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ABSTRACT

Thin and thick plates, plates with holes, stiffened panels and stiffened panels with holes are primary structural
members in almost all fields of engineering: civil, mechanical, aerospace, naval, ocean etc. In this paper, a simple
and efficient procedure for the free vibration analysis of such elements is presented. It is based on the assumed mode
method and can handle different plate thickness, various shapes and sizes of holes, different framing sizes and types
as well as different combinations of boundary conditions. Natural frequencies and modes are determined by solving
an eigenvalue problem of a multi-degree-of-freedom system matrix equation derived by using Lagrange’s equations.
Mindlin theory is applied for a plate and Timoshenko beam theory for stiffeners. The applicability of the method in
the design procedure is illustrated with several numerical examples obtained by the in-house developed code VAPS.
Very good agreement with standard commercial finite element software is achieved.
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INTRODUCTION

Different kinds of rectangular plate systems, for instance
thick plates, plates with holes, stiffened panels, stiffened panels
with holes etc., can be found in all fields of engineering: civil,
mechanical, aerospace, naval, ocean, etc. The free vibration
analysis of such elements is an important issue in the design
process. The finite element method (FEM) is nowadays an
advanced and widespread numerical tool for that purpose
and gives a complete solution to the vibration analysis of
complex systems. However, the preparation of a model is
a rather time-consuming task which makes it reasonable to
apply it, usually, at the end of the detail design stage, after
all the structural members, their dimensions and boundary
conditions have been completely defined. In this sense, at the
preliminary design stage when the principal dimensions are
being selected, it is useful to have some simplified method
at hand.

Although the thick plate theory represents an issue for very
long time, i.e. since the first works published by Reissner and
Mindlin [1 + 2], its complexity caused by shear influence and
rotary inertia makes it still a challenging problem, and it is not
surprising that there are numerous references on this topic.

As can be seen in the literature survey presented by Liew et al.
[3], many concepts, based both on analytical and numerical
solution of equilibrium equations, have been worked out.
There are various analytical methods whose main drawback
is the applicability limited only to simply supported plates
or plates with two opposite edges simply supported. They
differ depending on which functions are kept as fundamental
when reducing the system of differential equations of motion.
Some methods operate with three, two, or even one function
[4 + 5]. For the vibration analysis of plates with arbitrary
edge constraints, including also elastically restrained edges,
different variants of the Rayleigh-Ritz (energy) method are
on disposal. The accuracy of such methods is dependent
on the chosen set of orthogonal functions for the assumed
natural modes, where two dimensional polynomials or static
Timoshenko beam deflection functions, [6] and [7 + 9],
respectively, can be used. In the context of FEM application
in the vibration analysis of thick plate, a shear locking problem
should be mentioned. Namely, in the Mindlin thick plate
theory shear deformations are taken into account, and
the application of ordinary low-order finite element is not
capable to reproduce pure bending modes in the limiting
case of a thin plate. This shear locking problem arises due to
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inadequate dependence between the transverse deflection and
two rotations. However, it has been successfully overcome by
different types of procedures developed in recent years [10 + 15].

An overview of methods for the vibration analysis of
plates with holes is presented in [16], where the advantages
and drawbacks of different methods, for instance the finite
difference method [17], the Rayleigh-Ritz [18] and the optimized
Rayleigh-Ritz method [19], FEM [20], etc., are discussed.

In the case of stiffened panels, to the authors” knowledge,
there are a rather limited number of references to their
dynamic analysis [21]. Generally, the most common methods
applied to the vibration analysis of stiffened plates can be
classified into closed-bound solutions, energy methods, and
other numerical methods [21 + 22].

In the case of the vibration analysis of stiffened panels
with holes, only a few references, based on the application
of the finite element method, are available. Sivasubramonian
et al. [23] studied the effect of curvature and hole size on
square panels with different boundary conditions applied
to the shell element having seven degrees of freedom per
node. Sivasubramonian et al. [24] also applied the same finite
element to both stiffened and unstiffened plate with holes
and presented comparative results. Recently, Srivastava [25]
applied the finite element method to the vibration analysis
of stiffened panels with a single hole and different boundary
conditions, under partial edge loading.

This paper reviews the application of the assumed mode
method to the vibration analysis of thick plates, plates with
multiple holes, and stiffened panels. In addition, expressions
for partial stiffeners and carlings are presented. It should be
emphasized that only the flexural global modes of the above
structures are considered.

Further, it is shown that the method can also be applied
to stiffened panels with holes. The effect of stiffeners is taken
into account by adding their potential and kinetic energy to
the potential and kinetic energy of the plate, respectively.
Similarly to this, the potential and kinetic energies of the holes
are subtracted from the corresponding energies of the plate,
respectively. In this sense different combinations of topologies
can be taken into account by appropriate manipulation with
potential and kinetic energies of particular components. The
computational tool VAPS (Vibration Analysis of Plate Systems)
based on the assumed mode method has been developed and
different numerical examples are analysed. The developed
procedure is shown to be very simple, fast and accurate. Its
main advantage in comparison with FEM is very fast model
preparation. It is therefore recommended for practical use in
the preliminary design phase of plate-like systems, when effects
of different topologies, materials, boundary conditions, etc. on
dynamic response are being investigated.

OUTLINE OF THE MATHEMATICAL
FORMULATION

The mathematical model for the vibration analysis of
different plate systems based on the assumed mode method
is already applied in [8], [16] and [21], and here its outline with
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some extensions is given. The Mindlin thick plate theory [2]
which takes shear influence and rotary inertia into account
is adopted in the model. The Mindlin theory operates with
three general displacements, i.e. plate deflection w, and angles
of cross-section rotation about the x and y axes, y, and y,
respectively.

In the derivation of the eigenvalue problem which is
necessary to obtain the free response, the Lagrange’s equation
is applied. In this sense the expression for total system
potential, V, and kinetic energy, T, respectively is required.
In the case of a solid plate, the total system energy is equal
to the plate energy:

=T (™)

Potential and kinetic energies for the plate with holes yield:

V=V -V, T=T -T, @)
and for the stiffened panel
V=v,+V, T=T,+T, (3)

Analogously to this, one can write for the potential and
kinetic energy of a stiffened panel with holes:

V=V +V,~V,, T=T +T T, @)

In the above expressions V is the plate strain energy, V,
represents the strain energy of stiffeners and V, is the strain
energy of a hole. Similarly, T is the plate kinetic energy, while
T and T, are the kinetic energies of the stiffeners and hole,
respectively.

Energy of rectangular plate

By introducing the dimensionless parameters { = x/a,
n=y/b,a=a/band S =kGh/D for a rectangular plate of length
a and width b with arbitrary boundary conditions, one can
write for its potential and kinetic energies [8]:
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whereK  =(k, a/kGh),K  =(k,a/kGh), KTY1 = (kTyla/ kGh)

and KTY2 = (kTyza/kGh) are dimensionless stiffness values at
x=0,x=a,y=0andy=b, respectively, and correspond to

the translational spring constants per unit length k_, k_,
kT . and kT 8],[16]. In the same manner, K, , = (k, a/D),

= (k, a/D) K = (kRylb/D) and KRY2= (kRyzb/D) are for
the rotational spring constants per unitlength k, .k, .k, |
andk, , at boundaries, respectively. The following quantities
are related to the x direction: a, k_,k .k,  andk, . Other
quantities (b, k , k, , k. and k) are relevant for the y
direction [16]. Also p represents plate material density, h is
the plate thickness, k is the shear correction factor, while
v is the Poisson’s ratio. Further, D represents plate flexural
stiffness D = Eh%/(12(1-v?)), while E and G = E/(2(1+v)) are
Young’s and shear moduli, respectively.

Energy of holes
In a similar way as for the plate without holes, one can

write for the potential and kinetic energy of the rectangular
hole shown in Fig. 1a, respectively:
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In Fig. la, xrh and yrh denote the longitudinal and
transverse coordinates of the rectangular hole centre of
gravity, and arh and brh are equal to one half of its length and
width. Analogously to the rectangular hole, the potential and
kinetic energies of the elliptical hole shown in Fig. 1b yield:
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Fig. 1. Rectangular plates with different hole shapes;
a) rectangular, b) elliptic, c) oval [16]
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n 61//2
+— [atjlfdn

If one introduces x, = y,, in the equations (9) and (10),
the potential and kinetic energies of the circular hole are
obtained. As in previous case, x, andy, in Fig. 1b denote the
longitudinal and transverse coordinates of the elliptic hole
centre of gravity, while a, and b, are the major and minor
semi-axes of the hole, respectively. An oval hole, which can
often be found in ships and offshore structures, can be treated
as a combination of rectangular and semi-circular holes,
Fig. 1c, where x , and y , are the longitudinal and transverse
coordinates of the oval hole centre of gravity, while aoh and
boh are equal to one half of its length and width, respectively.

In this way, its potential and kinetic energies can be written
in the following form:

T Tth+T +T;h2’ V _chhl+V +I/ch2 (11)

and can be calculated with the above-listed formulae. In
addition, the procedure can be applied to multiple holes,
but then the hole potential and kinetic energies have to be
calculated separately, and subtracted from the corresponding
energies of the plate without holes.

Energy of stiffeners

The potential and kinetic energy of stiffeners placed in the
longitudinal and transverse directions yield:
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where n_and n_represent the number of stiffeners in the
x and y direction, respectively. K is the shear coefficient, and
Aand]I are the area and the rotary moment of inertia of the
stiffener cross-section, respectively. Further, GJ is torsional
stiffness while EI is the bending stiffness of the stiffener,
considering the plate flange contribution of effective width
s as shown in Fig. 2.

If a plate with partial stiffeners (carlings) is considered,
Fig. 3, the potential and kinetic energy yield
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Fig. 2. Cross-section of a stiffener [21]
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Figure 3 Plate with partial stiffeners
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Outline of the assumed mode method

In the assumed mode method, lateral displacement and
rotational angles are expressed by superposing the products
of the orthogonal polynomials:

w(&m.t) Zzamn X,

m=1n=1
M N

v (&me)=22b.,(1)6, ()Y, (1), (16)

where X_(§), Y.(n), ®_(§) and @ () are the orthogonal
polynomials satisfying the specified elastic edge constraints
with respect to § and n [8], [16], [21]. Furthermore, a_ (t),
b_ (t) and c_ (t) are the influence coefficients of orthogonal
polynomials. Also, M and N are the number of orthogonal
polynomials used for an approximate solution in the § and
n directions, respectively. Equations (16) can be alternatively
written in matrix form:

fena}=a(en)]at) "

where:
(ennl=twEn). v (&n). v, (Ene)] g
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By substituting equations (1) to (4), depending on the
system topology, into Lagrange’s equation of motion

dfor) or 6V
——+—=0 (1)
dr 6q 0q, aq

the discrete matrix equation with 3xMxN degrees of
freedom is obtained as the following equation:

20 g0 -o @)

where [M] and [K] are the mass matrix and the stiffness
matrix, respectively [8], [16], [21]. Their constitution using
characteristic orthogonal polynomials is described in detail
in [8]. The procedure for the constitution of the stiffness
and mass matrices of the attached stiffeners using the same
polynomials can also be found in [21].

If we assume harmonic vibrations i.e.

la(0)}={0 Je,

w(&,mt)=W(&m)e’™, (23)
Ve (f’ﬂ,f) ( )e/wf
v, (&m0 =¥, (&n)e™



equation (22) leads to an eigenvalue problem which gives
the natural frequencies and eigenvectors of the system, where j
is the imaginary unit and w represents the angular frequency.
The mode shape corresponding to each natural frequency is
obtained from the following equation:

T
f =

w(en). (&), v, (&n)), =[H(En)]{0), @9

where | represents the order of the mode. It should be
noted here that when using the assumed mode method, the
orthogonal polynomials corresponding to the property of the
target model should be applied to achieve accurate analysis.
For this purpose, the characteristic orthogonal polynomials
having the property of Timoshenko beam functions which
satisfies the specified edge constraints are used. Their complete
derivation is presented in [8], [21].

VAPS software

Based on the above described procedure VAPS software
for the vibration analysis of plate systems has been developed.
Its current version is applicable for the free vibration analysis
of thin and thick rectangular plates and stiffened panels with
and without openings and with all possible combinations
of boundary conditions. VAPS is executed using Windows
OS and has graphical user interface which enables almost
instantaneous model preparation, Fig. 4. Also, postprocessing
of the results and report preparation are very simple and fast.
The software was initially developed for the naval architecture
purposes and therefore the software automatically checks
the compliance of the dynamic response with the rule-based
values prescribed by the relevant classification societies, Fig. 5.

Natural Frequency=462.70 Hz

1. Ship Partculars
2 Plats Design Data
3. Analysis Results

Fig. 5 Postprocessing of the results in the VAPS software

ILLUSTRATIVE NUMERICAL
EXAMPLES

The developed procedure is verified with several numerical
examples, where different framing (transverse, longitudinal,
mixed), plate thicknesses, and holes of different shapes and
sizes are included. In the numerical examples, various
boundary conditions are also applied. In all calculations,
the values of Young’s modulus, material density and Poisson’s
ratio are set to 2.1x10" N/m2, 7850 kg/m?® and 0.3, respectively.
Furthermore, the value of the shear factor k is adjusted to
5/6 and the number of polynomials is set to 13, for both §
and n directions, respectively. In the proposed procedure,
the beam theory is applied in order to take into account the
effect of stiffeners. Therefore, in all calculations the stiffeners
are modelled as beam elements in the FE analysis, since a
comparison of the results in that case is the most realistic.
The results obtained by the VAPS software are denoted with
PS (Present Solution) in all numerical examples. Also the
designated boundary conditions of clamped, simple and free
are denoted by C, S and F, respectively.

Thick rectangular plate

The vibration analysis of thick square and rectangular
plates using the assumed mode method was already performed
by Kim et al. [8], using the in-house MATLAB code. In [8]
SSSS, SCSC, CCCC and SSES boundary conditions were taken
into account and very good agreement with FEM results was
obtained. Here, the VAPS software is applied to a plate with
length equal to 2.0 m and width equal to 1.6 m, and FFSS
edge constraints. The obtained results together with FEM
solutions obtained with NASTRAN [26] are presented in
Table 1, and the mode shapes are shown in Fig. 6.

i i # i
Fig. 6. Mode shapes of a rectangular plate, h/a = 0.1, FFSS

Tab. 1, Natural frequency f (Hz) of rectangular plate, FFSS

Mode no. hla PS FEM Diff., %
1 0.01 5.23 5.21 0.38
0.1 50.88 50.72 1.76
) 0.01 24.44 24.37 0.29
0.1 232.79 230.68 0.91
3 0.01 33.78 33.70 0.24
0.1 319.87 322.00 -0.66
4 0.01 60.15 59.83 0.53
0.1 544.94 540.67 0.79
5 0.01 66.94 66.79 0.22
0.1 609.64 620.15 -1.69
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Plate with holes

A plate with length and width equal to 6.0 m and 4.0 m,
respectively, and six rectangular holes with dimensions
0.2x 0.1 m is considered. Results of the free vibration analysis
for FCSC boundary conditions and different relative plate
thickness h/b are given in Table 2, where very good agreement
of the results is obvious. In the case of the first mode
which appears as the most relevant for structural design,
discrepancies between VAPS and NASTRAN are within
0.5%. Bird’s eye views on the first three natural modes of plate
flexural vibrations are presented in Fig. 7 and, as expected,
very good agreement in this case also is obvious.

Tab. 2. Natural frequency f (Hz) of rectangular plate with six rectangular

holes, FCSC
Mode no. h/b PS FEM Diff., %

1 0.01 6.87 6.85 0.29

0.1 65.99 65.68 0.47

) 0.01 14.81 14.57 1.65

0.1 139.04 136.76 1.67

3 0.01 18.58 17.83 4.21

0.1 166.62 166.40 0.13

1 2 3

FEM

Fig. 7. Models and mode shapes of a rectangular plate with six rectangular
holes, h/b = 0.01, FCSC

Stiffened panel

The free vibration analysis of the stiffened panel with
mixed framing (cross-stiffened panel) and FFCC boundary
conditions was conducted, where the effective widths of
stiffeners to evaluate the moment of inertia of the beam
cross-section were set to the frame intervals. The panel
length and width is 5.0 m and 2.5 m, respectively, while
the plate thickness is equal to 0.025 m. The same panel, but
with different boundary conditions is analysed in [21]. The
stiffeners in longitudinal direction are I profiles with height
of 120 mm and width of 10 mm, and their spacing equal to
0.5 m. For the transverse direction, 4 equidistant stiffeners
with I profile 150 x 12 mm are applied. The corresponding FE
model is comprised of 320 finite elements (200 plates and 120
beams). The mode shapes are in good agreement with FEM
results, same as the natural frequencies, Fig. 8.
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37.54 Hz 38.86 Hz
Fig. 8. Mode shapes of a_stiffened panel with mixed framing, FFCC

Stiffened panel with holes

The free vibration analysis of a stiffened panel with oval
holes and transverse stiffeners is performed using both VAPS
and NASTRAN software. The panel length and width are
4.0 m and 3.2 m, respectively, and the dimensions of the
holes are 800 x 600 mm. Three equidistant stiffeners are
I profiles with height of 250 mm and width of 10 mm, while
the thickness of the panel plate is 15 mm. In this case the
corresponding FE model consists of 1150 elements (1072 plates
and 78 beams). The natural frequencies and mode shapes for
the FCSC boundary conditions are shown in Fig. 9, where
very good agreement is also achieved.

In the next numerical example, a stiffened panel with
length of 14.0 m and width of 10.0 m. The longitudinal
framing (1300 x 15) and six circular holes are considered.
The thickness of the plate is 50 mm and the hole diameter
is equal to 1000 mm. The FE model of the longitudinally
stiffened panel consists of 4100 plate and 280 beam finite
elements. The CFCC boundary condition is considered. The
natural frequencies of the stiffened panel with circular holes
and longitudinal stiffeners are presented in Fig. 10 and the
agreement of the results is also good, as was the case in the
previous numerical examples.

PS FEM

o
///

/,/

// P

s
"

- ’/

5.05 Hz

3

25.79 Hz 2422 Hz

Fig. 9. Mode shapes of a stiffened panel with oval holes and transverse framing,
FCSC



753Hz
Fig. 10. Mode shapes of a stiffened panel with circular holes and longitudinal
framing, CFCC

CONCLUSION

Application of the assumed mode method to free vibration
analysis of different plate systems is reviewed. The developed
simplified procedure, based on the energy approach, can
be applied to thin and thick plates and stiffened panels
with and without holes, respectively. Total potential and
kinetic energy should be expressed in a convenient manner
depending on the system topology. Based on the Lagrange’s
equation the governing system of matrix equations is derived.
Comparisons with FEM results show that the method is very
accurate from an engineering point of view. It should be
noted that the method can consider all types of boundary
conditions and different relative thicknesses of plates, as well
as various framings and hole shapes. Short description of the
in-house VAPS software is also provided in the paper. The
VAPS software is very user-friendly and can be used for fast
model preparation, solving of the eigenvalue problem, and
postprocessing of the results.

Future investigations should be oriented to the extension of
the developed software package VAPS to the vibration analysis
of orthotropic plates assuming different materials, and to more
complex structural parts of ships and offshore structures, such
as, for instance, stiffened panels with additional attachments
(lumped inertia and stifftness elements), thick plates and
stiffened panels immersed in the water, etc. Also forced
response will be considered.
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