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ABSTRACT

This paper presents a method for the cooperative formation control of a group of underactuated USVs. The problem
of formation control is first converted to one of stabilisation control of the tracking errors of the follower USVs using
system state transformation design. The followers must keep a fixed distance from the leader USV and a specific heading
angle in order to maintain a certain type of formation. A global differential homeomorphism transformation is then
designed to create a tracking error system for the follower USVs, in order to simplify the description of the control system.
This makes the complex formation control system easy to analyse, and allows it to be decomposed into a cascaded
system. In addition, several intermediate state variables and virtual control laws are designed based on nonlinear
backstepping, and actual control algorithms for the follower USVs to control the surge force and yaw moment are
presented. A global system that can ensure uniform asymptotic stability of the USVS’ cooperative formation control is
achieved by combining Lyapunov stability theory and cascade system theory. Finally, several simulation experiments
are carried out to verify the validity, stability and reliability of our cooperative formation control method.
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INTRODUCTION

An unmanned surface vehicle (USV) is an intelligent
autonomous surface vessel, of a type that has played an
indispensable role in several fields such as science, economics
and the military [1-3]. The problem of cooperative formation
tracking control of multiple USVs has attracted increasing
amounts attention from researchers from all over the world
over recent years, since a team of USVs working together is often
more effective than a single vehicle for challenging missions
such as surveillance, hydrographic surveys, autonomous
exploration of ocean resources, reconnaissance, rescue
operations and perimeter security [4-6]. It is well-known
that the control system of an USV is generally underactuated,

since the number of control inputs is less than the degrees of
freedom and there is an unintegrable acceleration constraint
on the system. Kinematic and dynamic models of cooperative
formation tracking for USVs are highly nonlinear and coupled
[7-10]; this means that classic linear methodologies cannot be
applied, and more advanced methods need to be developed
to achieve cooperative formation tracking control of USVs.
Several exploratory algorithms have been proposed for
this problem. A leader-follower formation tracking control
algorithm was presented for an underactuated USV in [2,
11], in which a radial basis function neural network and
adaptive robust control techniques were adopted to preserve
the robustness of the controller against unmodelled dynamics
and environmental disturbances induced by waves and ocean
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currents. Another control strategy was proposed in [12], in
which each follower was designed to track a virtual vehicle
and the formation control problem was transformed into a set
of position (including heading) tracking problems. In [13],
cooperative formation control was formulated as an adaptive
feedback control problem for a line of sight (LOS)-based
configuration of a leader and a follower, and asymmetric
barrier Lyapunov functions were used in the design of the
controller to account for time-varying constraints on the LOS
and bearing angle. An approach based on model prediction
control was proposed in [14] to address the vessel train
formation problem. This method considered cooperative
collision avoidance and the grouping of vessels, and a single-
layer serial iterative architecture was adopted to reduce the
communication requirements and ensure robustness against
failure. The leader-follower formation control problem for
USVs with unknown nonlinear dynamics and actuator
faults was addressed in [15], and a low-complexity prescribed
performance controller was proposed without the help of
auxiliary neural/fuzzy systems or adaptive mechanisms. The
authors of [16] explored the problem of finite-time extended
state observer-based distributed formation control for
USVs with input saturation and external disturbances, and
a novel finite-time extended state observer was proposed to
estimate the unavailable velocity measurements and external
disturbances. A novel nonlinear sliding mode control method
for dealing with the formation control of underactuated
ships was presented in [17], in which the state space of
the system was partitioned into two regions, and in [18],
the dynamic equations for the position and attitude were
analysed using a coordinate transformation with the aid of
the backstepping technique. In [19], the platoon formation
control problem for USVs in the presence of modelling
uncertainties and time-varying external disturbances was
studied, and performance guarantees were enforced in the
control design to provide transient performance specifications
for formation errors, including errors related to the LOS range
and angle. A novel robust adaptive formation control scheme
based on a minimal learning parameter (MLP) algorithm
and a disturbance observer (DOB) was presented in [20],
and a novel disturbance rejection control was designed in
[21] that took into account the disturbance caused by the
formation adjustment among ships. A system for motion
planning, collision avoidance, guidance and control for
a formation of autonomous surface vehicles navigating in
a complex marine environment was presented in [6]; the
motion planning unit was based on an angle-guidance fast-
marching square method, while the control unit is composed
of a PID heading controller and a speed controller. The authors
of [4] presented a coordinated tracking strategy with swarm
centre identification, self-organised aggregation, collision
avoidance and a distributed controller design for multiple
USVs, while an adaptive observer based on a neural network
was designed to estimate the velocity information of USVs
n [22]. Decentralised finite time formation control of
underactuated USVs in the presence of model uncertainty and
environmental disturbance was addressed in [23], and in [24],
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the authors presented an approach for the distributed time-
varying formation control of a swarm of underactuated USVs
subject to unknown input gains, model uncertainties and
ocean disturbances. A robust control scheme was developed
for the time-varying formation of multiple underactuated
autonomous underwater vehicles (AU Vs) with environment
disturbances and input saturation in [25]. A new robust model
predictive control (MPC) algorithm for trajectory tracking
of an autonomous surface vehicle (ASV) in the presence of
time-varying external disturbances was proposed in [5], and
a high-performance super-twisting sliding mode control
method for a maritime autonomous surface ship (MASS)
using approximate dynamic programming (ADP)-based
adaptive gains and time delay estimation was presented in
[26]. Although MPC is a superior method for motion control
of a ship, especially when the model is unknown, the design
process of constraint conditions is strict and the calculation
of the system is complex in some cases.

Despite the multitude of research results in the literature on
the cooperative formation control of USVs, the design process
of the controller is often too complicated for calculation
and analysis, and the performance of the controller needs
to be further improved. In this paper, we present innovative
work on the transformation of the cooperative formation
control problem, and propose some design ideas for
maintaining a formation and applying control methods
and stability theories. Compared with existing studies, the
main contributions of this paper can be summarised as
follows: (i) we present a novel description of the cooperative
formation control problem for a group of USVs, in which the
desired positions and attitude angles of the follower USVs are
transformed into intermediate variables that can help in the
design of the controller; (ii) we design a new kind of global
differential homeomorphism transformation for the tracking
error system of the follower USVs, which simplifies the
description of the control system, thus making the complex
formation control system easy to analyse and allowing it to
be decomposed into a cascaded system; (iii) we propose an
improved controller for the cooperative formation control of
a group of underactuated USVs by combining a backstepping
technique with Lyapunov’s direct method and cascade system
theory, and devise some intermediate state variables and
virtual control laws for the design process of the control
algorithm.

PROBLEM FORMULATION

A.USV MODELING

When designing a cooperative formation controller for
a group of underactuated USVs, mathematical models are
used, including kinematic and dynamic models, which can
be expressed as follows [27]:
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where j = k+1, k=1, ..., N. This means that there is one leader
USVand N follower USVsin this group. x; and y; denote the
position coordinates of each USV in the earth-fixed frame;
¢, is the heading angle; u,,v,andr; represent the velocity
vectors for each USV in the surge, sway and yaw directions
in the body-fixed frame, respectively. The surge force 7, and
the yaw moment 7, are considered as control inputs which
drive the USV to move. m,,;,m,,,,m;;, express the inertia
coeflicients of the USV, including added mass eftects, and
dy,;»dy,;,dy;; represent hydrodynamic damping coefficients.

B. PROBLEM FORMULATION

Leader

o X

Fig. 1 Cooperative formation control of USVs based on a leader-follower
scheme

The cooperative formation control of a group of USVs
using a leader-follower approach is illustrated in Fig. 1, which
shows one leader and two followers. As we can see from the
figure, {x,0,y,} denotes the body-fixed frame of the leader
USV, while x,Fy,} and &x, £y, } represent the body-fixed
frames of the two follower USVs, and ¢, , ¢, , ¢, indicate
their heading angles. All of the headings are defined in the
same direction, with a rotation from the earth-fixed frame
to the body-fixed frame; the clockwise direction is negative,
and the counterclockwise direction is positive. The leader-
follower scheme for cooperative formation control of the USVs
can then be formulated as follows: if the distance between
each follower i and the leader Z,, and the angle 8, between
thelines o,x, and o,F, shown in Fig. 1, can be kept to certain

values, then the follower and the leader will sail in a specific
formation, and cooperative formation control is achieved.

We assume that the desired trajectory, heading angle
and velocities of the leader USV can be expressed as
(X5 Vias Puas Yia» Vig» T} » while the desired state of the follower
USV canberepresentedas {x,,, ;> @544V, 45774 ) From the
geometric description in Fig. 1, we can deduce the following
mathematical expression, in which the heading angles are
defined in the range from —7z to =z, and the positions of the
leader USV and the follower USVs can be arbitrarily chosen
according to the requirements of the task:

I, =(x, —x)cos @, +(y, —y,)sing,
L, ==(x, —x)sing, +(y, —y,)cosg, ()
(Di :(0/" _¢1

We can see that Z, and the angle 8, should be kept at certain
values, and this also means that 7,/ , ¢ need to be maintained
in a specific state. The desired outcome can be expressed as
ll.0, - We then obtain the following equations, which
express the desired stable positional relationship between
the leader and follower USVs when USVs’ formation control
has been realised:

lxld = (X = %4) 08P + (Vg = Via) sing,
ly,d =—(x;y —x,) sing,, + (V1a = Vi) cos @, @)

Pia = Pra = Pu

The following expressions can be obtained from a system
state transformation:

X =1 ,co89, _ly,d sing,, +x,,
Vg =l sing, +1 ,cosp, +y, (4)

Pra =P+ Pu

In order to keep the overall formation of the USVs in
line with the expected form, the real state variables for the
leader USV, such as its position, heading angle and velocities
{x,, v, @, u,v,, 1} , are used as a reference for the desired values
{0 Vs P tas V> ey - TO achieve overall cooperative formation
control, the desired position and heading angle of follower i
can be described as follows, i.e. the desired state of the follower
USVs that will be used in the actual formation tracking
control process:

Xy =1 co80,—1 ,sing +x

Via =lx,d singo,+lyid cosg, +, (5)

Pra =P TP
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Taking derivatives of both sides of the above equations
and applying a mathematical conversion gives:

Xea = _r}lx‘d sing, —r;/

\a COS @, +1, COS @, —V; Sin g,

Via = rllx,d Cos @, — rlly,d SIN@, +u, s @, +v,co8¢,  (6)
Pra =1
The desired velocities of a follower i can be expressed as:
Uy =X7,€080,,+ Y, sing,, =nl ,sing, —nl , cos, +u,cosg, +v,sing,

Via =X SIMQp, + Y, COSQP,, = r/lr,u cos @, + rlly,d sing,, —u, sing, +v,cosg, (7)

Tra = Pra

In this way, the problem of formation control of the
underactuated USVs can be converted to the problem of
designing control inputs (z,, 7,,) for each individual follower
USV. This can help in achieving the following goal:

lim ||, =17, [|= 0 ®)

wheren, =[x,,v,.¢,,u,,v,,r,] are the real state variables of
the follower USV i, including its position, heading angle
and velocities, while , =[x,,.,,.0,,.44,v,47;,] T€Present the
desired state variables of the USV, as shown below:

ra =l gcosg —1 ,sing, +x
Vg =l sing +1 ,cosp +y,
Pra =Put¢

Uy =nl sing, —nl,, cosg, +u,cosg, +vsing,

9)

d = ’;lxid cos @, + }?lyid S @, —u, Sme,, +v,cosy,

Tea = ¢f,d
CONTROLLER DESIGN

In this section, a cooperative formation control algorithm
is proposed for underactuated USVs based on nonlinear
backstepping and cascade system theory. The main process
of this algorithm is illustrated in Fig. 2.

The expected tracking state information for the follower
USV can be obtained based on the state information for the
leader USV and the desired formation. The intermediate
variables can then be designed and the tracking errors
obtained, and the model of the cooperative formation control
error system can be established. Finally, the control algorithm
is designed based on nonlinear backstepping and cascade
system theory.

A. GLOBAL DIFFERENTIAL HOMEOMORPHISM
TRANSFORMATION DESIGN

In order to create a better description and to carry out
an analysis of the state variables of the follower USV, the
following differential homeomorphic intermediate state
variables z,,n=1,..,6 are proposed based on the kinematics
and dynamics equations expressed in (1). The main goal is
to transform the system into a form that can be expressed
as a cascading system.

Z, =X, CO8Q, +, singoﬁ

Z,, ==X, singaﬁ +y, COSQ, +my Vv, /dzzﬁ

L =9 (10)
Zy, =—myu, /dy, =X, co8¢, —y, sing,

s =V,

Zo, =1y

Differentiating each equation in (10) leads to the following
expressions:

21y, TX COSP = P Xy SINP, + Y, SINP, + Py, COSP,
=(u,cosg, —v, sing )cose, —r,x, sing, +(u, sing, +v, cosp, )sing, +r,y, cosp,
_ FOR B . . . 3
=u, cos’ @, —v, sing, cosp, —v,x sing +u, sin" @, +v sing cosp, +7,y, cosp,

=u, (cosZ(o,’ +sin2(p/v)—r/v (x, sing, —y, cosg,)

T
g =[%1a5 Y5> Ppal

)

{“1 =[x,,y,,(p,]T (L.,

T
v =[u, v, 7]

T
Vs = a>Va>

T
(2105 220> Z353a )

1
[Z4j’,d’ZSj’,d’Z6j’,-d]

Leader USV "f,-:[xf,-’yfi’(/’fi]T

D.f,‘ = [ufi ’ vfz ’ rfi ]T

T
(215225 23]

T
(24,0 25,0 %6 ]

Follower i USV

Fig. 2. Main process of the controller algorithm
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Intermediate state variables

=u, —r,(x,sing, -y, cosep,) 1
==dyy (2 +2y) myy =2 (my 25, oy =2, )
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ey, ey, Afi uf;

7 e ey

Ca; Cascade system: System 1

esfi e}f,- é6fx e3fl: fzfx

| Lol S ffes | 2y

i e6ﬁ ®f, i

Errors Cascade system: System 2



2y, ==X, sing, —p x, COSQ, +7, COSQ, —@,y, sing, +my vV, /dy,
=—(u, cosp, —v, sing )sing, —r,x, cosg, +(u, sing, +v, cosp,)cosp, —r,y, sing, +
Moy (=g gt 1 [y =y (v fmoy ) 1 sy
=—u, cosp, sing, +v, sin’ @) —T; X, COSQ, +u, oS, sing, +v, cos’ @, —1r,y,sing, —
myur ldy =,
=7, (x, cosp, +y, sing )—m, u.r, /d,, (12)

==2e 2y, (2 T24,)7,

= Zap 5,

Ly, =@ =T,

i

= z,, (13)

Zyp =My Uy, ldy, —Zy
=—my iy dy, —(=dy 2z, T myy —dyy 2, T my + 2y 20 —dy 25,20 Ty, )

=—my i, /dzz/, +dy, (2 +24/V)/mm} =2y 2 H My 25 70, /dﬂf’ (14)

Iy, =y Ul /mzzﬁ —dzzf’vf, /mZZf,

=y [y (20 +2) gy 12 Ty —doy 25 gy

:d22f‘(zlf, +2z, )Zﬁﬁ /mzzﬁ _dzzf,zsf, /mzzf, (15)

gy, =1 (16)

Using equations (14) and (16), the virtual intermediate
control input variables, s, and f,, , can be expressed as
follows:

{flf. ==ty gty oyl (2 2y )y =25 20 iy 2520 oy

Sy =0 (17)

Based on the above design and analysis, our mathematical
model of the USVs can be converted into the following form,
which is differentially homeomorphic with the system
expressed in (1):

iy =l 2y oz Ty b2y 2 =y 2 2 Ly
Ly =242y

Ly =2

Ly =1y, (18)
Zsﬁ :dzz,/;, (Zu; +24 )Zej; /mzzf, _dzzf,zsﬁ /mzzﬁ

Ze, = 1y,

B. DEVELOPING THE TRACKING ERROR SYSTEM

The expected trajectory of the follower USV i described
in (9) also needs to comply with the kinematic and dynamic
expressions in (1), since otherwise the required trajectory will
not be followed. The desired state variables and control inputs
of follower i described in (9), namely (x,;, 1@t 45V 145770)
and (z,,.7,,) , could be similarly transformed to z,,,, n=1,...,6
and (f,,,. f,,)as shown in expressions (10) and (17). Thus, the
desired trajectory of the follower i can be expressed as follows:

Z‘lf,d = _d22ﬁ Zifa /m“/’ _dzzjf Zafa /mll/, *Zy5aZsa ~Mag ZspaZesa /d22/,
Z.2f,d = Zafaefd
Z.3f,d = Zofa
Z.M,d = -flf,d (19)
Zspg = dzm (Z4ﬂd + 24 )zéf,d / My = dzzf, Zsfa / My p
Z.sf,d = sz

fi/,d = 7m”,’11/}d /dllf. +d22,’ (Zu,a +24/,a)/mur, = Zy14%65a T My Zs paZs g /dllf‘

where: {fz i
Jaga =T

We define the following cooperative formation tracking
control error variables for follower i:

€y =Zy ~Zyys N=1..,6 (20)

Differentiation and analysis of the error variables in (20)
leads to the following equations for the cooperative formation
tracking control error system:

Gy =—dyge Imy, —dy ey Imy gt (€, e, +€ 26+ € 2 p) =My (€€ + €51 20y + €6, 75 p)  dyy
&y =€yl ey 2oy T Zupy

e, = oy,

I 1)
gy =dyy (€4 €, F €y Zapa +CopZipy O Coy F O Zopa FCTipg) My —dyy s T my

G = Jap = Saga

This means that if the cooperative formation-tracking
control error system mentioned above can be stabilised
globally and asymptotically, we can achieve stable cooperative
formation control of the USVs. The error system can be
decomposed into the cascading system shown in (22) and (23):

duy, doy My, My,
. T T, G e Zena T e e | |0 ey kg - (€5, +Z574)
Gy, My, My, 2y dyy,
o | €2 Lo ey 2 ey
€y, g =i 0 0 €y, (22)
2y sy, dy, 0 dy,
- ey + (€4 2670 + €1 2674) (€4 T 240+ ey +2,)
My, My, My,
e. €,
3/ 6/;

.= ' (23)
G, S = Fopa
C. DESIGN OF A CONTROL LAW FOR f,,

Based on the system of equations in (22), we first take the
system in (24):

éy, ~dy e Iy —dyy ey [y e 2y~ e 2oy oy

=y Cas,%6fd

.= (24)
Gy, Jip=Sisa

€ 7“122/,65/, /mzzf, +dzsz (€47Z54 +elflzﬁf,;1)/m22f;

We then design the following virtual input variablee,,
fore,, as follows:

€ AT _szizéf,dezf, _k3/;zsf,desf, (25)

wherek,, , k,, and k,, are all positive definite parameters.
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We define the virtual input variable error betweené,,
ande,, asa,:

A, =e,-¢, (26)
Differentiating the error variable in (26) yields:

Ap=ey =y = fip = fia— by ko Zoues, — ko280 =k Zopals; — kg Zeabsy)

(27)

Combining expressions (24), (25), (26) and (27) gives the
following new error system:

Gy ==doy (Ut ky e /gy 4 (o gy 410€; 26+ (kg Vo =moy [ dy e 26y = doy Ay Ty

S
€y, __kl/zh/,d[‘l/, +k %654, k”‘z i6ds5; +zf,/,dA/,
Fop = Foa =Ky =y Zagas, =k Zopanr =Ky Zopues —ks 2op06,) (28)

s =dy (k2 0)es /oy o (4 260 iy = doy Ky 26000 /oy + 2 iy

A candidate Lyapunov function for the system in (28)
could be designed as follows:

1 1 ! 1
R A A R AT L

where 4, , 4,, and 4,, are all positive definite parameters.
Differentiation of the Lyapunov function in (29) gives:

_—

=hgely el +A/,A/, + 6565,

:7/11,‘d127‘(1+k”‘)e\2/’ /m,”‘ +A1/’(k1/’du/‘ /my, +1)zh,’1,e\/’el/’ +il/’(k],‘dm’ /m,”‘ —my, /dm‘)x
Zga@iy sy Ay dn Ay Imy, 71(1,‘/12]‘25]"105/‘ thidyze a0 7k;/’ﬂ.r./’z§mez/’esj‘ + Ay 2474 %
Ase,, +A/’[_)‘;" —f",", =k —ky 2o 0y =Koy Zopany — kg Zoa€s =Ky 2ol )= Ay (14
k;/’zj/",)esz/’ /mm’ +/1;/d22"(l+kl/ )zs/kl,el/’e”‘ /mm —l;/‘kzﬁdmz(fwez/’es,‘ /mm +Ajﬁd22ﬁzbﬁ,A" X
e, Imyy, (30)
=—Aydy, (+k, )e\z/, Imy, ’kZ/,Az/,z:/,uezz/, *ﬂﬂ/‘dzz/‘(l+k3/’zi’/)e§/’ Iy + LAy (e Iy, +
l)zw, +k\/’17/‘ zM“,]e,/‘e:/’ +[i|/,(k3/vdzz/‘ /m,”‘ —my, /dzz/, )zw, +du/‘ﬂj/’ (+k, )zﬁ,’d /mzz/’ ]e,/’ X
Yy +(*k3,‘lzzs/’d 7/13,‘/(1/‘0/22/’;5/‘4 Imy ey pes, +A Ly = fipg = (ke —ky 2o ey, —kyyzgp %

Gy~ k‘ﬁ Zo5a®ss, k‘ﬁ Z67a®s s, )= ﬂ"/. dlzl‘ @y / My, * )7/, 2674y, +ﬂ1 A dﬂ 1 %65a%y; /mZU, ]

According to the expression in (30), a control law for f,,
can be proposed as follows:

Jig = gt kgl =k 2y a0 =k 2608y — Ky Zopalsy =g Zopuls ) + Ay dngey fmy, —

'12/, 26542, 7Aﬂr,d12/, Z67,4Csy, /mzz/, —ky A, (31)
where k,, are all positive definite parameters and f,,, is as
shown in (19).

D. DESIGN OF A CONTROL LAW FOR f,

According to the system of equations in (23), the virtual
input variable g, for ¢, can be designed as follows:

e, = ks e, (32)
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where k;, are all positive definite parameters. We define the
virtual input variable error between g, and e, as® :

o,

Ji

=€, —&, (33)

Differentiation of the error variable in (33) yields:

O, =¢é; =&, = Lo, ~frpa &, (34)

Combining expressions (23), (32), (33) and (34) gives the
following new error system:

ée..=e ., —k..e
3 6 5 3
Ji €6 f; Ji 73 (35)

O, =1fop — oy 8

A candidate Lyapunov function for the system in (35)
could be designed as follows:

1 1
Vy, = Ek“ efﬁ +§®~2f’ (36)

where ,, are all positive definite parameters. Differentiation
of the Lyapunov function in (36) leads to:

Ve =keje5,6,, +0,0,
=kepes, (O, —ks e, )+O, (fo, = fra—,) B7)

2 ~
= ks ke +0,(f = frpa =, ko)

Based on the expression for 7, in (37), a control law for
/», can be proposed as follows:

Jag =00, F frpa + e — kg
==k (O, +ks e )~k e, —kg e+ (3g)

= _k7/; ®/z - (kﬁfi + k7.f, k5/,' )63/; - kS/; ésf; + fo;»d

where k,, are all positive definite parameters and f, , is as
shown in (19).

STABILITY ANALYSIS

A.STABILITY THEORIES

In order to better describe the stability analysis process
of the control algorithm presented here, the following two
classic stability analysis theories are applied.

Theorem 1[28] Consider the system:



{x:jxgm+g0mJOy (39)

y=5A(Yy)

wherex € IR", y € IR", f,(¢,x) is continuously differentiable
with respect to (¢,x) and f,(¢,») , g(¢,x,y) are continuous in
their arguments and are locally Lipschitz in y and (x, y)
respectively. We can view the system in (39) as:

x = fi(t,x) (40)

which is perturbed by the output of the system:

y=fEY) (41)

The cascaded system in (39) is globally uniformly
asymptotically stable (GUAS) if the following three
assumptions hold:

Assumption 1: The system (40) is GUAS and there exists a
continuously differentiable function V' (¢,x): IR>0x IR" — IR
that satisfies:

W(x)<V(t,x)

ov oV

T f(t,x) < 0,Y || x |1
LX) S0V [ @
oV

H— [ xl<cV(t,x),Y || x]zn

Ox

where W (x) is a positive definite proper function and ¢ >0
and 77 >0 are constants.

Assumption 2: For allz > ¢, the function g(z,x, ) satisfies

lg@x, <6y D+ DIl (43)

where 6,,6, : IR,, — IR, are continuous functions.

Assumption 3: The system (41) is GUAS and for all#, >0,

J bt (e, e < (2, (44)
where the function x([) is a class x function.

Theorem 2[29] Consider the nonautonomous system

x=f(t,x) (45)

where f:[0,0)x D — R" is piecewise continuous in¢ and is
locally Lipschitz in x on[0,.0)x D, and D = R" is a domain that
contains the origin x =0 . The origin is an equilibrium point
for (45) att =0if f(¢,0)=0, V¢ >0 . Let x =0 be an equilibrium

point for (45) and let D < R" be a domain containing
Let ¥ :[0,00) x D — Rbe a continuously differentiable function
such that

ki [l x [ <V(t,x) <k, || x]|*

ov oV
—+—f(t,x) <k, || x|
e ACR A Y B

Vi20,vxeD  (46)

wherek, , k, , k, and are positive constants.

Then x = 0is exponentially stable. If these assumptions hold
globally, then it is globally exponentially stable.

B. STABILITY ANALYSIS

By combining the expressions (22), (23), (25), (26) and (27),
the following system can be derived:

Xf‘ :fifi(tnxfi)+gﬁ(taxf‘ayj;)yfi
(47)

Y, =5, @y,)

T T
wherex, =[e,.e,. A, ¢, 1", ¥, =[e;.¢,] > and
I X )=y (ke ey /g, /Dy, 2+ G, /= oy e 2 = o Ay T
fio =Pt~k 2,
(U 2iy e, g dy (ke 2o oy =y 20 e |y iy 208 Ty 1
fo ¥ ) =Tews s foy

& (X, ¥ ) =0, + 2 =y (e +25,)  do BI0 Ay +hype ko2 pueny —hayZopaes, + 24415 10,00

2 2
~haZoaa +hagZspa Ry Zioasy 2l

Zapa@as ko Zogaler = kg Zorasy =Ky Zonalss s

10, dyy [A + (ki 4Dy, =Ky 2o a0 =Ky Zepaes; + Zag + 211 o, 1

Three steps are taken to prove that the system in (47)
satisfies all the conditions of Theory I, as follows.

Step 1: In order to make the subsequent calculations
more straightforward, we define the parameters shown in
expression (48):

Gy :}Hf, (kzdzzf, /mllﬁ +1)+k1f,/12ﬁ
G :A'l/,ky;dzzﬁ /mu/, _ﬂ’}ﬁdzzf,(l+k1ﬁ)/m22ﬁ
Csy =k oy = Ak Ty,

Copp =y, [y,

48)

By combining the control law in (31) for s, with the
Lyapunov function in (30), we obtain:

V.‘/‘ :_(1+kw,)/11/‘312/‘d2u, Iy, -k:,,/%/,ZE/,de;, —%r,dzzi(l+k3¢,Z§,,41)€§A [y +C 2000, +
€21 %654€5, %5 ~ S, %65a%185 1 T CagZesa€is g, ’kM,AZ/‘
S’(1+kl/,)j'1/‘e|z/,‘1722/, /mm‘ 7kzj,ﬂz/‘z(~2,/,:/ezzj, 713/,(1 +kzj,zsz/‘d)esz/,dzz/, /mzzy, +a (elz/, +
z,f/“,eff‘)/2+62/‘(ef/‘ +z:m,e§/‘)/2—c,/‘(e,/} -ﬁ—zb/}de_;/‘)Z /2+c4/’ef/’ /2+c‘4/}z§,",e§/’ /12—
A2 (49)
SAA+ kA [y = (e + ey ) 216l =Ty oy = (6 +65,) 1 202,00, =2, (14

2 2 2 2
klr‘zﬁ/,d)dzl/, /mzz/, _(Cz/, te ey, )Zs/,u /2]951, _kA/,An

.2 2 L2 2 L2
CpZealer Tes,) /24y 25,00, 124z 0, 12—k,

— 2 2 2 AZ
T Oy T Oy G Wyls — Dy Ay
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o, =[+k A dy, Tmy, —(c +0yp 4y )/ 2]
@, :[sz,j’zf, _(le, +C3f,)/2]262f,d
wy, =4, dy, (1+k3‘,’zéf’d)/m22f’ (et +oy, )Z:M /21

w,, =k,

where

If parameters such ask,, , &, ,k, ,k, , 4, >4, and 4, are
selected appropriately, then the parameters m,, , »,, , @, and
o,, can be guaranteed to be non-negative. The following
results can then also be derived:

V,(ex,) =V, 2min{, 4, LA x| Z%min{ﬁ”J,Z/',l,ﬂg/’}Hx/'HZ =W, (x,)

8 0
LTI a:‘: fex)<0, x| 2n, -

1
fi ot

where W, (x,) are positive definite proper functionsand , >0
are constants. Since

Smax{/ilﬁ,/lzfi,l,ﬂgﬁ}||xﬁ|| (51)

Lf;
Ox

the following expression can be obtained:

dy

ox,

2max{4, Ay, LA}
min{Z, .2, L, }

Vip=cV, (6x,) (52)

[, | < maxtz, 2,023, Hz <

where ¢, =2max{4,,4,,,1,4,,}/min{4,.4,,.1,4,,} are positive
constants. Thus, Assumption 1 of Theory I has been satisfied.

Step 2: In this step, the correlation function g, (1, x,,y,) in
(47) is analysed. This can be expressed as follows:

g, %,y ) =40,z —my 25, 1 dyy 1510, 2, 1, 1[0, 01:[0, dy (24 +200) 10y T} +
{[O’sz, My ey /dzzg ];[OaA+ku,eu, 7k2ﬁzéf‘dezﬁ 7k3/,z(,f,.135,§];[0,0];
[0,dy [A, + (ki + Ve, —ky 206, =k zg 005, 1/ my 1}

=g|/,(tsx1‘sY1‘)+gz/,(t7X/,’y/,) (53)

where,
8 (0 ,0Y ) = 10,2,y =y 20 /s 10,2, 00K 10,y (2o 42,00 /s,
8 (X, Y )= 10,65~y ey Ly IO A+ Ky €~y 20,000, — Ky 205, 110, 0RO,y [A  + (K, + D,

Ko Zoga@a =Koy ZegaCs 1/ Mo 1}

From norm theory, we can show that:

"gﬁ t.x,.y, )" < "gu; t.x,.y, )||+ "ng, (t.x,,y, )" (54)

where o, 6xy el s Joull oy + sy Tl o Jro ey =0y,
o &% ¥ Dl lles |+ sy Jesi |/ sy, + Qo Ty DA+, + o iy 1) sy e [+ (i S+
0 [z e o P 0k s |
Sty [y 414 dyy Iy vy (1) g+ (g oy + 0K |+ (s +
08, feerafi, |
=6y Dl |

and 6)(|y,[ .e, |v,| |x,|:R=0 - R0 are continuous functions.
The following expression therefore holds:

o @x oyl oy, | <o o] x| o
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which satisfies Assumption 2 of Theory 1.

Step 3: Combining the control law in (38) for /,, with the
Lyapunov function in (37) leads to:

iy = —koyky &, —ky, 2 < —minth, k& Yle, .0, 1 =, e, ©, 1] (56)
and

mintk,, /2. 1/2}le,,.©, 1 <V, <maxik,, /2. 1/2]fe,,.0, ][ (57)
where o, =minfk,, /2, 1/2}, o,, =maxik,, /2, 1/2}.

According to Theory 2, [e,,,©,]1=0 is globally exponentially
stable. If we combine the expressions in (32) and (33), we can
shown that [ %1=0 jg globally exponentially stable.

-4y,

9y @< g

"y/, (.1, Y (to))" < k/, "y‘f, (to)" e
where, , 2, and s, are positive constants and ¢, can be
arbitrarily small. Then

[ Ity <[k el ™ =y, @) 14, =,y @ (59)
where the function «, () is a class x function.

Hence, the system described in (47) satisfies all the
conditions of Theory 1. The system in (47) is GUAS, and the
variables x, and y, are GUAS to 0. By combining expressions
(25) and (26), we see that [¢,,¢,,.¢;,.¢,,.¢;,.¢,]1=0is GUAS.
Based on the tracking error system described in (21), stable
cooperative formation control of the USVs can be realised
using the control law expressed in (31) and (38).

SIMULATION EXPERIMENT

Several simulation experiments were carried out to verify
the effectiveness and reliability of our cooperative formation
control algorithm. The mathematical model for the USVs
is taken from [30], and the parameter values are shown in
Table 1.

Tab. 1. Model parameters

Parameters Value Parameters Value
my, 25.8 d, 12
my, 33.8 » 17
my 2.76 ds, 0

The trajectory of the leader USV is generated by the
following expression, which can be used to design different
forms of leader trajectory.



Xy =u,cosp, —v,sing,
Y, =u,sing, +v,cos@,
Py =1y

Vg =—myugry [ my, —dy,v, Imy,

Three USVs with same model parameters (a leader
USV and two follower USVs) were used in the simulation
experiment, and three kinds of trajectory (a straight line, a
circular trajectory and a general S-shaped trajectory) were
designed to demonstrate the performance of our control
algorithm. In order to verify the robustness and stability of
the proposed algorithm, a stable disturbance and a sinusoidal
disturbance were added in the longitudinal and steering
control directions. Disturbances of d, =2+ 0.1sin(0.2¢) in
the longitudinal direction and d, =1+0.1sin(0.5¢) in the
heading control direction were also added.

Since there are numerous control parameters that need
to be set for the control system, several basic principles were
followed: (a) all the parameters should be positive, since they
are all defined as positive; (b) the parameters for each follower
should be the same except for %, , since different speeds are
needed for different followers; (c) k,, should be small, since
a higher value of k,, means a lower convergence speed, as can
be seen from (56) and (57); (d) 4, can be chosen arbitrarily,
as this has a minor impact on the system.

Case 1: A straight line trajectory is designed for the leader
USYV, and in order to ensure a cooperative formation, the
positional information of the follower USVs relative to the
leader USV is determined based on the parameters in Table 2.
The initial states of the USVs and the control parameters are
also shown in Table 2, and the simulation results are presented
in Figs. 3 and 4.

Tab. 2. Initial states and control parameters

Symbol Value Symbol Value Symbol Value
uy, 10 m/s L 5m L, 5m
T 0 o, /2 0, —/2

x,(0) 15m x,(0) 9m x, (0) 20m
»,(0) -6m v;(0) 8m AW -7 m
#,(0) 0.7 rad »;(0) 0.3 rad @, (0) 0.3 rad
u,(0) 0.5m/s u(0) 0.5m/s uy, (0) 0.5m/s
v (0) 0.5 m/s v, (0) 0.5m/s v, (0) 0.5m/s
7(0) 0 7, (0) 0 7,,(0) 0
ky, 2.3 ki, 1.6 ky, 0.03
ky, 5 ky 15 ky . 15
ks, 5 ks, 15 kyy, 15
ky 3 ky, 15 ky,, 13
k 25 ks, 20 ks, 20

Symbol Value Symbol Value Symbol Value
ke, 1 ks;, 0.001 ksfz 5
ks, 1 ks p 1 ki, 1
2'11 1 ’?’1/. 1 ﬂ’lfz 1
Ay 1 4 5 1 4 5 1
Aoy 1 Ay 1 A, 1

— | cader reference trajectory
10 . . - Ll Leader actual trajectory
s Follower 1 reference trajectory
8
6
4
2
g
~
N
O"‘
-2 ..
als
6 Re :
-8 : 1 1 1 1 1
0 100 200 300 400 500 600
xz/m

Fig. 3. Results from our cooperative formation control algorithm for a straight
line trajectory
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(e) Yaw control torque for the three  (f) Convergence of intermediate

USVs states for the Leader USV

""" i

""" i : —ep,

o i ey,

RRRCT ; e,

e H - _e,h

| €5f1 N €6fs

o w0 ) W E) w o w0 ) W E) @

s s
(g) Convergence of intermediate
states for the Follower 1 USV

(h) Convergence of intermediate
states for the Follower 2 USV

Fig. 4 Detailed error convergence curves and control forces for Case 1

Case 2: A circular trajectory was designed for the leader
USYV, and in order to ensure a cooperative formation, the
positional information for the follower USVs relative to the
leader was designed as shown by the initial states in Table 3.
The initial states of the USVs are also shown in Table 3, and
the results of the simulation are presented in Figs. 5 and 6.

Tab. 3. Initial states for Case 2

Symbol Value Symbol Value Symbol Value
uy, 10 m/s L 20 m L, 20 m
Ty 0.1 rad/s 6 /2 o, -/2

x,(0) 15m x,(0) 9m x, (0) 20m
(0 -6m v, (0) 15m v,,(0) —25m
0,(0) 0.7 rad ¢,(0) 0.3 rad (0) 0.7 rad
u,(0) 0 u;(0) 0 uy, (0) 0
v(0) 0 v, (0) 0 v, (0) 0
7(0) 0 r;(0) 0 7,.(0) 0
20
w0 |
150 | &"“‘ ”'*.‘
i
S A =
AN\ Follower 2 actual trajectory

L
-150 -100 -50 0 50 100 150

Fig. 5. Results of our cooperative formation control algorithm for a circular
trajectory

158 POLISH MARITIME RESEARCH, No 1/2021

— T — T
Y= Yia
=== — Y

z,y/m, ¥/ (rad)

—ZH ~Thd
‘ “Yh ~Yha
- -Yh — Y

z,y/m, ¥/ (rad)

t/s

w

t/s

(a) Convergence curve for the position (b) Convergence curve for the position

and heading angle of the leader USV

and heading angle of the Follower 1
usv

z,y/m, ¥/ (rad)

—Tul

t/s
(c) Convergence curve for the position
and heading angle of the Follower 2

t/s
(d) Surge control forces for the three
USVs

usv

t/s ’ il)s
(e) Yaw control torque for the three  (f) Convergence of intermediate states

USVs for the Leader USV;

""" €1 . ‘ ey

! e €2f,

---esp . == ey

] e, eaf,

i - - -es5f, e

A e € R e R e €
=

10 0 20 ) o E) W

w0 i)s
(g) Convergence of intermediate states (h) Convergence of intermediate states
for the Follower 1 USV; for the Follower 2 USV

Fig. 6. Detailed error convergence curves and control forces for Case 2

Case 3: A general S-shaped trajectory was designed for
the leader USV by settingu,, =10m /s, r,=0.1rad /s, t<30
and r, =-0.05rad /s, ¢>30.In order to ensure a cooperative
formation, the positional information for the follower
USVs relative to the leader USV was designed based on the
parameters shown in Table 4. The initial states of the USVs
are also shown in Table 4, and the results of the simulation
are presented in Figs. 7 and 8.



Tab. 4. Initial states for case 3

Symbol Value Symbol Value Symbol Value

uy 10 m/s L 30 m L, 30 m

Ty 0.1/-0.05 6, /2 0, /2

x,(0) 15m x,(0) 0 x, (0) 20m

(0 -6m ;. (0) 20m v, (0) —-45m

#,(0) 0.7 rad ?;(0) 0.7 rad ?.,(0) 0.7 rad
u,(0) 0 u;, (0) 0 uy, (0) 0
v,(0) 0 v, (0) 0 v, (0) 0
1(0) 0 7, (0) 0 r,.(0) 0

700

-

600 |

500 |

400 |

300 |
=

200 |

100 |

-400 -300 -200 -100 0 100 200 300 400
z/m

Fig. 7 Results from our cooperative formation control algorithm for a general
S-shaped trajectory
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Fig. 8 Detailed error convergence curves and control forces of Case 3

The simulation results shown above in Figs. 3 to 8 indicate
that the necessary system convergence time for each kind
of trajectory tracking processes is within the range 10-30
seconds, and there are no instabilities or divergences after
the system has converged. It is therefore obvious that the
cooperative formation control algorithm proposed in this
paper is stable, reliable and effective. Tracking control
was successful for all three kinds of formation trajectories
examined here, indicating that the general applicability of
our control method is superior to conventional algorithms.
From the simulation results presented above, and compared
with the results reported in the literature [11] and [22], we
can see that the convergence time of the proposed control
algorithm is shorter, and the stability of control is better in our
simulation results. In addition, the actual tracking trajectory
of the USVs is smoother, and our algorithm has a wider range
of applications for different kind of trajectories.

In Cases 2 and 3, the control inputs of surge control force
and yaw control torque do not converge to zero, since the
reference trajectories are curved in these cases, and certain
control inputs in terms of both the surge control force and yaw
control torque are required to ensure the sailing formation of
the USVs. In addition, the actual control inputs are different,
since the length of each trajectory is not the same and the
necessary velocities are different. In Case 3, a state switch
occurs in the middle part of the reference trajectory (that is,
achange in the desired angular velocity), meaning that both
the surge control force and yaw control torque undergo an
abrupt adjustment process, as shown in Figs. 8(d) and (e).
From the results for Case 3, we know that in order to change
the formation of the USVs, the control inputs for both the
surge and yaw vary rapidly due to the fast convergence of
the control algorithm; if the desired trajectory is smooth
transition designed then this sudden adjustment could be
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avoided. In an actual application, the rate of change could be
set to an even value based on the change rate of the propulsion
devices of USVs. In addition, for USVs that are not equipped
with reversible propellers, the surge control force could also
be set to a non-negative value throughout the cooperative
formation control process of the underactuated USVs.

CONCLUSION

A method of cooperative formation control is proposed
in this paper for a group of underactuated USVs based on
nonlinear backstepping and cascade system theory. A novel
description of the problem of cooperative formation control
of a group of USVs is presented, and the desired positions
and attitude angles of the follower USVs are transformed
into intermediate variables that facilitate the design of the
controller. A new type of global differential homeomorphism
transformation is put forward for the tracking error system
of the follower USVs in order to simplify the description of
the control system; this makes the complex formation control
system easy to analyse and means that it can be decomposed
into a cascaded system. In order to improve the stability
of the cooperative formation controller, novel intermediate
state variables and virtual control laws are devised for use
in design process of the control algorithm. By combining
the backstepping technique, Lyapunov’s direct method and
cascade system theory, we develop an improved controller for
cooperative formation control of a group of underactuated
USVs. We prove that our cooperative formation control
algorithm for USVs is GUAS, and a variety of simulation
experiments are carried out to verify the validity, stability
and reliability of the algorithm, which show that the general
applicability of the control method designed is superior to
conventional algorithms. Some interference factors such as
actual ocean environmental disturbances and uncertainties
in the USV models are not fully considered in this paper, and
we intend to focus on these in future research work.
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