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INTRODUCTION

The loxodrome is a transcendental curve spiralling between 
the North Pole and the South Pole. The orthodrome (Great 
Circle) is the intersection of the sphere with a plane containing 
the centre of the sphere. An intrinsic property of these two 
curves can be found by Napier’s Rules of Circular Parts that 
have been widely used in navigation. To find the infinitesimal 
distance dDO that the vessel must cover in Great Circle sailing 
for the orthodromic course to change by a small value dCO i.e. 
for the unit course alteration, the unit distance is defined as:

ϕϕϕ coscotsec VOO dCdD −= , (1)

where φ denotes geographic (geodetic) latitude whilst φV 
stands for vertex latitude. Since the orthodrome is a curved 
line whose true direction changes continually (except for the 
meridian or the equator), a number of points along the Great 
Circle are selected, and then connected by loxodromes and 
followed by rhumb line courses. By using the latitude equation 
of the middle longitude, the orthodrome (Great Circle) is split 
into an even number of legs with equal longitude difference. 
For the shortest overall distance of two piecewise rhumb 
lines, the essay (Han-Fei et al., 1991) inferred that there must 

exist a turn point along the initial rhumb line course prior to 
reaching the vertex latitude ( )Vϕ . The paper (Petrović, 2014) 
proved the existence of the turn point at the orthodrome-
loxodrome intersection point. The initial rhumb line course 
equals the orthodromic course at the middle latitude. The rule 
is mnemonic and straightforward for practical navigation. 
In the paper (Tseng, 2014) the author claimed that there was 
a misconception in the article (Petrović, 2014), and tried 
to construct an algorithm of two piecewise rhumb-lines 
based on the nonlinear optimization technique, but failed 
to comprehend that the essay (Petrović, 2014) was referring 
to the methods evaluated by Han-Fei et al. (1991) whereas 
no alteration to the initial rhumb line course was made, i.e. 
reaching the vertex latitude or intersecting a great circle in 
that particular case. The question was to find a turn point 
along the initial rhumb line course prior to reaching the vertex 
latitude. It’s thereby restricted and equal to the orthodromic 
course at the middle latitude at which the arc length of the 
parallel is equal to the departure in proceeding between two 
points:
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This work tackles the problem of misconception when using sophisticated mathematical tools, nonlinear optimization 
in this particular case, to solve a navigational problem. Namely, to reach the Great Circle vertex with two rhumb line 
legs ensuing the optimized distance, an initial rhumb line course equal to the orthodromic course at middle latitude 
may be used. The initial course is thereupon optimized by the incremental value steps. The optimized distance is 
achieved if the rhumb line course is altered towards the vertex at the orthodrome-loxodrome intersection point. As 
determination of this point cannot be formulated in a closed form, an iterative solution is to be applied. The derived 
transcendental equation forms a basis for an iterative solution of intersection using the Newton-Raphson method. 
To the contrary, finding solutions to a system of nonlinear equations can mislead a researcher unable to comprehend 
and grasp the mathematical meanings of the algorithm. The gist of this essay is a novel concept showing an intrinsic 
property i.e. orthodrome-loxodrome correlation using a well-known formula.
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Free turning point was not discussed in the paper (Petrović, 
2014), which does not mean that the proposed model could not 
deal with it. As the initial value is important for convergence 
speed, in lieu of taking a well- known formula for middle 
longitude the concept of middle latitude was used to obtain 
the intersection point (I). The initial rhumb line course (θT) is 
then altered by an incremental value of 1.0± (converted into 
radians) and evaluated as Tθ ′ . After few iterative steps (Newton-
Raphson method), Tθ ′  reaches the free turning point I’ on the 
same great circle, thus determining the optimized distance 
(DTI’V) (Petrović, 2015). Detailed mathematical explanation 
will be shown further in the paper, along with comparison 
with flawed results obtained by Tseng (2014).

ANALYSIS

FINDING THE ORTHODROME-LOXODROME 
INTERSECTION ON THE SPHERE

Taking 
MidOC  as an initial rhumb line course ( )Tθ  from 

the point of departure ( )T  leads to the intersection ( )I  of 
a loxodrome with an orthodrome (Great Circle), as shown 
in Fig. 1. As determination of the orthodrome-loxodrome 
intersection cannot be formulated in a closed form, an iterative 
solution is to be derived. The transcendental differentiable 
function defined on the interval [λT, λV] and expressed by the 
equation (Petrović, 2014):

( ) ( )[ ] ( )IVVITIf λλϕλλθλ ~costan~cotsinh 0 ⋅−⋅= (3)

(λ0 – equatorial intersection longitude of the loxodrome) and 
its derivatives with respect to λI :

( ) ( )[ ] ( )IVVTITIf λλϕθλλθλ ~sintancot~cotcosh 0 ⋅−⋅⋅=′ (4)

and

( ) ( )[ ] ( )IVVTITIf λλϕθλλθλ ~costancot~cotsinh 2
0 ⋅+⋅⋅=′′ (5)

Fig. 1. Middle latitude rule on the Mercator chart

form a basis for iterative solution of intersection using the 
Newton-Raphson method. If 00 λλϕ =⇒= TT . In order to 

use the above formulas for all quadrants, the difference of 
longitude sign ( )~  represents the shorter arc of the equator 
between the two meridians. The vertex latitude ( )Vϕ  is taken 
as an absolute value whilst the rhumb line course θT equals:
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Thus the zero of f(λI) crossing is determined. As an initial 
estimate (guess) for the intersection longitude (λI), the 
geographic vertex longitude (λV) which satisfies the condition:
( ) ( ) 0>′′⋅ VV ff λλ , may be used.
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If f(λI) obtained using (6) is larger than the allowed error 
(E =10–6), λI is taken as the approximation and the iteration 
process is repeated till the error decreases below E. The 
iterations converge in a few steps. With nowadays computers’ 
capabilities, the procedure is terminated within a fraction 
of a second.

The above concept may be used on the rotational ellipsoid 
(spheroid) but the flow of geodesics on the ellipsoid of 
revolution (spheroid) differs from the geodesic on the sphere 
and it is not a great ellipse. As the geodesic (line) on the 
spheroid is defined by the differential equations, finding its 
vertex longitude and intersection with the loxodrome requires 
a different mathematical model. The modified formula (2) 
which gives the geodesic course at middle latitude is:
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MIDDLE LONGITUDE RULE ON A SPHERE

In a right angled spherical triangle PTV (Fig. 2.) the 
longitude difference (Δλ) can be divided into an even number 
of equal parts, i.e. Δλ/2 (named the middle longitude), Δλ/4, 
etc. By applying the four-part equation of the spherical 
trigonometry, the latitude equation of the middle longitude 
for the geodesic (Great Circle) on the spherical surface is 
derived as follows (Petrović, 1990]):

( )
2
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Fig. 2. Middle longitude rule on a sphere

Adding these two equations and rearranging yields:

2
cos2 λ
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The final formula (10) shows that the sum of the tangents of 
two latitudes divided by the double cosine of middle longitude 
is equal to the tangent of latitude at middle longitude. By 
connecting departure ( )T  and vertex ( )V  with loxodromes 
intersecting at the middle longitude ( )m  point, the two-step 
distance ( )TmV  is easily deduced. If the longitude difference 
Δλ/4 is used, symmetric equations are derived for positions 
Q andQ′ :

4
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COMPUTATION ALGORITHM FOR OPTIMIZED 
DISTANCE

In the examples presented in Table 1, Greenwich meridian 
is taken as the departure longitude ( )0=Tλ , whilst θI 
represents the rhumb line course connecting the intersection 
point ( )I  with the vertex ( )V . The distance (DTLV) is based 
on rhumb-line ( )Tθ  sailing to the vertex latitude then due 
east (or west) along the parallel to the vertex (Han-Fei et al., 
1991). A shorter distance (DTIV) is obtained if the course is 
altered to the rhumb line ( )Iθ  at I , then proceeding towards 
the vertex (Petrović, 2014).

The free turning point ( )I ′  along the Great Circle ensuing 
the optimized distance can be reached using the longitude 
of I  or m  as an initial value in formula (3). For optimization 

purposes, the initial rhumb line course ( )Tθ  is then altered 
by an incremental value of 1.0± (converted into radians) 
and inserted into formula (3) as Tθ ′ . After few iterative steps 
(Newton-Raphson method), Tθ ′  reaches the free turning point 
I ′  on the same Great Circle (Fig. 1.). The optimized distance 
is obtained if the course is altered to the rhumb line (θI´) at
I ′ , then proceeding towards the vertex as shown in Table 2. 
The Great Circle Distance (DGC) serves as a reference value. 

Whilst comparing the results, it can be noted that the 
two-step rhumb-line distance (DTmV) in (Table 1.) obtained 
based on the middle longitude method is very close to the 
optimized distance (DTI´V) (Table 2.).

Tab. 1. Middle latitude vs. middle longitude (Sphere)

VT ϕϕ  

 
 
 

Vλλ0  II λϕ  IT θθ  TIVTLV DD  TmVD  

255  2.11796.1714 ′′−  1.25513.2522 ′′
 2.847.70  1.46957.4702 ′′

 0.4695 ′
 

3515  0.30678.2433 ′′− 7.30412.1132 ′′
 6.826.65  4.38038.3813 ′′

 7.3802 ′  

4525  3.12620.0246 ′′−  0.48365.0542 ′′  0.817.60  7.32134.3226 ′′  6.3212 ′  

5535  4.38605.2254 ′′− 8.34349.0352 ′′ 3.795.55  1.27520.2767 ′′
 8.2750 ′  

6545  3.12620.2858 ′′−  3.54336.0562 ′′ 0.772.49  6.23447.2361 ′′ 5.2343 ′  

Tab. 2. Distance optimized with the middle latitude rule (Sphere)
 

VT ϕϕ  Vλλ0  II ′′ λϕ  IT ′′ θθ  VITD ′  GCD  

255  2.11794.3613 ′′−  4.11452.0821 ′′ 0.838.69 93.4694 ′  9.4685 ′
 

3515  0.30673.4031 ′′−  0.08364.5230 ′′ 1.814.64 84.3802 ′  6.3790 ′  

4525  3.12625.3043 ′′−  7.52310.4840 ′′ 3.793.59 45.3212 ′  8.3197 ′  

5535  4.38607.1751 ′′−  9.54291.5050 ′′ 3.779.53 28.2750 ′  4.2733 ′
 

6545  3.12626.0655 ′′−  8.24290.5960 ′′ 9.745.47 43.2343 ′  2.2323 ′  

COMPARING RESULTS OBTAINED BY PETROVIĆ 
AND TSENG

An abstract of relevant results obtained by Tseng (2014), 
based on the nonlinear optimization technique is shown in 
Table 3. To make comparison easier, Tseng’s symbols for φx 
and λx are shown as φI’ and λI’ in this paper. For each and 
every value shown as λx in Table 3, Tseng (2014) got results 
for φx which do not match the well-known formula:

( )VVxx ϕλϕ tancosarctan ∆= (13)

where 
xVVx λλλ −=∆ . The values in the last column in Table 

3 are obtained using the above formula (13) i.e. φx must be 
on the great circle passing through point T and having the 
vertex at V. It’s obvious that Tseng’s results do not match the 
required parameters i.e. the nonlinear optimization technique 
was not properly applied.
Tab. 3. Comparing values by Tseng (2014. - Tab. 2.) with correct values for φx

VT ϕϕ  
Vλ  xλ  xϕ  

Vxλ∆  xϕ [correct value] 

255  61.1179 ′  77.3345 ′ 89.121 ′  427333 ′′′  513121 ′′′
 

3515  50.3067 ′  68.1736 ′  87.4730 ′ 112131 ′′′  505530 ′′′
 

4525  13.1262 ′  32.5831 ′  26.4440 ′ 504130 ′′′  439440 ′′′
 

5535  24.3860 ′  90.5729 ′ 16.4750 ′  021430 ′′′  640550 ′′′
 

6545  13.1262 ′  38.2229 ′ 70.5760 ′ 929432 ′′′  528560 ′′′
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CONCLUSIONS

To reach the Great Circle vertex with two rhumb-line legs 
ensuing the optimized distance, the initial rhumb line course 
(θT) equal to the orthodromic course at the middle latitude 
may be used. Alternatively, the middle longitude (m) point at 
the same Great Circle can give the initial rhumb line course 
(θT) as well. The initial course is thereupon optimized by the 
incremental value steps. The method finds the free turn point 
(I’) from where a rhumb line course (θI’) is followed towards 
the vertex, which gives an optimized overall distance (DTI’V). 
Moreover, the results show that distance saving obtained 
as a result of optimization is not substantial i.e. the middle 
latitude (DTIV) and middle longitude (DTmV) rules hold good for 
practical marine navigation. To the contrary, finding solutions 
to a system of nonlinear equations can mislead a researcher 
unable to comprehend and grasp the mathematical meanings 
of the algorithm ensuing in flawed and inconsistent results. 
The gist of this essay is a novel concept showing an intrinsic 
property i.e. the orthodrome-loxodrome correlation using 
a well-known formula (2).
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