.  Results of calculation by using the developed models are 
presented for selected materials of tubular elements, which are commonly used for structures  of the kind; moreover ,  
they are prepared in a form of dimensionless diagrams, that makes it possible to use them for an arbitrary material.
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INTRODUCTION

Issues of elastic  deflection of tubular cross-sections appear 
first of all in :  

• load carrying structures of machines and 
devices, including ocean engineering objects,

• steel building structures,
• pipe-line installations , e.g. water supplying, heating 

and transporting ones,
• technological processes connected with breaking up  

tubular cross-sections  by cutting, used e.g. in machine 
industry , plastic compound processing , agriculture – 
cutting  plant materials and their breaking up [1, 3, 8].

In machinery construction area, are mainly considered   
issues dealing  with design principles  and strength analysis 
of steel structures [6], principles of  FEM application and 
numerical  analysis [2, 5, 6], however detail issues concerning 
elastic deformations of structural elements are lacking in them. 

One of the conditions for fast designing tubular structures 
or installations of the kind is the having at one’s disposal 
adequate mathematical models describing  process of their 
elastic deformation.  In the subject-matter literature  models  
which exactly describe process of elastic deformations of 
tubular elements under external load , especially in case where 
they mutually interact,  are still  lacking. 

This work is hence aimed at the developing  of mathematical 
models which describe deflection of a single tubular element 

– a ring as well as a layer of rings under action of external forces.

MATHEMATICAL MODEL OF ELASTIC 
DEFORMATIONS OF A SINGLE TUBULAR 

ELEMENT

To the mathematical modelling  of tubular element  elastic 
deformations  the calculation principle  of curved bars , based 
on Castigliano’s  theorem, was applied and the following 
assumptions were made [4, 7]:

1. The tubular element is under action of the force  and 
reaction ;

2. A single tubular element is taken as a ring of the Young 
modulus   and inertia moment  ;

3. Radius of neutral layer curvature is equal to the mean 
radius  of the ring , calculated as follows :

(1)

where:
–internal diameter of ring,

 – external diameter of ring.
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Energy methods based on Castigliano’s and Menabrea’s  
theorems were applied to calculation of deformations [4, 7].

Let’s consider the case in which a single tubular element is 
placed on stiff surface and loaded by the force  (Fig.1).

Fig.1. Cross-section of a thin ring under action of the force 

The ring loaded by the force  and the support reaction  
is in state of equilibrium.  To determine internal forces in the 
ring it is cut along horizontal axis  into two symmetrical 
parts. The lower part of it  is omitted and in places of cuts  the 
reactions  in the form of the force   and bending moment  
are applied. The thus obtained system of forces acting on the 
upper part of the ring is shown in Fig. 2.

Fig. 2. The system of forces acting on the upper part of the ring

In the cross-section determined by the angle   in relation 
to the axis   the following internal forces are acting (Fig.3):

- the force normal to the cross-section, 
- the bending moment .
In Fig.3  the shear force  is not indicated as it 

does not appear in the relation (6) which describes the elastic 
strain energy 

In order to determine internal forces  a  pair of  P/2 
equilibrating forces is introduced into the middle of  the  
cross-section.

Fig. 3. The system of internal forces within the ring

The force  can be then presented as follows :

(2)

and the internal moment  - by using the relation :

(3)

Because:

(4)

the relation (3) takes the form:

(5)

As the moment  is hyper-static it will be determined by 
applying the Menabrea’s theorem. The elastic strain energy  
accumulated in the ring  is a sum of amounts of energy due to 
the bending moment  and the compressive force   [4, 7]:

(6)

where:
 – compressive force,
 – bending moment,
 – Young modulus,

  - inertia moment,
 – ring cross-section area,
 – arc length of deformed ring,

 – elementary length of ring arc  : ,
 – cross-section location angle,

 – elementary angle of .
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By introducing a polar coordinate system , i.e.  
the energy contained in a quarter of ring takes the form :

(7)

Energy for the whole ring , due to its symmetry , amounts to :

(8)

In compliance with Menabrea’s theorem the partial 
derivative of elastic strain energy of a system in relation to 
statically indeterminate reaction is equal to zero [4, 7]:

(9)

The relation (9) which makes it possible to determine the 
moment , takes, after transformation, the following form :

(10)

Taking into account (2) and (3) one obtains :

The equation (10) may be then presented as follows :

(11)

On substitution of the relation (5) into the equation (11) 
and simplification the following is obtained :

(12)

which after integration gives :

(13)

When integration limits are taken into account  and 
reduction is made the following is reached :

(14)

As the expression for the moment  is known ,  the 
equation for the bending moment   in the ring, resulting 
from the substitution of the expression (14) into the relation 
(5), takes the form :

(15)

As the expression which describes bending moment  is 
known , deflection of the ring under action of the force   
can be obtained by making use of the Castigliano’s theorem. 
To this end, partial derivative of the elastic strain energy in 
relation to the force 

(16)

By taking into account :

and :

the following is obtained:

(17)

On its integration , the elastic deflection of  a ring - form 
tubular element  under action of the force   , is equal to :

(18)

The total deflection  is connected with direct action of 
the force and the bending moment . Therefore the total 
deflection of tubular element cross-section can be described 
as follows:

(19)

where:
- deflection due to action of the bending moment ,
- deflection due to action of the compressive force 

By taking into account the equations (18) and (19)  the 
expressions for the deflections  and  take the following 
forms, respectively :

(20)

and

(21)

As the mean radius of the ring ,  , ring cross-section 
inertia modulus  and cross-section area   are functions  of 
the ratio of ring diameters  ,  , results of ring deformation 
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calculations  will  be presented  in  the  dimensionless form 
. Actual deflection of a ring depends also on its thickness  

and amounts to:

(22)

where:

(23)

Fig. 4 presents a diagram of dimensionless deflection of  
a single ring element in function of  the ratio of tubular cross-
section diameters.

Fig. 4. Dimensionless deflection of  a single ring element under action of the 
force : - relative total deflection,  – relative deflection resulting from the 

bending moment ,  - relative deflection resulting from the compressive 
force ,  - ring element internal diameter,  - ring element external 

diameter

From the above presented diagram it results that for the 
values of  the diameters ratio of a single tubular element,  
contained in the range of 0,1÷0,9 the relative deformation of 
its cross-section varies approximately linearly , and for the 
diameters ratio above 0,8  the change departs from linearity  
and grows fast ( approximately exponentially ).  Run of 
particular curves  is similar  while the deflection resulting from 
action of the bending moment  takes greater values than 
that due to action of the compressive force  at given ratios 
of tubular element diameters Actual deflection of analysed 
element depends on the force , Young  modulus   and ring 
thickness , that is expressed by the relation (22). 

MATHEMATICAL MODEL OF ELASTIC 
DEFLECTION OF A LAYER OF TUBULAR 

ELEMENTS 

For the layer of tubular elements  it is assumed that they 
mutually interact  and their transverse deflection equals 
zero (Fig.5). The elements are placed in a stiff casing , free of 
compression and gaps between them.

Fig. 5. Layer of ring tubular elements  loaded by vertical forces 

In order to solve such a system the model presented in Fig. 
6 was assumed, in which the additional force  resulting from 
interaction of neighbouring elements was taken into account.

Fig. 6. The system of forces acting onto the upper part of the ring

In the cross-section determined by the angle   in relation 
to  – axis the following internal loads are acting (Fig. 6):

- the compressive force 
- the bending moment .
In order to determine the internal loads  two pairs of 

equilibrating forces ,    and  , are introduced into the middle 
of the cross-section. 

The force in an arbitrary cross-section may be then 
described as follows :

(24)

a n d 
the bending moment   - by the relation:

(25)

As:
    and      ,

hence, finally,  the moment is described by the relation:

(26)
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Because the moment  and the force are hyper-static  
they were determined by using the Menabrea’s  theorem [4, 7]:

As a result , the following  was obtained :

(27)

and:

(28)

The partial derivatives appearing in the equations (27) and 
(28) obtain the following values:

On their respective introduction  to the equations (27) and 
(28) the following  was reached:

(29)

and

(30)

By respective introducing  the equations (24) and (26) into 
the equations (22) i (23) and then integrating and reducing  
them, the following system of equations  was achieved :

(31)

(32)

where the factor  is equal to:

(33)

As a result of solving the above presented system of equations  
the following was obtained:

(34)

By assuming that:

(35)

the equation (34) takes the form:

(36)

As a result of solving the system of the equations (31) and 
(32) the relation for  was obtained :

(37)

By assuming that:

the relation (37) takes the form:

(38)

As the expressions describing the bending moment  
and the force  are already known , it is possible to determine 
the relation for the bending moment by introducing the 
relations (36) and (37) into the expression (26) :

(39)

In order to determine deflection of the ring under action 
of the force   the Castigliano’s theorem  should be used by 
calculating the partial derivative of the elastic strain energy 

 against the force . Hence:

(40)

The total deflection  is associated with common action 
the compressive force  and the bending moment . Hence:

(41)

where:
- deflection resulting from the bending moment 
- deflection resulting from the compressive force 

,

.
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Therefore :

(42)

and:

(43)

By taking into account the relation:

and :

the following is obtained:

(44)

And,   is described by the relation :

(45)

The equations (44) and (45) may be presented in the form : 

(46)

(47)

by assuming that:

(48)

(49)

In view of the complex form of the equations (48) and 
(49) the factors  and  were determined by numerical 
calculations whose results are presented in Tab. 1.   

Tab. 1. Results of calculation of the factors  and 

0,1 0,2 0,3 0,4

0,0305 0,0273 0,0248 0,0231

0,2243 0,2412 0,2553 0,2664

0,5 0,6 0,7 0,8 0,9

0,0219 0,0211 0,0206 0,0203 0,0200

0,2748 0,2808 0,2849 0,2874 0,2887

In Fig. 7 is presented  a diagram of dimensionless deflection 
of  a ring tubular element  layer  in function of the ratio of 
tubular element diameters.  

Fig. 7. Dimensionless deflection of  ring tubular elements placed in a  layer 
under action of the force : - relative total deflection,  – relative 

deflection resulting from the bending moment ,  - relative deflection 
resulting from the compressive force ,  - tubular element internal 

diameter,  - tubular element external diameter 

From the above presented diagram it results that for the 
values of  the ratio of diameters of tubular elements placed 
in a  layer,   contained in the range of 0,1÷0,9 the relative 
deformation of their cross-sections varies approximately 
linearly , and for the diameters ratio above 0,8  the change 
departs from linearity  and grows fast ( approximately 
exponentially).  Run of particular curves  is similar and - in 
contrast to a single element - the deflection  of tubular element 
layer  due to action of the compressive force  takes greater 
values  than that resulting from action of the bending moment 

 at given ratios of tubular element  diameters.  Actual 
deflection of the analysed tubular element system depends 
on the force , Young  modulus   and diameter .

Exemplary calculations of deformations of tubular element 
cross-sections  were additionally performed  for selected 
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materials.  In the calculations  the tubular elements of  
commercial dimensions  characteristic for a given material 
,were considered. 

Tab. 2 presents calculation results of deflection  of a single 
tubular element and a layer of tubular elements  under action 
of  external forces  , made of steel  of  the Young modulus = 
210 GPa, under action of the force = 100 N.  The calculations 
were performed for the element thickness  10 mm.

Tab. 2. Values of deflection of  tubular elements  made of steel

No.
Element 

dimensions

Deflection f [mm]
Single 

element
Tubular 

elements layer

1 ¼’’   (13,5x2,35) 1,22 0,43

2 ½’’   (21,3x2,65) 3,84 0,97

3 ¾’’   (26,9x2,65) 8,32 1,78

4 1’’    (33,7x3,25) 8,92 1,89

5 1½’’ (48,3x3,25) 28,56 5,21

Tab. 3 presents calculation results of deflection  of a single 
tubular element and a layer of tubular elements  under action of  
external forces  , made of copper  of  the Young modulus = 
110 GPa, under action of the force = 100 N.  The calculations 
were performed for the element thickness  10 mm.

 
 Tab. 3. Values of deflection of  tubular elements made of  copper

No.
Element 

dimensions

Deflection f [mm]
Single 

element
Tubular 

elements layer

1 10x1 15,11 3,27

2 12x1 27,40 5,40

3 15x1 56,17 10,22

4 18x1 100,3 17,45

5 22x1 188,6 31,71

Tab. 4 presents calculation results of deflection  of a single 
tubular element and a layer of tubular elements  under action 
of  external  forces  , made  of aluminium  of  the Young 
modulus = 70 GPa, under action of the force = 100 N.  
The calculations were performed for the element thickness 

 10 mm.

Tab. 4. Values of deflection of  tubular elements made of  aluminium

No.
Element 

dimensions

Deflection f [mm]
Single 

element
Tubular 

elements layer

1 6x1 4,27 1,43

2 8x1 11,33 2,86

3 10x1 23,75 5,14

4 12x1 43,05 8,49

5 15x1 88,27 16,06

SUMMARY 

The mathematical models presented in this work make 
it possible to carry out simulation of the process of elastic 
deflection of tubular elements in the form of  rings. It has 
been proved that , according to the developed model, mutual 
interaction of elements  ( rings ) placed in a layer significantly 
influences values of obtained deflections. It can be read from 
the results of simulation calculations  presented in this work. 
The results are given in a form of dimensionless  diagrams  
as well as in the  tables containing  values  of deflections of 
tubular element ( ring) cross-sections , calculated for selected 
commercial  dimensions and  materials. 

After positive experimental verification,  the developed 
models  would be ready for application in design stage of 
selected structures. 
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