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ABSTRACT

The transformation during wave propagation is significantly important for the calculations of hydraulic and coastal
engineering, as well as the sediment transport. The exact wave height deformation calculation on the coasts is essential
to near-shore hydrodynamics research and the structure design of coastal engineering. According to the wave shoaling
results gained from the elliptical cosine wave theory, the nonlinear wave dispersion relation is adopted to develop the
expression of the corresponding nonlinear wave shoaling coefficient. Based on the extended elliptic mild slope equation,
an efficient wave numerical model is presented in this paper for predicting wave deformation across the complex
topography and the surf zone, incorporating the nonlinear wave dispersion relation, the nonlinear wave shoaling
coefficient and other energy dissipation factors. Especially, the phenomenon of wave recovery and second breaking
could be shown by the present model. The classical Berkhoff single elliptic topography wave tests, the sinusoidal varying
topography experiment, and complex composite slopes wave flume experiments are applied to verify the accuracy of
the calculation of wave heights. Compared with experimental data, good agreements are found upon single elliptical
topography and one-dimensional beach profiles, including uniform slope and step-type profiles. The results indicate
that the newly-developed nonlinear wave shoaling coefficient improves the calculated accuracy of wave transformation
in the surf zone efficiently, and the wave breaking is the key factor affecting the wave characteristics and need to be
considered in the nearshore wave simulations.
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INTRODUCTION

Waves propagate from deep waters to shallow waters with
wave heights changing due to shoaling, refraction, diffraction,
reflection, bottom friction and breaking. The transformation
above during wave propagation is significantly important
for the calculations of hydraulic and coastal engineering, as
well as the sediment transport. The breaking waves not only
produce large forces on coastal structures but also give rise to
near-shore currents which influence the beach topographies
[5][10][15]. The exact wave height deformation calculation on
the coasts is essential to near-shore hydrodynamics research

44 POLISH MARITIME RESEARCH, No S1/2016

and the structure design of coastal engineering.

Wave numerical models based on mild slope equation
involving breaking have been proposed by many scholars[3]
[6][8][11][16-17][19][21-23]and the commonly used method is
awave energy dissipation coefficient for wave breaking, which
is applicable to arbitrary reflective boundary conditions.
Watanabe and Maruyama applied the time dependent mild
slope equation to simulate the wave transformation in the
surf zone, and found that the wave height was underestimated
at the breaking point when applying a linear wave shoaling
coefficient. To overcome this shortcoming of the linear
mild slope equation, Black and Rosenberg[17] raised a



semi-empirical formula, but it is difficult to calculate the
combined wave transformation on the coasts. Shuto’s
empirical nonlinear shoaling equations is applied by Tsai[19]
to deduce the wave shoaling coefficient and improve the mild
slope equation, which produced better wave heights prediction
but emerge restrictions when Ursell number is less than 30.

In this paper, the empirical nonlinear shoaling equations
proposed by Shuto are utilized to develop the nonlinear wave
shoaling coefficient corresponding to the nonlinear wave
dispersion relation. The extended elliptic mild slope equation
is modified with the nonlinear wave dispersion relation, the
corresponding nonlinear wave shoaling coeflicient, the wave
frictional energy dissipation coefficient and the wave breaking
energy loss coeflicient to calculate the wave transformation in
the complicated topographies and the surf zone. Compared
with the linear wave model, the accuracy of the numerical
calculations of modified wave model is improved and the
computed wave heights under these topographies conform
to the experimental results preferably.

WAVE DISPERSION RELATION

The nonlinear dispersion relation with higher precision
could be expressed as[9]

o’ = gk(1+ p&*)tanh(kh + g¢) (1)

Where, o is the frequency of wave, g is the acceleration of
gravity, k is the wave number, h is the water depth and the
parameters p, q and € could be written as

kh
sinh(kh)

poe=t

p =tanh(kh) ¢g=|[ &= 5 2

Where H is the wave height. With simple transformations
and arrangements, another form of eq.(1) could be expression
as follow

2 2
L= %erg)tanh(kh +q¢) @)
T

Where L is the wave length and T is the wave period.
According to the formula structure of eq. (3), when the ratio
of water depth and wave length is larger than 0.5 or the wave
belongs to the deep water wave, eq. (3) could be written as

_ gT2(1+g§)

L
0 27

(4)

Where, L0 is the wave length in deep waterand e =k H, /2.
k,and H are the wave number and the wave height in deep
water, respectively. Combining eq. (3) and eq. (4), namely

2
L=1, %tanh(kh +q8) o

0

Dividing by the wave period T at both ends of eq.(5), the
relational expression of the wave phase velocity C and C in
deep water could be indicated as

C 1+pée
— =—-2""—tanh(kh + q¢
G, Tag nnkETa®) ®

On the basis of the definition of wave group velocity, the
expression of wave group velocity would be written as

C,=do/dk )

Taking the derivative of the wave number for both ends of
eq. (1), and substituting into eq. (7), the wave group velocity
could be expressed as

2 2 2 272
c :£+2p8 +khe /CZOSh (kh)C+ : C (kh+ gz + 28k3h (sinh(kh)
£ 02 1+ pe 2 sinh(2kh+2q¢) sinh’ (ki)
~ khcosh(kh))] ®)

Adopting eq. (2) to simplify eq. (8) further, namely

2p(&‘2+hk(€z(l—p2)C+ C
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Then, the relational expression between wave group
velocity C and the wave phase velocity C could be shown as

C,=CN (10)
Where, the ratio N could be written as

1 p82+hk€2(1—p2)/2+ 1

N=—+
2sinh(2kh +2q¢)

2kh
: T+ pe [k + 89 (3~ =)

p
(11

When the wave locates in the deep water, eq. (11) could
be simplified as

1 2
N=—+ 802 (12)
2 l+g,

WAVE ENERGY EQUATION
WAVE SHOALING EFFECT
Wave energy equation is the foundation of wave
transformation calculation[4]. In the process of monochromatic

wave propagation, one dimension steady energy equation could
be given by [1]

d
a(ECg) =-NfE (13)
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Where, E is the wave energy per unit area of the water body,
t is the coeflicient of combined energy dissipation, and x is
the horizontal axis of the Cartesian coordinate perpendicular
to the coastline. The wave energy dissipation on the right-
hand side of eq. (13) could be equal to zero if the energy was
assumed without any loss, such as outside the surf zone[19].
According to the Airy wave theory, E = pgH? / 8and the wave
shoaling coeflicient could be shown as

r=t IS
" H, \2nC (14)

Where, f_is the wave shoaling coeflicient and n is the ratio
of wave group velocity and the wave phase velocity due to the
linear dispersion relation. If applying the nonlinear dispersion
relation eq. (1), combining eq. (1) with eq. (13), yields

l 2 1 82 1 2
2 poH2C (=50 V=1 SolI2CN
o P8t 0(2 1+g§) 28 (15)

After further arrangement, namely

H 1 &
= ooy en
/s i, 0(2 1+g§) (16)

Substituting eq. (11) into eq. (16), the wave shoaling
coefficient in the linear wave shoaling theory with nonlinear
dispersion relation could be expressed as

f= et )/CN = G+t L+
’ 2 l+¢ 1+& N(1+p5 Ytanh(kh + q&)
“

7)

Thus the liner wave shoaling conclusion proposed by Shuto
can be evolved as

2
H_ s 2) 1+4 U, <30
H, 2 l+g, N(l+p5 )tanh(kh + g¢)
H;ﬁ = const. 30<U, <50
3
Hh2(\JU, —24/3) = const. U, >50
(18)
Based on the relational expressions as follow
d d dh d
—(EC,))=—(EC,))—=——(EC)tanf,  =—f.k(EC
4 ECe) = (ECy) =~ (EC ) tan f, == fk( (fg))

Combining eq. (10), eq. (13) and eq. (19), the expression
of wave shoaling coefficient could be shown as

dC Cdv CdE
e + =5t
L= N T E ) e @
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Where, B is the bottom slope along the wave transformation
direction. Namely, the solution of eq. (20) is the derivation of
three differential terms expressed by the wave characteristics.

In eq. (20), the derivative of wave velocity C with respect
to the water depth h could be shown as

d(kh)
dc _i(ah) w

dh dh kh (kh)’ @)

Due to the nonlinear dispersion relation equation (1), yields

o’ = g(1+ p&*) tanh(kh + q¢) 6g;lh)

+ ghhtanh(kh+ ) 24 *af &) | okh(1+
,. O[tanh(kh+g¢)]
T (22)

Expanding and arranging the derivatives of composite
functions in eq. (22), namely

2 2
O(kh) N 1 _(@pet+ khze O(kh) i 2 [kh+qz+ ?s(ich) okh) _
oh 1+ pe cosh”(kh)” oh  sinh(2kh+2qe) sinh’ (kh)" Oh
. 2kpe’ . 2kqe
1+ pe?  sinh(2kh +2q¢) (23)

Combining eq. (11) and eq. (23), the derivative of kh could
be written as
d(kh) _ i N kpg2 N kqe
dh 2N (1+ pé‘z)N Nsinh(2kh + 2q¢)

(24)
Substituting eq. (24) into eq. (21), yields

_¢cp 1 pe’ G
i h

2N (1+pe )N N sinh(2kh + qu)]

In eq. (20), the derivative of ratio N with respect to the
water depth h could be shown as

v 1 N khe® o
W2 ey P )G, CrE +cosh (kh)) 2Pt (kh))ah(1+

, 1

- ’ NG _ h(kh))) -
PE )]+Sinh (2kh+2 )[slnh(Zkh+2q&) (kh+qe+ P (kh) (smh(kh) khcosh(kh)))
(kh+ ge+ 25}:‘ Sy )~ cosh(kh)))—(smh(Zkh +246))] (26)

Expanding and arranging the derivatives of composite
functions in eq. (26), namely

ANV A
dh dh (27)

Where, the parameter K | could be written as

1 2pe’-p qs (e+&)p’q, [2p’ +&’ p’q/(k)] . 1

(1-
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PR sinh?(2kh+2qe) - kh P (28)



And the parameter K | could be written as

K = -1 2pé&’ eqp S, [2pe® +&* pq/(kh)]pe? 1 q¢
14 pet b 2kh h(l+ pe*)’ * sinh(2kh +2qe) kh
2e p—kh 2q‘a‘cozsh(2kh+2qs) (kh+ gz +2g¢ p- kh)
P sinh”(2kh+2q¢) P

(29)

On the basis of eq. (5), the relational expression of the
wave numbers in the coasts and in deep waters could be
expressed as

1+pe

k,/k = ———tanh(kh + q¢)

0 (30)

Substituting eq. (30) into eq. (27), the parameters K , and
K, could be written respectively as

= 1 L2;75 -p qs (e+&*)p’q [2p£ +&7piq /(kh)] - 14q£ 9qg —2qekh+
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2T lepe’ b 2kh h(1+ pe?)? " 2k(1+ pe?)sinh? (kh +q&) kh
kh —kh qelk; (1+ &) +k>(1+ pe®
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In eq. (20), the derivative of wave energy E with respect
to the water depth could be shown as

CdE_ C di)
Edh H* dh (33)

According to eq. (19), the expression of wave height is
I+g,

bt when the Ursell number is no larger than

2 Teed) NI+ pe)tanh(kh + g2)

30, and eq. (33) could be shown as

CdE _ C d(H?) _ dC_ CdN

Edh  H> dh dh N dn  ©9

When value range of the Ursell number is 30< U_< 50,
H=C_h?7and C_ is the coefficient. Namely,

CdE_ C d(H’) _ 4C
Edrn H® dh 7 h (35)

When the Ursell number is larger than 50, Hh%(\/U7, -23)=C,,
and C_, is the coefficient. Substituting the expression of the
Ursell number, U = gHT?/ h? into the relational expression
of wave height, yields

5
Hh*(T\[gH Ih-23)=C,,

Taking the derivative of the water depth h for both ends
of eq. (36), then

(36)

3 13 gy

3 311
ZH*h*T, 2—+—thzT 2243 h2 +— hz 0
2 a2 V3( )=

(37)

After the arrangement, eq. (37) could be transformed as

ﬂ_ H15JU, -5J3
hlS\/_ 2\/_ (38)

Substituting eq. (38) into eq. (34), yields

CdE  C3JU, 103
Edh hls\/_ 243 (39)

Combining eq. (25), eq. (27), eq. (34), eq. (35), eq. (39) with
eq. (20), the wave nonlinear shoaling coeflicient corresponding
to the wave nonlinear dispersion relation raised by Li et al.[13]
could be expressed as

0 U, <30

fi= (%)[g - % + 7}[1(”;]1(“’1 LK“‘Z ]tan g 30<U, £50
L _45\/ 12[ h(KwsKm"'K»z) Kw3 U >50

(40)

Where, the parameters K  and K , could be expressed as
eq. (31) and eq. (32), respectively. The parameter K ,could
be written as

k kpe* kqe

KW3 = + 2 + :
2N  (+ pe”)N Nsinh(Qkh +2q¢)
41)

Eq. (40) would be adopted as the wave shoaling coeflicient
by the extended elliptic mild slope equation in this paper.

WAVE BREAKING EFFECT

The breaking index considering the bottom slope is
following|[15]

tan B
éfo -t P
JH, /L, (42)
g - tan 3,
~H, L, (43)
&, 22.0 Or £ 233 surging breaking
04<¢, <20 Or 05<¢ <33 plunging breaking
&, <04 Or & <0.5 spilling breaking
(44)

Based on the convenience of programming and the
distinct classification, the breaking index proposed by Battjes
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would be adopted in the mild slope equation in this paper.
The hydraulic jump model is used to compute the energy
loss after the wave breaks. Subscribing the index above into
wave energy equation, we can get the wave breaking energy
dissipation coeflicients:

d(EC,)/dx =-0.01875pg(H*\/gh —0.16h*\[gh)/ h

(45)
0.15 0.04
fd:_kh (1- j ) (46)
WAVE FRICTIONAL EFFECT

In the most coasts, the energy dissipation produced by
the bed frictions would be the primary cause compared with
those by the permeability loss and the mud surface wave
resistance loss.

According to the wave boundary layer theory, the work
of the bed friction could be indicated as

D, = f,k(EC,) (47)

Where, D, is the unit bed surface energy loss and f, is the
wave frictional energy dissipation coefficient. And the unit
bed surface energy loss could be shown as

—— 171 1 17
D, =U, = [ = pf U, dt == o U3, o [ |cos® (on)ln)
T2 2 2 T 48)

Where U, = U, cos(kx-ot) = A_o cos(kx-ot) = (nH /
Tsinh(kh)) cos(kx-ot). Combing eq. (47) and eq. (48), yields

2 3
Df=27§ Pl 'ht(ﬁ h
sinh” (kh) (49)
/= 2f, Ho?
* 3z Ngsinh®(kh) (50)

Eq. (50) would be adopted in this paper for the wave energy
dissipation due to the bed frictions.

THE WAVE MODEL BASED ON EXTENDED
ELLIPTIC MILD SLOPE EQUATION

The extended elliptic mild slope equation involving the
energy dissipation stated above is applied to calculate the
wave transformation. The governing equation of the extended
elliptic mild slope equation [11] could be expressed as

V(CC VD) +k*CC,(1+if YO +[ /,gVh+ f,(Vh)’ gk]® =0
(51)
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Where
f= — 4kh cosh(kh) + sinh(3kh) + sinh(kh) + 8(kh)* sinh(kh) __ khtanh(kh)
! 8 cosh’ (kh)[2kh +sinh(2kh)] 2cosh’(kh)
(52a)
sech?®(kh) 4 3 o
=———————“"_[8(kh)" +16(kh h(2kh)—9sinh* (2kh h(2kh
S = Gk + sinn 2k )+ 16(kR)”sinh(2k%) = 9sinh (24k) cosh(2Ah) +

12(kh)(1+ 2 sinh* (kh))(kh + sinh(2kh))] (52b)

Where V = (0/9x, 9/dy) is the horizontal operator; © is
the velocity potential function of the harmonic wave; V
hand V * are the bottom slopes and bottom curvatures in
the and directions, respectively; and are the two horizontal
coordinates; f =f +f, +f, is the combined energy dissipation
factor,and f,, f, and f, are calculated with eq.(41), eq.(49-1) and
eq.(56) respectively. The nonlinear wave dispersion relation
is adopted with eq. (1).

In order to verify the present model and test the
computational accuracy, the classical and the slope flume
experiments would be used including the Berkhoff single
elliptical topography, sinusoidal varying topography, and
uniform slope and composite slopes topography tests in the
flume. In terms of reflecting the modification, the computed
values of RIDE model established by Maa et al.[11], which
adopted the linear wave theory, would be used to contrast
with the present model.

BERKHOFF SINGLE ELLIPTICAL TOPOGRAPHY

Berkhoff et al.[2] conducted the wave propagating
and transforming experiment on the ideal uniform slope
topography with a single ellipse, and obtained the measured
data of eight cross sections. In the numerical simulation, the
height of incident wave is 0.0232 m, the period is 1.0 sand the
direction is along the positive coordinate. The comparisons
among computed values of the linear wave model of Maa et al.,
calculated results of the present model and experimental data
in the cross section 1# ~ 8# are shown in Fig.2. The horizontal
coordinate is the cross section, and the vertical coordinate is
the ratio of local wave height and incident wave height. The
black solid points in Fig.2 represent the experimental wave
height data, the black dashed lines represent computed values
of the linear wave model of Maa et al. and the black solid lines
represent the calculated results of the present wave model. On
the basis of the contrasts in Fig.2, although there are some
obvious deviations in some locations, such as the significant
error at 17m nearby in the 7# cross section, yet the calculated
results of the present model coincide to the experimental
results overall and the computed precision is preferable than
the linear wave model of Maa et al.. Fig.3 shows the contrast
about the computed wave height distribution fields between the
linear wave model of Maa et al. and the present model. And the
left figures are the computed values of the linear wave model
of Maa et al., and the right figures are the calculated results of
the present model. Based on the comparison of wave height
distribution field, the calculated results of the present model
make the wave energy more disperse after the single ellipse.



The calibrations indicate that the nonlinear wave dispersion
relation and the corresponding wave shoaling coeflicient in
the present model are able to improve the wave refraction and
diffraction effects apparently under the complex topography.

Incident
wave

16 -

14

12

y/m
S
T

Fig. 1. The single elliptical topography and arrangement of cross sections
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20 110 90 110
Cross section one (m) Cross section two (m)
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Cross section three (m) Cross section four (m)
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2 = = = Maa et al(2002) linear wave
y = = = Maa et al.(2002) linear wave
model model

20 ——Present model

50 70 183 203

90 110 13 163
Cross section five (m) Cross section six (m)

Fig. 3. Compared computed wave height distribution field of the linear wave
model of Maa et al. (left)with calculated wave height distribution field of the
present model(right)

SINUSOIDAL VARYING TOPOGRAPHY

Davies and Heathershaw[20] carried out a series of
experimental research on the wave transformation under
various sand ripple numbers and water depth conditions.
The wave situation with ten sand ripples is simulated by
the present model. In the numerical simulation, the wave
height of incident wave is 0.02 m, the period is 1.31 s, and the
direction is along the positive coordinate. The fully absorbing
condition is situated at x = 30 m. The comparisons between
observed data and computed values under sinusoidal sand
ripples terrain are listed in Fig.5. The horizontal coordinate
is the distance from the wave incident position, and the
vertical coordinate is the wave amplitude of local wave
(Half of local wave height). The black solid points in Fig.5
represent the observed wave amplitude data, and the black
solid lines represent the calculated results of established wave
models. In the light of the verifications in Fig.5, the calculated
results of the wave mathematical model could coincide to the
experimental data generally, and is capable of reflecting the
tendency of wave deformation under the sinusoidal varying

topography.

© Experiment Berkofi(1982)

= = ~ Maa et . (2002) linear wave model 30 ®  ExperimentBerkhofi{1982)

25 — - - Maa ot ol (2002)lincar wave
model

——Present model

13 163 183 203 103 123 13 6.3
Cross section seven (m) Cross section eight (m)

103 123 183 203

Fig. 2. Compared computed values of the linear wave model of Maa et al.and
calculated results of the present model with experimental wave height data in
the eight different cross sections

-
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0.0 - - - - - .

0.0 5.0 10.0 15.0 20.0 25.0 30.0

Along the flume (m)

Fig. 4. Sinusoidal varying topography profile when ripple wavenumber equals
to ten
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Fig. 5. Compared experimental wave height data observed in the flume with
computed values of the present model

COMPOSITE SLOPES TOPOGRAPHY

The wave transformation experiment under the complex
bar-type beach profile caught out by Nagayama[12] is applied
to verify the present model, the topography profile is shown
in Fig.6(a). The wave height of incident wave is 0.07 m, and
the wave period is 1.18s. The numerical results of the present
model are compared with the computed values of the linear
wave model of Maa et al. and the experimental data, which are
shown in Fig.6(b). Both the solution of the linear wave model
of Maa et al. and the present model predict a second wave
breaking at the tailing section of the 1/20 slope. For under this
bar-type topography, the wave deformation includes the wave
shoaling effect, wave frictional effect, wave decaying effect,
wave recovery and the second breaking. It is found that the
present model is in better agreement with the experimental
results and of higher accuracy.

01 ;
(@)

0.0

8.0

Slope:1/20
-0.1 4

‘Water depth (m)

Slope:1/20

-0.3 -
Along the wave propagation

Fig. 6(a). Composite slopes topography profile with fronting and tailing slope
1/20

200 - ® e Experiment.Nagayama(1983)
- - = Maa et al.(2002) linear wave model

——Present model

Wave height (m)

4.0 7

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0
Along the wave p i

Fig. 6(b). Compared computed values of the linear wave model of Maa et al.
and calculated results of the present model with experimental wave height data
along the wave propagation

CONCLUSION

The mild slope equation models applied in this paper have
contained various modifications for the computations of
combined wave shoaling, refraction, diffraction, reflection,
bottom friction and breaking. In the surf zone, linear wave
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dispersion relation and linear wave shoaling coefficient
have been adopted to improve the accuracy of wave height
calculation. To overcome the error of the linear dispersion
relation, the empirical nonlinear shoaling relation equations
are utilized to develop the nonlinear wave shoaling coefficient
corresponding to the nonlinear wave dispersion relation.
The extended elliptic mild slope equation is modified with
the nonlinear wave dispersion relation, the corresponding
deduced nonlinear wave shoaling coefficient, the wave
frictional energy dissipation coeflicient and the wave breaking
energy loss coeflicient to calculate the wave transformation in
the complicated topographies and the surf zone. The Berkhoff
classical single elliptic topography experiment, some uniform
slope and composite slope flume tests are applied to verify
the modified wave model, and the calculated results coincide
to the experimental data overall.
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