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ABSTRACT

The paper reports the design and tests of the planar autopilot navigation system in the three-degree-of-freedom 
(3-DOF) plane (surge, sway and yaw) for a ship. The aim of the tests was to check the improved maneuverability 
of the ship in open waters using the improved nonlinear control algorithm, developed based on the sliding mode control 
theory  for the ship-trajectory tracking problem of under-actuated ships with static constraints, actuator saturation, 
and parametric uncertainties. With the integration of the simple increment feedback control law, the dynamic control 
strategy was developed to fulfill the under-actuated tracking and stabilization objectives. In addition, the LOS (line 
of sight) guidance system was applied to control the motion path, whereas the sliding mode controller was used 
to emulate the rudder angle and propeller rotational speed control. Firstly, simulation tests were performed to verify 
the validity of the basic model and the tracking control algorithm. Subsequently, full scale maneuverability tests were 
done with a novel container ship, equipped with trajectory tracking control and sliding mode controller algorithm, 
to check the dynamic stability performance of the ship. The results of the theoretical and numerical simulation on 
a training ship verify the invariability and excellent robustness of the proposed controller, which: effectively eliminates 
system chattering, solves the problem of lateral drift of the ship, and maintains the following of the trajectory while 
simultaneously achieving global stability and robustness.
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INTRODUCTION

Unmanned surface vessels (USVs) are attracting a great 
deal of attention from researchers all over the world because 
of their extensive applications in military reconnaissance, 
homeland security, shallow water surveys, environmental 
monitoring, and operational coordination with autonomous 
underwater vehicles (AUVs) [1-3]. Three types of control 
technologies: set-point control, trajectory tracking control, 
and path following control, play a crucial role in allowing 
USVs to achieve their specified tasks automatically [4]. Set-
point control [5–7] is important for dynamic positioning 
of a vessel in fixed target operations, such as autonomous 

docking. Trajectory tracking control [8–12] enables the ship 
to track the desired time-referenced trajectory. In the path-
following control scenario [13–14], a USV is required to 
follow the path at a certain speed without specified temporal 
constraints. The path is described by curve parameters, which 
are usually not time relevant. There are neither lateral nor 
vertical thrusters on most AUVs, and only longitudinal, yaw 
and pitch angle speeds are controlled directly. Therefore, 
the AUV is a typical under-actuated system, which makes 
trajectory tracking more difficult [15].

Trajectory tracking control of ships is especially difficult due 
to the effects of underactuativity [16-17] and nonholonomic 
constraint characteristics [18] of common surface ships, with 
the addition of the impact of nonlinearity[19], uncertainty[20], 
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as well as wind and current susceptibility[21-23]. Normally 
these ships are not equipped with side thrusters, which 
might only be used when approaching or departing port. 
Reference [24] integrated the output redefinition method and 
the sliding-mode control technology, and applied them to 
the nonlinear non-minimum phase system design to acquire 
an asymptotically stable effect of ship straight-path tracking 
control. References [25] and [26] put forward a control 
algorithm taking into account current interference on the 
fourth order ship model, which estimates the uncertainty 
of the current interference. Reference [27] designed an output 
feedback controller on the basis of the nonlinear observer, and 
conducted the prototype model simulation experiment. The 
authors managed to perform straight-path tracking control 
globally and steadily in the case of external disturbances 
of wind, wave and current. Reference [28] integrated the 
Nussbaum technique into the backstepping method, and put 
forward a robust-adaptive fuzzy control algorithm, which 
enabled the ship cross track error to reach asymptotically 
a small neighborhood of the origin at exponential rate. 
To achieve trajectory tracking or positioning, various control 
strategies have been proposed, including robust adaptive 
control [29], sliding mode control [30-32], decoupling 
control[33], and adaptive neural control[34-37].

The maneuvering motion model proposed by the Japanese 
Ship Maneuvering Mathematical Model Group and called 
the MMG model is frequently used to simulate the motion 
of a ship. The MMG model divides the ship into ship hull, 
propeller, and rudder, and examines their performance. It can 
consider different values of fluid power that acts effectively on 
the ship. The MMG Group further improved the MMG model 
[38] by incorporating a method to correct the hydrodynamic 
derivatives in shallow water. As for ship motion guidance, 
LOS (line of sight) guidance is adopted, which can control the 
course between consecutive waypoints through correcting 
the cross-track error (XTE), and can also be used for tracking 
a moving target on the sea. 

Fig. 1. Diagram of trajectory tracking control system design

The ship trajectory tracking control system is a closed 
loop feedback system, the aim of which is to reduce the 
tracking error. Once the tracking error meets the accuracy 
requirements, the program executes the next step until its 
completion. The trajectory tracking control system presented 
in the paper has been established for a container ship. The 
construction idea of this system is shown in Figure 1.

MATHEMATICAL MODELING OF SHIP 
TRAJECTORY TRACKING

FIXED COORDINATE SYSTEM AND KINETIC 
COORDINATE SYSTEM

Diagrammatic drawing of ship plane coordinates is shown 
in Figure 2. In the diagram, E E Ex o y is the fixed coordinate 
system in which the axis E Eo x points to true north, and the 
axis E Eo y points to due east. G is the ship’s center of gravity, 
and its position is represented by (x, y); φ is the course angle, 
and clockwise is positive; V is the speed in tangent direction 
of ship’s center of gravity over the ground in the plane, and 
Vx、Vy are the projections in the body-fitted coordinate 
system. U is the speed through water, and βis the drift, defined 
as the intersection angle between the tangential direction 
of speed through water and the direction of ship fore and aft 
centerline, and port side is positive. φc and uc represent the 
angle and rate of homogeneous flow, respectively. 
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Fig. 2. Diagram of coordinate system 

DEFINITION OF SHIP TRAJECTORY TRACKING 
ERROR

By simple coordinate transformation while maintaining 
generality, the ship lateral tracking error y can be defined 
as the distance on the rhumb line from the ship to the 
line connecting two consecutive waypoints, as shown in 
Figure 3.
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Fig. 3. Diagram of trajectory tracking control

MATHEMATICAL MODEL OF SHIP TRAJECTORY 
TRACKING CONTROL 

When the ship sails at fixed speed at sea without controlling 
the longitudinal motion, the mathematical model of ship 
trajectory tracking control with the interference of wind and 
current can be expressed as:
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In this formula, y is the transverse cross-track error, u is 
the ship’s speed through water, v is the transverse speed 
through water, r is the heading rate, δ is the rudder angle, 
δR is the commanded rudder angle, TE is the time constant 
of the steering gear, f(u,v,r) and g(u,v,r,σ) are the nonlinear 
functions containing r and δ , d(t) is the unknown external 
disturbance torque, and c(t) is the drift caused by the unknown 
current disturbance and ship transverse motion.

SLIDING MODE CONTROLLER DESIGN 
AND STABILITY ANALYSIS

CONTROL OBJECTIVE AND ASSUMPTION TERMS

The objectives of ship trajectory tracking control are: 
taking advantage of appropriate methods to determine δ, 
and making the cross-track error y approach zero. In other 
words, its goal is to make the ship sail on the scheduled track 
line. In the case of transverse wind and current disturbances, 

the ship needs to sail at a certain leeway and drift angle. In 
this case, the yaw rate approaches zero, while the course 
deviation φ should not be zero.

According to practical conditions of navigation, let us 
make the following assumptions for system (1):

Assumption 1: u≫ⅠucⅠ, u≫ⅠvⅠ, which means that 
the longitudinal speed is far higher than the flow rate and 
the transverse speed; 

Assumption 2: External interference is bounded;
Assumption 3: Ship course is controllable;
Assumption 4: u,v,uc,r is bounded, and umax ,vmax ,ucmax , 

rmax are known;
Assumption 5: Lipschitz constants L1,L2,L3,L4 exist and 

satisfy the following inequation:
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Assumption 1 is easy to satisfy in normal weather and 
sea state, but when the transverse speed is higher than 
the longitudinal speed, the ship cannot keep the track. 
Assumptions 2 and 3 are the prerequisites for a controllable 
closed-loop system. Assumptions 4 and 5 are the inevitable 
results of action of the bounded ship control energy and 
the external interference energy.

REDEFINITION OF OUTPUT VARIABLES AND 
ANALYSIS OF TRAJECTORY TRACKING ERROR 
STABILITY 

Considering practical conditions of wind and current 
disturbances, let us we redefine the output variables:

( ) ( )1 0 4 3 20
arctan

t

tZ k k y k th y k th k y dϕ= + + +  ∫   (3)

where ( )th ⋅  denotes the hyperbolic tangent and k0, k1, k2, 
k3, k4R+ are the design parameters. The main reasons for 
adopting（3）are: 1) to control the ship track error by finding 
the nonlinear relationship between the heading ϕ  and the 
track error y, 2) to ensure that the system is in a controllable 
state by using arc tangent and hyperbolic tangent functions 
with strict bounds in the range (-1,1), 3) to ensure that the 
headingϕ  and the track error y  are at the same balance 
point and to ensure the stability of the system, 4) to control 
the system convergence rate with 1 3 4, ,k k k  and to adjust the 
slope of the curve with 0 2,k k .

When Z approaches zero:

 ( ) ( )1 0 4 3 20
arctan

t

tk k y k th y k th k y dϕ = − − +  ∫  (4)
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Making sinuσ ϕ= , according to equations (1) and (4), 
we get:
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In order to make the following formulas more clear, we 
use C and D to represent the complex variables in formula (5):
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In practical navigation, the leeway and drift angle is 
smaller than 90°, that is φ∈（-π/2,π/2）, then cosφ>0 and, 
consequently, C>0，D>0.

Applying the Lyapunov function: ( )21
2

V Cyσ= +  we get:
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According to the order of magnitude:
( ) ( )3 2 3 2D k th k y CDyk th k yσ < . The proof is as follows:

( ) ( )

( ) ( )

( ) ( )

( ) ( )

3 2 3 2

0 1 3
2 2

3 20

0 1 3
2 2

3 20

0 1 3
2 2

3 20

cos cos
sin( ) ( )

( ( ) )1

cos cos
sin( ) ( )

( ( ) )1

cos cos
sin( ) +

( ( ) )1

sin( ) +1

t

t

t

D k th k y CDyk th k y

Cy

u k k u ku y
ch y k th k y dk y

k k k y
ch y k th k y dk y

k k ky y
ch y k th k y dk y

y

σ

σ

ϕ ϕϕ

ϕ ϕϕ

ϕ ϕϕ

ϕ

<

⇐ <

⋅ ⋅
⇐ < +

++

⋅ ⋅
⇐ < +

++

⋅ ⋅
⇐ <

++

⇐ <

∫

∫

∫







 (8)

Formula (8) always holds.
Furthermore，If 0y = , then ( )=0y c tσ= +  and =- ( )c tσ . 

We arrive at: sin =- ( ) 0u c tϕ ≠ .

The above equation states that the ship has the heading 
angle 0ϕ ≠  in the presence of wind and current disturbances. 
Consequently, the ship needs to have a leeway angle while 
navigating at sea.

As such: ( ) ( )3 2 3 2 0V D k th k y CDyk th k yσ= − − < always 
stands up.

In conclusion, when the global convergence of Z 
approaches zero, ( )21 0

2
V Cyσ= + > and 0V < , and the 

system (5) is asymptotically stable. For formula (4), in the 
presence of wind and current disturbances, the cross-track 

error y is asymptotically 
stable and converging, and 
the track control is converted 
into the stabilization control 
of the intermediate variable Z.

DESIGN OF SHIP TRAJECTORY TRACKING 
CONTROLLER BASED ON SLIDING-MODE METHOD

For formula (3), in order to reduce the calculative 
complexity level in the process of working out δ as well as 
for the sake of simulation convenience, the control design 
is given in the following form:
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Now, the control objective of the system is converted into 
the control of f4, that is: when f4=0, we get f3=0 and f2=0, that is:
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In the case of f2=0, we have proved that the system is stable. 
After expanding f4(f3) we get:
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Making f4(f3)=0,we get the control law in the presence 
of wind and current disturbances:

1( , , , )( ( ( ), ( )) ( , , ) ( ))f u v r f t y t f u v r d tδ δ ϕ−= + +  (12)

In this formula, f 1̄(u,v,r) is the indeterminate and 
complicated smooth and continuous function; f(φ(t),y(t)) is the 
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nonlinear function with unknown structure which includes 
φ and y; f(u,v,r) is the nonlinear function that includes r; and 
d(t) is the unknown function.

Problems which appear in system (1) refer to parameter 
uncertainty as well as to wind and current disturbances. 
Moreover, the process of finding δ in formula (11) is rather 
complicated, which may lead to “calculation inflation”. 
These disadvantages are not conducive to the realization 
of the simulation and actual application. To address the 
main goal of the path-following problem which is finding 
the nonlinear relationship between the rudder angle σ  and 
the track deviation y , we can use the intermediate variable 
σ  to carry out the transition and ultimately determine this 
relationship. This paper adopts the following increment 
feedback control law [38]:

,p Rε +∈4 4sgn( )p f fδ ε= − ⋅ −   (13)

In this formula, p is the proportional feedback coefficient 
with a constant value.

STABILITY ANALYSIS

Substituting ( )sin ( )y u c tϕ= + into ( )1 3 2( )f y k th k y y= +  , 
we get:

( )1 3 2( ) sin ( )f y k th k y u c tϕ= + + (14)

Let us assume that for all t∈[t1,t2], t2=t1+∆t, if f4(t1)>0, 
f4(t2)<0, then, in line with function continuity, we can infer 
that there is a ξ which 0≤ξ≤1, when tξ=t1+ξ∙∆t, f4(tξ)=0, and 
for all t∈[t1,tξ], f4(t)>0. Then, when t=t2, from formula (9) and 
the definition of derivative, we get:
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From formula (13), we get:

( ) 4[ ( ) ]t t p f t tξ ξδ δ ε∆ = ∆ = − ⋅ + ∆ 0 1ξ≤ ≤ 40 ( )f tξ<,                    , (16)

Substituting formula (16) into formula (15), and considering 
formula (2), we get:
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From the known conditions of Assumptions 1, 2, and 5, 
the leeway and drift angle does not exceed 90° during the 

voyage, as well as f4(t)>0. Consequently, when t∈[t1,tξ], there 
is p∈R+, render ∆f4<0; and when t∈[tξ,t2], there is f4(t)<0 and 
p∈R+ , render ∆f4>0.

In conclusion, f4 is successive in the closed interval [t1,t2], 
and f4(t1) and f4(t2) are of opposite sign, then in the open 
interval (t1,t2), there is at least one ξ which renders f4(ξ)=0, f4(t) 
and f4'(t) are of opposite sign, then f4(t) is stable and converges 
to zero. Q.E.D.

SHIP TRAJECTORY TRACKING CONTROL 
DESIGN SYSTEM

WAYPOINT LOS GUIDANCE 

LOS is used to control the course between two waypoints, 
thus making the ship navigate towards the next waypoint 
along the set route. After setting the expected course, LOS 
defines it as a function of the cross-track error, then calculates 
the error and corrects it by steering. Finally, navigation is 
achieved by making the variable heading value convergent. 
See Figure 4 for detail.

Fig. 4. Schematic diagram for LOS (line of sight)

In Figure 4, the ship position, usually measured with 
a satellite system, is ( ( ), ( ))x t y t , while the next waypoint is
( , )los losx y . Then the desired heading can be calculated as: 

 ( ) tan 2( ( ), ( ))d los lost a y y t x x tψ = − −  (18)

When the distance between the ship and the next waypoint 
is n times larger than the ship length Lpp, then the LOS 
coordinate ( , )los losx y  is given by: 

2 2 2( ( )) ( ( )) ( )los losy y t x x t nLpp− + − =  (19)
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It is used to judge whether the target point has been reached 
and the guidance for next waypoint can start. Therefore, the 
smaller the value n, the higher the accuracy of guidance, 
but the difficulty increases if n is too small, so we set n=1 in 
this paper.

SHIP’S ROUTE PLANNING

A simple route analyzed in this paper is shown in Figure 5. 
A coordinate system has been established with the initial 
position of the ship as the origin (0,0). The set waypoints 
shown in the figure have been selected assuming that there 
are two islands on both sides of the ship route into port, and 
a narrow channel between them. Starting from the initial 
position, the ship is expected to go through waypoints 1, 2, 
3 and 4. 

Fig. 5. Ship’s route planning

SHIP TRAJECTORY TRACKING 
SIMULATION AND VALIDATION WITH 

AUTONOMOUS TRACKING SYSTEM
To consider the accuracy and stability of the method, 

we used the fourth-order Runge-Kutta method to solve the 
ordinary differential equation system. The research object in 
this paper was the container ship A. The main parameters of 
hull, propeller and rudder for this ship are shown in Table 2.
Tab.2. Parameters of hull, propeller and rudder for container ship A

Length between perpendiculars L/m 172
Beam B/m 32.2
Fore draft df/m 11.3
Aft draft da/m 11.3
displacement ∇/m3 50500
Wetted area S/m2 8201
Block coefficient Cb 0.807
Propeller diameter D/m 5.9
Pitch diameter ratio P/D 0.8
Blade number Z 4
Area ratio EAR 0.7
Rudder aspect ratio λR 1.7872
Rudder height H/m 8.4
Rudder area AR/m2 39.48

The assumed initial parameters of ship motion were as 
follow: initial speed u0=7.2m/s, course Ψ0=26.56, and initial 
rotational speed of propeller n0=3rps. The rotational speed 
of the propeller remained unchanged until the ship reached 
waypoint 4. The simulation route is shown in Figure 6.

Fig. 6. Comparison of simulation route and expected route

From the simulation result we can see that the ship 
almost passes through all waypoints of the expected route. 
A relatively large offset is observed after passing waypoints 
1 and 2 by the ship, because the heading changes noticeably 
in these areas. However, the offset is smaller than the ship 
length, and the simulation route corresponds to the expected 
route, so the route stability is maintained.

Time-dependent changes of longitudinal speed u, 
transverse speed v, rate of turning r, heading Ψ , and rudder 
δ of the ship, which were recorded in the simulation are shown 
in Figure 7.

(a)longitudinal speed (b)transverse speed

(c)rate of turning (d)heading

(e)rudder

Fig. 7. Ship’s attitude, speed and rudder changes in tracking system simulation

We can see in Figure 7 that all motion parameters change 
noticeably when the ship approaches each waypoint, especially 
waypoints 1, 2 and 3, because there is large course-alerting at 



POLISH MARITIME RESEARCH, No 3/201832

each point. The results of the simulation show that the cross-
track error converges smoothly and without overshoot or 
buffeting, while the course and rudder angle oscillate around 
a fixed value. The control effect is satisfying and robust.

CONCLUSIONS

In the paper, mathematical modeling, numerical 
calculation method, programming language design, and 
graphic simulation method, are applied synthetically. 
The automatic navigation and trajectory tracking control 
system of 3-DOF in the plane for a ship is established. The 
following conclusions can be formulated based on the results 
of modeling and simulation.

With respect to ship nonlinear tracking control systems, 
this article has redesigned the cross-track error y and the 
course deviation φ by taking advantage of strict bounds of the 
hyperbolic tangent function and the integral term to improve 
the effect of trajectory tracking. The nonlinear and robust 
control algorithm proposed in this work and the linear track 
controller derived using the sliding-mode and incremental 
feedback methods can effectively overcome the problem 
of unknown origin. Moreover, the tracking simulation 
performed for a container ship proves the feasibility of the 
sliding mode algorithm and the automatic navigation and 
trajectory tracking system. Good congruency is observed 
between the simulation route and the expected route. In 
a word, the simulation of ship trajectory tracking has been 
successfully conducted and the simulation system has been 
successfully established. 
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