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INTRODUCTION

Continuous systems with spatially distributed parameters 
are described by partial differential equations. However, exact 
solutions to such equations exist only for a small class of 
simple technical problems. For this reason, the continuous 
structure is usually discretized and divided into small, 
spatially lumped parameter elements. Such elements are 
called finite elements and the method is well known as the 
finite element method. A discrete model obtained in this way 
is described by the set of ordinary differential equations. The 
solutions to such equations pose no problem but the model 
is approximate and its accuracy depends on the number of 
finite elements. The greater their number, the more accurate 
the model. However, there is an optimal division density, 
above which the rounding errors start to seriously affect the 
numerical calculation. Additionally, a very large number of 
finite elements increases the order of the differential equation, 
which is not convenient when designing, for instance, control 

systems. Such a model also requires considerable computer 
run time and huge memory capacity to obtain and store 
numerical calculation results.

In the case of slender elements, such as: strings, bars and 
beams, for which the analytical and exact solutions are well 
known, it is better to use an accurate, continuous model 
description.

Consequently, there is no universal approach which is both 
accurate and applicable to a wide range of dynamic systems. 
That is why the modelling methods of physical systems are 
constantly being developed and improved.

The paper proposes a hybrid method of modelling that 
combines the advantages of the spatial discretization methods 
with those of continuous system modelling methods.

In the classical finite element method, the body is 
discretized in all three spatial directions (Fig. 1a). In the 
proposed method, the same body is discretized only in two 
spatial directions (Fig. 1b), with one direction remaining 
continuous. Such a division results in the appearance of 
discrete-continuous elements, so-called prisms (Fig. 1b), with 
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parameters distributed along one of the axes. Consequently, 
the obtained elements are one-dimensional distributed 
elements, described by second-order partial differential 
equations. However, these equations also include terms related 
to interactions between elements, as a result of which the 
entire system is described by coupled second-order partial 
differential equations.

 

b) 

prismfinite element 

a) 

Fig. 1. Spatial discretization of 3D body:  
a) conventional finite element method, b) proposed hybrid method

The obtained equations are solved by using the distributed 
transfer function method [15, 16, 18]. This method enables to 
obtain analytical or semi-analytical solutions for 1D and 3D 
systems, respectively. A similar idea was considered in [12] 
and [15]. However, in some aspects there are fundamental 
differences. In [12] and [18] the body is treated as deformable 
in the directions in which the discretization was made, 
while in the proposed method it is treated as a rigid and 
non-deformable solid in two discretization directions. This 
approach has many advantages. Firstly, it makes it possible 
to obtain a simple and clear system of partial differential 
equations. Then, by using the modal decomposition method, 
it is easy to determine the modal model and analyse it in the 
time domain [1, 9, 10, 11]. In a simple way, the modal model 
can be reduced to a low order model, which is convenient in 
design and analysis of control systems [2, 3, 4]. The proposed 
method has been applied in modelling 1D, 2D and 3D systems 
[8, 10, 12, 17] and may be used to modelling and solving many 
practical engineering problems [6, 7].

GENERAL MODEL OF THE DISCRETE-
CONTINUOUS SYSTEM

In order to derive a general model of the discrete-continuous 
system, let us consider two prisms, r and p, connected by 
a spring-damping layer, k, continuous in the x direction, with 
distributed parameters (Fig. 2a). The discretized model of the 
analysed system is shown in Fig. 5. Each element has 6 degrees 
of freedom expressed by means of general displacements. The 
first three of them are translational displacements along the 
x1, x2, and x3-axes, while the remaining represent rotational 
displacements around these axes:
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Fig. 2. General model of the analysed system:  
a) discrete-continuous, b) discrete

For the r-th rigid element of the discrete model presented 
in Fig. 2b, a system of ordinary differential equations was 
written and verified by using the rigid finite element method 
[5, 13, 14]. The obtained equations have the following form:
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where: fr,α is the general force applied to the r-th element 
(excitation) in the xα-axis direction (Fig. 2b); m is the mass of 
the rigid finite element; ρ is the density of the rigid element; I0α 
is the geometric, polar moment of inertia around the xα-axis; 
Δx, Δy, Δz are the elementary dimensions of the finite element 
(Fig. 2b); qr,α is the general displacement of the r-th element 
in the xα-axis direction; qp,α is the general displacement of 
the p-th element in the xα-axis direction; sα,β,γ is the distance 
between the body α and the spring-damping element β in 
the xγ-axis direction, and cα,β is the stiffness coefficient of the 
spring element α in the xβ direction [5, 13, 14]:
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In Eq. (11): E is the Young’s modulus, G is the Kirchhoff 
shear modulus, Iα,β is the geometric moment of inertia of 
the cross-section area perpendicular to the xβ-axis around 
the xα-axis, and κ is the numerical shape factor of the cross 
section area.

The rigid finite element model described by Equations 
(5)÷(10) is next transformed to a discrete-continuous model. 
We assume that the discretization is not performed in the x 
direction. By putting:
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and (11) into Eqs. (5)÷(10), and dividing these equations by 
Dx we obtain the following formulas:
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where fxr,α is the distributed force along the x1-axis applied to 
the r-th element (excitation) in the xα-axis direction (Fig. 2).

By assuming Dx→0, we can obtain the following partial 
differential equations:
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pkpkrrkr

prkrpr

rrryxryxxr

qssqss
y
zG

qssqs
y
zG

qqs
y
zGqq

y
zG

AqGqAGqEIqIf

−
∆

∆−

+−
∆

∆+

+−
∆

∆+−
∆

∆

+′+′′−=

κ

κ

κ

κκρ

 
(23)

,)(

)()(

5,3,,2,,5,3,,2,,

6,2,,2,,6,
2

2,,1,1,2,,

6,2,6,6,6,

pkpkrrkrkr

pkpkrrkrprkr

rrrzxrzxxr

qssqss
y
zG

qssqs
y
zGqqs

y
zG

AqGqAGqEIqIf

−
∆

∆−

+−
∆

∆+−
∆

∆−

++′−′′−=

κ

κκ
κκρ

 (24)

where:

zyA ∆∆= , 3

12
1 zyI yx ∆∆= , 3

12
1 yzI zx ∆∆= , qq dt

d= , qq dx
d=′ . 

In order to obtain the general form of Equations (19)÷(24), 
the following substitutions are applied:

y
zGcxk ∆

∆= κ
1, , 

y
zEcxk ∆

∆=2, , 
y
zGcxk ∆

∆= κ
3, , 0lim

06, =
∆∆

=
→∆ xy
EI

c zy

xxk , 
y
zE

xy
EI

c xy

xxk ∆
∆=

∆∆
=

→∆ 12
lim

3

04, ,
y
zG

xy
GI

c y

xxk ∆
∆=

∆∆
=

→∆ 12
lim

3
0

05, . 

y
zGcxk ∆

∆= κ
1, , 

y
zEcxk ∆

∆=2, , 
y
zGcxk ∆

∆= κ
3, , 0lim

06, =
∆∆

=
→∆ xy
EI

c zy

xxk , 
y
zE

xy
EI

c xy

xxk ∆
∆=

∆∆
=

→∆ 12
lim

3

04, ,
y
zG

xy
GI

c y

xxk ∆
∆=

∆∆
=

→∆ 12
lim

3
0

05, . 

(25)

Thus Equations (19)÷(24) can be presented in the final 
form:

),(

)()(

6,2,,6,2,,1,

5,3,,5,,3,,1,1,1,1,

1,1,1,

pkprkrxk

pkpjikrxkprxk

rrxr

qsqsc
qsqscqqc

qEAqAf

−−

+−+−+
+′′−= ρ

(26)

),()( 4,3,,4,3,,2,2,2,2,

6,2,2,2,

pkprkrxkprxk

rrrxr

qsqscqqc
qGAqGAqAf

−−−+
+′+′′−= κκρ

(27)

),()(

)(

)()(

2,3,,2,3,,2,4,3,,3,,4,
2

3,,2,

4,2,,2,,4,
2

2,,3,

3,2,,3,2,,3,4,4,4,

4,04,04,

rkrpkrxkpkpkrrkrxk

pkpkrrkrxk

pkrrkrxkprxk

rxrxxr

qsqscqssqsc

qssqsc

qsqscqqc
qGIqIf

−+−+

+−+

+−+−+
+′′−= ρ

(28)

),()(

)(

)()(

2,3,,2,3,,2,4,3,,3,,4,
2

3,,2,

4,2,,2,,4,
2

2,,3,

3,2,,3,2,,3,4,4,4,

4,04,04,

rkrpkrxkpkpkrrkrxk

pkpkrrkrxk

pkrrkrxkprxk

rxrxxr

qsqscqssqsc

qssqsc

qsqscqqc
qGIqIf

−+−+

+−+

+−+−+
+′′−= ρ

(29)

),(

)(

)()(

6,2,,3,,6,3,,2,,1,

5,3,,3,,5,
2

3,,1,

1,1,3,,1,5,5,5,

5,3,5,5,5,

pkpkrrkrkrxk

pkpkrrkrxk

prkrxkprxk

rrryxryxxr

qssqssc
qssqsc

qqscqqc
AqGqAGqEIqIf

−−

+−+

+−+−+

++′+′′−= κκρ

 
(30)

.)(

)()(

6,2,,2,,6,
2

2,,1,

5,3,,2,,5,3,,2,,1,1,1,2,,1,

6,2,6,6,6,

pkpkrrkrxk

pkpkrrkrkrxkprkrxk

rrrzxrzxxr

qssqsc

qssqsscqqsc
AqGqAGqEIqIf

−+

+−−−−
++′−′′−= κκρ

(31)

The above equations are obtained for prism r (connected 
to prism p). However, by exchanging subscripts r ←→ p, we 
can easily obtain appropriate equations related to prism p.

The general equations for the whole system, consisting 
in this particular case of r and p elements, can be written in 
the matrix form

),(),(),(),(),( 00102002 txtxtxtxtx fqAqAqAqA =+′+′′+ (32)

with the boundary conditions

)(),(),0( ttlt jjj qNqM =+ , j=1,2 (33)

where:

=

000000000

000000000
00000000
000000000

000000000
00000000
000000000

000000000
000000000

p

r

02

02

02

A

A

A  

r 

p 

r p 

(34)

or ,0]0,,0,0,,0,0,0, ,,[ 020202 prdiag AAA = , 

where ],,,,,[ 002 zxyxxr IIIAAAdiag ρρρρρρ=A , 

A02p can be obtained from the matrix A02r by replacing the 
parameters and dimensions of the r prism with appropriate 
parameters of the p prism,

=

000000000

000000000
00000000
000000000

000000000
00000000
000000000

000000000
000000000

p

r

20

20

20

A

A

A ,

r p 

r 

p 

(35)

or ],,[ 202020 ,00,,0,0,,0,0,0, prdiag AAA = , 

where ],,,,,[ 020 zxyxxr EIEIGIGAGAEAdiag −−−−−−= κκA .
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A20p can be obtained from matrix A20r by replacing the 
parameters and dimensions of the r prism with appropriate 
parameters of the p prism,

=

000000000

000000000
00000000
000000000

000000000
00000000
000000000

000000000
000000000

p

r

10

10

10

A

A

A  

r p 

p 

r 

(36)

or ],,[ 101010 ,00,,0,0,,0,0,0, prdiag AAA = , , where

−

−
=

00000
00000
000000
00000

00000
000000

10

GA
GA

GA
GA

r

κ
κ

κ
κ

A , 

A10p can be obtained from the matrix A10r by replacing the 
parameters and dimensions of the r prism with the appropriate 
parameters and dimensions of the p prism,

A00=Ak+As, (37)

where Ak has a form analogous to the stiffness matrix kK~ [5]

=

000000000

000000000
0000000
000000000

000000000
0000000
000000000

000000000
000000000

ppkprk

rpkrrk

k

AA

AA

A  

r 

p 

r p 

(38)

and

=

66

5655

44

3433

2422

161511

00
00
000

000

rrk

rrkrrk

rrk

rrkrrk

rrkrrk

rrkrrkrrk

rrk

asym
aa

a
aa
aa

aaa

A , 

111 xkrrk ca = , 3115 rkxkrrk sca = , 2116 rkxkrrk sca −= , 

222 xkrrk ca = , 3224 rkxkrrk sca −= , 

333 xkrrk ca = , 2334 rkxkrrk sca = ,  
2

23
2

32444 rkxkrkxkxkrrk scscca ++= , 
2

31555 rkxkxkrrk scca += , 32156 rkrkxkrrk ssca −= , 
2

21666 rkxkxkrrk scca += , 

=

666561

565551

444342

3433

2422

161511

000
000

000
0000
0000

000

rpkrpkrpk

rpkrpkrpk

rpkrpkrpk

rpkrpk

rpkrpk

rpkrpkrpk

rpk

aaa
aaa

aaa
aa
aa

aaa

A , 

111 xkrpk ca −= , 3115 pkxkrpk sca −= , 2116 pkxkrpk sca = ,  

222 xkrpk ca −= , 3224 pkxkrpk sca = , 

333 xkrpk ca −= , 2334 pkxkrpk sca −= , 

3242 rkxkrpk sca = , 2343 rkxkrpk sca −= , 223332444 pkrkxkpkrkxkxkrpk sscsscca −−−= , 

3151 rkxkrpk sca −= , 331555 pkrkxkxkrpk sscca −−= , 23156 pkrkxkrpk ssca = , 

2161 rkxkrpk sca = , 32165 pkrkxkrpk ssca = , 221666 pkrkxkxkrpk sscca −−= , 
T
rpkprk AA = , 

Appk is obtained from the matrix Arrk by replacing indexes r 
with p,

=

000000000

000000000
00000000
000000000

000000000
00000000
000000000

000000000
000000000

sp

sr

s

A

A

A  

r p 

r 

p 

(39)



POLISH MARITIME RESEARCH, No S1/2017 103

and

=

AG
AG

sr

κ
κ

00000
00000
000000
000000
000000
000000

A . 

Asp is obtained from the matrix Asr by replacing the parameters 
and dimensions of the r prism with the appropriate parameters 
and dimensions of the p prism.

The equations derived in the above way were then verified 
in three steps. In the first step, continuous parts of Equations 
(26)÷(31) were compared to the appropriate components of the 
well-known equations describing one-dimensional elements 
with distributed parameters. As can be seen, the continuous 
part (first line) of Equation (26) is the same as the equation 
for a longitudinal bar element. In turn, the continuous parts 
of Equations (27) and (31) are coupled together and are the 
same as the Timoshenko beam model equations (vibrating 
in the x1-x2 plane). Similarly, Equations (28) and (30) also 
describe the Timoshenko beam model, but vibrating in the 
perpendicular plane x1-x3. Lastly, the continuous part of 
Equation (29) expresses a torsion bar element. 

In the second step, Equations (26)÷(31) were written in 
the matrix form and the obtained stiffness matrix Ak (38) was 
compared to the corresponding matrix kK~  which describes 
the discrete model in the rigid finite element method [5, 13, 
14]. As it turns out, the discrete parts of Equations (26)÷(31) 
are analogous to those in the rigid finite element method [5]. 
In the last step, easy examples were used and presented in 
this paper, some of which have analytical solutions and are 
thus easily verifiable.

A global model for the whole system is built in the same 
way as the finite element method (FEM) model. Global 
matrices A02, A20, A10 include sub-matrices of each prism 
element, located on a main diagonal. Matrix A00 is the sum of 
all the prism element stiffness matrices in the global system.

To solve the partial differential equation (32), the 
distributed transfer function method [15, 16, 18] is used. This 
method gives semi-analytical results for the tree-dimensional 
structure. To use it, Equation (32) is to be subjected to Laplace 
transformation, after which it takes the form

),(),()( 0010220
2

02 sxsx
xx

s fqAAAA =+
∂
∂+

∂
∂+ (40)

with the boundary conditions

)(),(),0( ssls jjj qNqM =+ ,j=1,2, (41)

where:
),( s•q , ),( s•f  denote the Laplace transformation of the 

corresponding functions q(•,t),  f(•,t), respectively, and jj NM ,  
are the operator matrices formed from the matrices jj NM ,  

by replacing the time-derivative operators ∂/∂ t and ∂2/∂t2 
with s and s2, respectively.

Equation (40) can be transformed into the set of first-order 
equations (state equations):

),(),()(),( sxsxssx
x

uF +=
∂
∂

(42)

)(),()(),0()( sslsss NM =+ (43)

where:

∂
∂==

x
sx
sx

sx
sx

sx ),(
),(

),(
),(

),(
2

1 q
q

, 

−+−
= −−

10
1
2000

2
02

1
20 )( AAAAA

I
F

s
0

, 

== − ),(),(
),(

),( 1
202

1

sxsx
sx

sx
fAu

u
u

0
, =

00
21 MM

M , 

=
21 NN

N
00

, =
)(
)(

)(
2

1

s
s

s . 

The solution to Equation (42) can be presented as [12, 18]

)(),(),(),,(),(
2

1

ssxdssxsx
x

x

HuG += ξξξ (44)

where:

≥+−
≤+

=

=

−−

−−

xesesese
xesesese

sx

xsxsxsxsF

xsxsxsxsF

ξ
ξ

ξ

ξ

ξ

,)(])()([
,)(])()([

),,(

))((1)()()(

))((1)()()(

221

121

FFF

FFF

NNM
MNM

G

(45)

1)()()( ])()([),( 21 −+= xsxsxs esesesx FFF NMH (46)

If we denote:

=
),,(),,(
),,(),,(

),,(
2221

1211

sxsx
sxsx

sx
ξξ
ξξ

ξ
GG
GG

G , (47)

=
),(),(
),(),(

),(
2221

1211

sxsx
sxsx

sx
HH
HH

H , (48)

the solution to Eq. (44) can be written as

= =
+=

2

1

2

1
)(),(),(),,(),(

2

1
j j

jij

x

x
jiji ssxdssxsx HuG ξξξ , (49)

i=1,2, or 

=

− +=
2

1

1
202 )(),(),(),,(),(

2

1 j
jij

x

x
ii ssxdssxsx HfAG ξξξ , i=1,2 (50)
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where the expression

= −

−

1
2022

1
2012

),,(
),,(

),,(
AG
AG

K
sx
sx

sx
ξ
ξξ  (51)

is the matrix of transfer function between the i-th output 
(row) and the j-th input (column). In the case of a force 
concentrated at point x0, the relation (50) can be written as

=

− +−=
2

1

1

0
0

1
202 )(),()(),(),,(),(

j
jijii ssxdxssxsx HfAG ξξδξξ , i=1,2  (52)

and after integrating

=

− +=
2

1
0

1
2002 )(),(),(),,(),(

j
jijii ssxsxsxxsx HfAG , i=1,2. (53)

Assuming that the boundary conditions γ(s)=0, from Eq. 
(53) we obtain the equation

),(),,(),( 0
1

2002 sxsxxsx ii fAG −= . (54)

The condition γ(s)=0 occurs in most cases. It means that 
the external force does not act on beam supports [12].

In the specific case, when the excitation point ξ = 0.1 and 
the response observation point x=0.4 and γ(s)=0, the transfer 
function of the distributed parameter system is calculated by 
putting corresponding submatrices of the relation (45) into 
Eq. (51). In this way we obtain:
a)	 for ξ < x 
 

1
20

1.0)(11)(0)(4.0)( )(])()([)( −⋅−⋅⋅⋅
< += AMNMK FFFF ssss
x esesesesξ  (55)

b) for ξ > x 

1
20

9.0)(11)(0)(4.0)( )(])()([)( −⋅−⋅⋅⋅
< +−= AMNMK FFFF ssss
x esesesesξ  (56)

After putting s=jω into the transfer functions (55) and 
(56), the frequency characteristics can be calculated and the 
eigenvalues of the system may be determined.

FIRST EXAMPLE OF METHOD 
APPLICATION

As the first example, let us consider a simple beam fixed 
at both ends (Fig. 3) with the following data: E = 2∙1011 Pa, 
G = 8∙1011 Pa, ρ =8000 kg/m3, Δy=0.25 m, Δz=0.25 m, l=1 m, 
v=0.25, κ =1.

x=0.1 

x=0.4 

l=1 

P=1 (force) 

displacement 

x1 

x3 

b=0.25 

h=0.25

Fig. 3. Fixed beam

The calculations were performed for two cases. In the 
first case the beam was treated as a single prism, description 
of which comes down to the coupled two equations of the 
Timoshenko beam model, Eqs. (27) and (31), or (28) and (30) 
without discrete parts. In the second case the beam is divided 
into four prisms (Fig. 4) and four distributed spring elements. 
Each prism has three degrees of freedom: displacements along 
the x1 and x2-axes, and angular displacement around the 
x3-axis. 

The stiffness coefficients of the distributed spring layers 
are calculated using the formulas:

y
zGcccc xxxx ∆

∆====
243411311

κ , 
y

zGcc xx ∆⋅⋅
∆==
122

3

4515 , 

z
yGcccc xxxx ∆

∆====
232223121

κ , 03525 == xx cc , 
z
yEcc xx ∆

∆==
23323  

42,2,32,2,12,4,32,1,1
yssss ∆==== , 

42,3,42,3,22,4,42,1,2
yssss ∆−==== , 

43,3,23,2,13,1,23,1,1
zssss ∆−==== , 

43,3,43,2,33,4,43,4,3
zssss ∆==== . 

and the fixing coordinates:

y
zGcccc xxxx ∆

∆====
243411311

κ , 
y

zGcc xx ∆⋅⋅
∆==
122

3

4515 , 

z
yGcccc xxxx ∆

∆====
232223121

κ , 03525 == xx cc , 
z
yEcc xx ∆

∆==
23323  

42,2,32,2,12,4,32,1,1
yssss ∆==== , 

42,3,42,3,22,4,42,1,2
yssss ∆−==== , 

43,3,23,2,13,1,23,1,1
zssss ∆−==== , 

43,3,43,2,33,4,43,4,3
zssss ∆==== . 

a) 

∆z

∆y 

b) 

2
z∆

2
y∆

1 cx1

cx2 cx3

cx4

2

3 4

c) 

1 2

3 4 x1

x2

x3

Fig. 4. Discrete model of beam: a) primary division, b, c) secondary division
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The matrices of boundary conditions for the system divided 
into four prisms have the form:

=
××

××

12121212

12121212

00
0I

M , =
××

××

12121212

12121212

0
00

I
N . 

For the discrete-continuous model prepared in the above 
way, the frequency characteristics were calculated (Fig. 5) for 
the harmonic force excitation with amplitude equal to one 
and acting at prism No. 2, at point ξ=0.1 m. The displacement 
output signal was observed at prism No. 4, at the x=0.4 m 
point. The obtained characteristics were compared with those 
developed by using the finite element method and the ANSYS 
system (Fig. 5). The calculated natural frequencies are given 
in Table 1.

0 0.5 1 1.5 2 2.5 3 3.5 4
x 104

-320 
-300 
-280 
-260 
-240 
-220 
-200 
-180 
-160 
-140 
-120 

frequency [rad/s] 

m
ag

ni
tu

de
 [d

B
] 

FEM - 20x20x80=32000 finite elements

-100 

discrete-continuous method 4 prisms 
discrete-continuous method 1 prism (Timoshenko beam model)

FEM - 2x2x5=20 finite elements 

Fig. 5. Frequency characteristics

Table 1. Natural frequencies of the analysed beam [rad/s]

No.
Proposed method FEM model Error with reference to FEM model 

20´20´80 elem. [%]

1 prism 4 prisms 2×2×5
(20 el.)

20×20×80
(32000 el.) 1 prism 4 prisms 2×2×5

1 6211.15 6191.7 6164.68 6080.93 2.14 1.8 1.5

2 13848.36 13568.31 13682.26 13381.3 3.5 1.4 2.2

3 22763.9 21184.5 22817.3 21901.29 4 3.2 4.1

4 32186.47 29587.12 33288.92 30888.13 4.2 4.2 7.7

5 41982.17 38913.2 42763.4 40216.78 4.4 3.2 6.3

6 47172.88 41321.6 45807.18 43225.17 9.1 4.4 5.9

The discrete FEM model used as the reference consist of 
32000 twenty-node hexahedron elements.

The characteristics in Fig. 5 show that the first two 
frequencies of the proposed discrete-continuous model, 
consisting of 4 prisms, and the reference FEM model with 
32000 elements are very similar and differ by about 1.8 
and 1.4% respectively (Table 1). In turn, the corresponding 
frequencies of the FEM model consisting of 20 finite elements 
differ respectively by about 1.5 and 2.2%.

While the first frequency of the discrete-continuous 
model is slightly higher than the corresponding frequency 
of the FEM model with 20 elements, the second frequency 
is much lower and closer to the frequency of the reference 
FEM model (32000 elements). As the frequency grows, the 
discrete-continuous model appears to be more precise than 
the 20- element FEM model, although it consists only of 
four prisms.

The model consisting of one prism, which is equivalent to 
the Timoshenko beam model, turns out to be comparable with 

the 20 element FEM model. Although the first two frequencies 
of the Timoshenko beam model are less accurate, the next 
three frequencies are more accurate. But both these models 
are not accurate enough.

When the equivalent diameter d of the beam is greater 
than l/(2 π ), we should use a higher-density mesh or, for 
example, the here proposed discrete-continuous method of 
modelling.

SECOND EXAMPLE OF METHOD 
APPLICATION

As the second illustrative example, let us consider a simply 
supported plate along its outline (Fig. 6a) with the following 
data: E = 2·1011 Pa, G = 8·1010 Pa, ρ = 8·1010 kg/m3, v = 0.25, 
κ = 1, a = 1 m, b = 0.6 m, h = 0.03 m.

Comparative calculations were performed after 
implementing the proposed discrete-continuous method in 
the MATHEMATICA system and using the finite element 
method in the ANSYS system. The calculations were made 
for different numbers of prisms and finite elements. A sample 
discrete model of plate divided into twelve prisms is shown 
in Fig. 6. All prisms are connected via spring layers with 
distributed parameters. The stiffness coefficients of these 
layers were calculated from the following equations (25):

y
zEcx ∆

∆=12 , 
y
zGcx ∆

∆
=

κ
13 , 

y
zEcx ∆

∆=
12

3

14 , 
y
zGcx ∆

∆=
12

3

15

and are the same for spring layers from cx1 to cx11. For the 
supports along the plate outline, the stiffness coefficients 
were calculated using the following formulas: cx02 = 5∙ cx12, 
cx03 = 5∙ cx13, cx04 = 0, cx05 = 0.

Each prism has three degrees of freedom, which are: 
translational displacement along the x3-axis and angular 
displacements around the x1 and x2-axes.
a)               

a 

b 
h

x1

x2

x3

b)               

distributed parameter spring element

x2

x3

x1

lines of 
physical division 
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c) 

… 

… 

… 

… 

x2
x3

x1
z y y/2 

d) 

… 

s112 

s112= y/4 

s212 

cx1 cx2 

s212= - y/2 

cx11 cx0 

support stiffness coefficients 

cx0 

121 11 

Fig. 6. The analysed plate: a) general scheme, b) primary virtual division, 
c) secondary physical division, d) equivalent scheme

The frequency characteristics were calculated for the 
harmonic force excitation having the amplitude equal to 
one and acting at the point with coordinates: x1=0.4 m and 
x2=0.2 m. The displacement output signal was observed at the 
same point. The received characteristics were compared with 
those obtained by using the finite element method and the 
ANSYS system, and also with the exact frequencies calculated 
from the relation

h
hE

b
j

a
iji

ρν
πω

)1(12
),( 2

322
2

−
⋅+= . (57)

All frequency values are compared in Table 2.
a) 
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Fig. 7. Frequency characteristics

Table 2. Comparison of natural frequencies

Mode
No.

Exact
frequency

(57)

Proposed method FEM
Error in reference 

to FEM model 
(3000 elem.)

4 prisms 7 prisms 10 prisms 1×3×5
(15 el.)

2×30×50
(3000 el.) 10 prisms 1×3x×5

(15 el.)

1 1692 2130.35 1812.36 1632.08 1847.63 1633.88 0.1 13.08

2 3036 4003.84 3274.93 2916.00 3468.88 2907.732 0.28 19.29

3 5276 6042.83 5359.35 4996.67 7598.88 5039.429 0.84 50.78

4 5425 6314.78 5411.67 5121.91 9417.23 5219.819 1.87 80.41

5 6769 8727.93` 7117.69 6417.73 10717.23 6427.07 0.14 66.75

6 8412 9259.70 8263.06 7850.63 14031.61 7987.185 1.7 75.67

7 9009 9305.27 9571.59 8487.07 19156.8 8459.681 0.32 126.44

8 11648 12852.87 10958.05 10754.84 23491.57 11017.57 2.38 113.21

The obtained results prove that the proposed method is 
effective and more accurate than the finite element method.  
Figure 7d and Table 2 show that for a smaller number of 
elements (10 prisms) the presented method gives results 
closer to the accurate values than the finite element method 
with a larger number of elements (15 elements). The relative 
error of the proposed method with respect to the reference 
finite element method model with 3000 elements is smaller 
than that of the finite element model with a large number of 
elements (15 elements), Table 2.

CONCLUSIONS

The paper presents a hybrid discrete-continuous method 
of modelling. For the proposed approach, general partial 
differential equations were derived. These equations were 
verified and then written in a formalized matrix form, which 
is very convenient in application to numerical computations. 
A beam fixed at both ends and a simply supported plate were 
used to illustrate the general concept. The proposed method 
is described in a general form and can be also easily applied 
to other cases, not presented in this paper, including simply 
supported or one side fixed beams, as well as rectangular 
plates with different boundary conditions.

The performed numerical calculations and computer 
simulations showed that the proposed method, especially in 
the higher frequency range, gives more accurate results than 
the finite element method with the same or similar number 
of elements. In addition, even at a small number of elements, 
it gives a very good model accuracy and high convergence of 
numerical calculation results. The proposed method has been 
proved to be efficient and applicable to discrete-continuous 
modelling of dynamic systems. It can be applied especially 
to the analysis, simulation and numerical calculations of 
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nontypical elements or systems requiring high accuracy. 
Semi-analytical solutions make the proposed method more 
accurate than the finite element method, especially in 
predicting high-frequency dynamics.
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