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ABSTRACT

The most common methods for predicting ship roll motions in a specified sea state are direct measurements of motions 
in a representative irregular wave realisation (time domain) or calculations of motions from response amplitude 
operators (RAOs) in the frequency domain. The result of the first method is valid only for the tested sea state, whilst 
the second method is more flexible but less accurate. RAO-based predictions are calculated assuming a linear model 
of ship motions in waves. RAO functions are usually evaluated by means of tests in regular waves for a limited number 
of frequencies and a constant wave amplitude. This approach is time-consuming and the discrete form of the RAO 
functions obtained for a limited number of frequencies may lead to discrepancies in the prediction of seakeeping and 
often does not allow the actual amplitude of the response in resonant frequency to be determined. Another challenge 
is the appropriate selection of wave amplitude for tests due to the considerable influence of viscous damping on roll 
response in irregular sea waves. There are alternative methods for the experimental determination of RAO functions 
and one of them is presented in this study. The presented approach allows RAO functions to be evaluated in one run 
by the generation of irregular waves characterised by a white or coloured noise spectrum. This method reduces the 
experiment duration, with almost continuous RAO characteristics obtained. The flat (white noise) and linear (coloured 
noise) wave spectral energy characteristics are considered in the experiment and the obtained predictions are compared 
with the results of accurate measurements in irregular waves.
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INTRODUCTION

There are significant challenges concerning the safety 
and operability aspects of a ship. These issues are especially 
important for severe sea conditions during operations in 
open sea. Some may focus on dynamic positioning issues 
and the influence of ship propulsion systems, such as bow 
tunnel thrusters on ship motions [1], while others may focus 
on operability based on the assessment of ship motions 
as a response to wave excitations [2]. In the last decade, 
a  large number of computational analyses concerning 
ship motions in waves have been published [3, 4, 5, 6, 7, 8]. 
However, experiments at the model scale along with full-scale 

trials [9] are still the most accurate approaches for checking 
operability criteria, but the cost of model tests sometimes 
limits the number of considered cases. This study focuses on 
an experimental approach to roll motion prediction as it plays 
a very important role in the assessment of ship operability [2], 
as well as having a significant influence on ship safety during 
operations in severe seas [10]. These motions are mostly 
important for station keeping vessels in the offshore industry 
during operations in the vicinity of platforms in open seas.

Roll motion is the response motion of a vessel exposed to 
sea waves. The most appropriate method for the prediction 
of ship response in a seaway is to carry out an experiment in 
irregular waves representing the considered sea conditions. 
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However, this method is usually limited to only a couple of 
representative sea states. This approach is applicable if the 
operability is not the main goal of the analysis, meaning that 
the ship’s seakeeping characteristics are regarded as long term 
and over long distances. For this purpose, the assumption of 
a linear response of the marine system to random excitation 
was developed in the first half of the twentieth century.

THEORETICAL BACKGROUND

The response of ship motions to ocean waves is considered 
as an input/output system with a known linear characteristic 
(Fig. 1). This characteristic is called the response amplitude 
operator (RAO) and is a function of wave frequency [11]. 
The response motions are irregular like sea waves. By taking 
a known wave energy spectrum into consideration with 
a known ship’s response frequency characteristic (RAO), the 
response spectra can be calculated. With response spectra, 
the statistical properties of this response can be found.

Based on an ocean wave representation in spectral form, 
the wave energy in the frequency domain is given by [12]:

Sζ(ω)dω =  ζ (ω)        (1)

where:
Sζ – density of wave energy
dω – differential of angular frequency
ω – wave angular frequency
ζA – wave amplitude
and by analogy, the energy spectrum of the response is:

Sζη(ω)dω =  η (ω)       (2)

where:
Sζη – density of response energy
ηA – response amplitude

The linear response characteristic Y_η known as the RAO is:

Yη(ω) =            (3)

By rearranging Eq. (3), the response amplitude is:

ηA(ω) = ζA(ω)Yη(ω)         (4)

and by combining Eqs. (2)–(4), the response spectrum may 
be shown as:

Sζη(ω)dω =  ζ (ω)Y (ω).       (5)

Furthermore, when considering Eq. (1), the response 
spectrum is:

Sζη(ω)dω = Sζ(ω) dωY  (ω).       (6)

The wave and the ship’s response are random processes 
with a Gaussian distribution function around a zero mean 
[13]; thus, the root mean square value of signal is expressed by:

ηRMS =           (7)

where the zeroth moment in Eq. (7) is:

m0η = ∫0
∞ Sζη(ω)dω.         (8)

The above is valid as the response amplitude ηA is 
proportional to the wave amplitude ζA. 

The linearized equation of response motion is [12]:

(M + A)  + B  + Cη = FW      (9)

where for linear motions, FW is the wave force acting on 
a particular direction, and for angular motions, FW is the 
moment about the axis of rotation. The M + A component is 
the sum of the inertia properties, such as the mass for linear 
motions and the moment of inertia for rotations and added 
mass A. The B and C components are hydrodynamic damping 
and restoring coefficients, respectively. Furthermore, Eq. (9) 
may be normalised by M + A to reach:

 + vφ  + ω η = fW       (10)

where vη and ωη are the dimensionless damping coefficient 
and natural frequency, respectively. The damping coefficient 
must have a linear characteristic so that the assumption of the 
proportionality of the response and excitation is valid. This 
assumption gives a good approximation for all motions except 
the roll when the nonlinear viscous damping is significantly 
higher than the damping occurring from the generation of 
waves. However, the roll motion damping nonlinearity may 
be included in the equation of motion, if it depends only on 
the amplitude of the resulting roll motion. 

Equation (6) is key to predicting roll motions in the 
considered sea state with a  specified spectral energy 

Fig. 1. Linear relationship between wave (input) and motions (response)
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density Sζη(ω). The transfer function of roll motions Yζφ is 
usually established by experiments in regular waves with 
a constant amplitude or slope, whilst the RAO of roll motion 
is a narrow band and the tests are carried out for multiple 
frequencies ω within a certain range around the resonant 
frequency ωφ. Since viscous damping phenomena depend on 
the level of roll amplitude, the constant wave amplitude- or 
slope-based RAO must be corrected to the expected response 
in the considered sea state. This means that predictions from 
regular wave experiments should be complemented by the 
characteristics of roll damping established either by roll 
decay test or other ones. This approach is thus rather time-
consuming, so this study presents an alternative, less time-
consuming method for RAO evaluation.

Equation (6) may be modified to the form:

SNφ(ωi ) = SN(ωi )Y  (ωi )      (11)

where the input to the system here is the noise energy density 
spectrum SN(ω), which may have a constant value over the 
frequencies ω (white noise (WN)) or may proportionally 
increase (blue noise (BN)) or decrease (pink noise (PN)) with 
the frequencies ω. The dω part of the equation is always greater 
than zero and might be deleted. By transforming Eq. (10), the 
RAO can be found as:

Yφ(ωi ) =  .       (12)

The discrete roll motion RAO, in dimensionless form, 
where the roll angle is related to the wave slope angle αA = kζA, 
can be further approximated by [14]:

Yαφ(ωi ) =      (13)

where dimensionless damping is found as vφ =  .
Equation (13) simplifies the ship roll response because sway 

and yaw coupling is neglected and the contribution of the 
diffraction component might be compensated by the modified 
Froude-Krylov heeling moment reduction factor [14]:

κφ(ωi ) = β0e –β1ω
2
       (14)

where the coefficients β0 and β1 in function are determined 
by least squares approximation of the RAO evaluated by noise 
measurements according to Eq. (13). In addition, it is shown 
that the damping of roll motions in noise waves is equal to 
the damping in the demanded sea state with the same total 
energy, meaning that the root mean square (RMS) values 
of the input waves (noise and wind wave spectral form) are 
equal. The next key feature of the proposed method is that 
changes in damping are assumed linear, related to the RMS 
of the generated noise signal. This means that to find the 
damping coefficient for the prediction of roll motions, the 
RMS of the generated noise waves should lay within the RMS 
values of the demanded sea states. The damping coefficient 

can be read from the linear characteristic of the RMS values, 
as shown in Fig. 2.

As far as we have a linear characteristic for the damping 
coefficients from noise measurements, the number of runs 
may be limited.

MODEL TESTS

Model tests were carried out for three models of vessels. 
The tests were carried out in a Maritime Advanced Centre 
(CTO) towing tank no. 2 equipped with a flap type wave 
maker and active wave absorber. The rectangular shape tank 
has a length of 50 m, a breadth of 7 m and an adjustable 
depth, which for the purposes of the current analyses was set 
to represent deep water conditions. The models were tested 
only in beam seas. The main dimensions of the hull models 
are presented in Table 1.

The models were tested in different irregular waves 
representing the demanded sea states and appropriate noise 
wave realisation [15], [16]. One of the models was tested in 
regular waves. The detailed configuration of the test cases is 
presented in Table 2.

Fig. 2. Linear characteristic of roll damping coefficient

Tab. 1. Main particulars of tested hull models

HM#01 HM#02 HM#03

Lpp [m] 3.585 3.553 3.212

B [m] 0.708 0.770 0.952

T [m] 0.196 0.205 0.363

CB [–] 0.92 0.78 0.70

Tφ [S] 2.47 2.16 3.02

Scale factor 53.0 24.0 17.0
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During the tests model was set in perpendicular to wave 
propagation direction. The wave probe was positioned in 
front of the model, 10 m fore from wave generator, and the 
measured wave train was undisturbed by model itself. The 
hull motions in 6DOF (degrees of freedom) was measured 
with the use of 6 motion capture cameras system. Hull model 
was restrained in sway and surge motions by the soft spring 
anchoring system mounted to model at the centre line at the 
water level. The test set up is presented in Fig. 3

The tests in regular waves were carried out in constant 
regular wave double amplitude of 1/50 of the model length [17]. 
This level of regular wave amplitude is recommended 
by procedures issued by the International Towing Tank 
Conference (ITTC) [17].

The irregular waves were set to represent a wide variety 
of irregular waves with the most popular wave spectra, 
such as the ITTC – two parameter Pierson-Moskowitz [18] 
and JONSWAP [19]. The general parameters representing 
the generated wave spectra are presented in Table 2 and an 
example of a measured wave spectrum and its theoretical 
representation is presented in Fig. 4.

The noise spectra were prepared to obtain a narrow band 
width as the expected RAO will be within the range of wave 

Fig. 3 Experimental setup in CTO towing tank no. 2

Fig. 4. Spectra of wind waves (top – I2.1 ITTC, bottom – I3.2 JONSWAP)

Tab. 2. Test configurations

Wave
(HM#01)

RMS
[mm]

Peak Period
[s]

Wave
(HM#02)

RMS
[mm]

Peak Period
[s]

Wave
(HM#03)

RMS
[mm]

Peak Period
[s]

(ITTC) (JONSWAP) (JONSWAP)

I1.1 12.8 2.43 I1.2 28.8 1.42 I1.3 16.8 1.85

I2.1 27.2 2.45 I2.2 46.5 1.87 I2.2 36.0 2.70

I3.1 36.0 2.48 I3.2 55.9 2.00 I3.2 48.4 2.90

I4.2 89.9 2.53

(Noise) (Noise) (Noise)

WN1.1 21.3 WN1.2 37.6 WN1.2 24.4

WN2.1 25.9 WN2.2 46.3 WN2.2 36.0

WN3.1 9.9 WN3.2 23.8 WN3.2 48.4

WN4.1 30.2 PN1.2 38.4

PN2.2 47.0

BN1.2 36.7

BN2.2 23.1

(Regular)

R0.1 25.3
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frequencies. In addition, the amplitude of signal was tuned 
to the energy of noise within the range of the demanded sea 

energy. Examples of the generated noise amplitude spectra 
with certain RMS values are presented in Fig. 5 and Fig. 6. 

Fig. 5. Comparison of noise measurements – white, HM#02 (left) vs. pink, HM#02 (right)
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Fig. 7 presents the relationship between the RMS values 
of the generated noise waves and the damping coefficients 
achieved from the approximation of RAOs by Eq. (13).

Figures 7–10 present the RAO functions evaluated from 
the results of measurements in noise waves.

Fig. 6. Comparison of noise measurements – blue, HM#02 (left) vs. white, HM#03 (right)
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Fig. 7. Relation between damping coefficient and wave RMS
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Fig. 8. HM#01, approximated transfer functions

Fig. 9. HM#02, approximated transfer functions

Fig. 10. HM#03, approximated transfer functions
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UNCERTAINTY ANALYSIS

Uncertainty analysis (UA) was analysed in two types: Type 
A and Type B [20]. The RAO curves which were used to final 
predictions were subjected to UA. The source of errors in 
Type B analysis is mainly the wave probe error ε(ζ) evaluated 
in probe calibration process and motion tracking system 
angular precision error ε(φ) provided by manufacturer. The 
probability distribution of expected value as well as its errors 
is assumed here as rectangular (uniform) thus uncertainty 
of measured signal is given by formula:

u(ζAW) =          (15)

u(φA) =          (16)

The value N in formulas (18) and (19) is the number of 
harmonics in considered amplitude spectrum.

The dimensionless RAO function Yφ might be calculated 
by formula (3), and is established by indirect measurements. 
The combined uncertainty is calculated then by partial 
derivatives of formula (3) as follows:

uB(Yφ) =    (17)

The main source of errors in Type A uncertainty here 
is the deviation from approximated and measured RAO 
characteristics, thus the Type A  uncertainty uA(Yφ) is 
equal to root mean square error of approximation given 
by equation (16).

The total uncertainty is then calculated as root of sum 
squared uncertainties of Type A and B:

u(Yφ) =      (18)

The percentage of total uncertainty in maximum RAO 
value Yφ( fRES ) at resonant frequency fRES is calculated from 
formula:

 · 100%        (19)

and it is presented in Fig. 11 to Fig. 13 as a function of wave 
frequency 

Finally the uncertainty of predicted RMS values of roll 
motions, from approximated RAO of noise measurements, 
are calculated as combined uncertainty from formula:

u(φRMS) =  ΔYφ       (20)

where root mean square function of roll motions is calculated 
from combined formulas (6), (7) and (8) as follows:

φRMS =      (21)

and the total uncertainty of RAO function is found from:

ΔYφ = ∫ u(Yφ)dω        (22)

Uncertainty of roll RMS from direct measurements in 
irregular waves is equal to:

u(φRMS) =         (23)

RESULTS OF ANALYSES

Equation (13) with modified Froude-Krylov coefficients 
fits very well to the RAOs evaluated from noise wave 
experiments. The values of the damping coefficients lie on 
a straight line in all considered configurations of the tests 
(Fig. 7). Table 3 presents the results of predictions from 
direct measurements in the modelled sea waves compared to 
the predictions calculated from the RAOs. The predicted and 
measured RMS values were then plotted against each other 
(Fig. 14). The straight red line depicts the ideal correlation 
between prediction and measurements, while the grey lines 
represent ±5% margin of the actual values.

Fig. 11 Relative RAO uncertainty HM#01

Fig. 12 Relative RAO uncertainty HM#02

Fig. 13 Relative RAO uncertainty HM#03
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The predicted and measured values were analysed by 
means of Pearson’s correlation factor Rf o and the root mean 
square error (RMSE) given by [21]:

Rf o =  yf i yoi        (24)

RMSEf o =       (25)

where
Rf o =  yf i, yoi =         (26)

The Rf o correlation coefficient quantifies the statistically 
linear correlation between observations (measurements) Yo 
and predictions Yf. The squared value of Rf o varies within 
between 0 and 1.

CONCLUSIONS

The method presented in this study may be used as an 
alternative experimental approach to evaluate RAOs. The 
experiments were carried out in irregular waves with wide 
bandwidth spectra of colour noise character. The approach 
might be considered as similar to that proposed by (Bielicki, 
Bednarek and Kraskowski [22]) where the noise measurements 
were applied to find predicted roll motions in considered sea 
states. The approach presented in [22] approximates RAO 
functions to noise measurements and Froude-Krylov moment 
in Eq. (13) is calculated basing on different formulae with 

correction depending on the level of noise input signal. The 
damping factor is obtained there from roll decay tests and 
adjusted to considered sea state by iteration. The method 
presented here allows to apply modified Froude-Krylov 
moment from Eq. (14), which arises from measurements. 

Tab. 3. Comparison of roll motion RMS values (measurements in irregular waves and noise RAO-based predictions)

Noise u(φRMS) Irregular u(φRMS) Regular Description

I1.1 2.42 0.04 2.23 0.06 1.67 HM#01

I2.1 3.63 0.09 3.36 0.06 3.57

I3.1 4.15 0.13 4.13 0.06 4.75

I1.2 0.95 0.05 1.01 0.06 N/A HM#02.BN

I2.2 5.21 0.10 5.01 0.06 N/A

I3.2 7.46 0.13 7.14 0.06 N/A

I4,2 8.62 0.24 8.75 0.06 N/A

I1.2 0.92 0.07 1.01 0.06 N/A HM#02.PN

I2.2 4.99 0.14 5.01 0.06 N/A

I3.2 7.15 0.18 7.14 0.06 N/A

I4,2 8.47 0.32 8.75 0.06 N/A

I1.2 0.90 0.04 1.01 0.06 N/A HM#02.WN

I2.2 5.04 0.08 5.01 0.06 N/A

I3.2 7.34 0.11 7.14 0.06 N/A

I4,2 8.92 0.19 8.75 0.06 N/A

I1.3 0.41 0.05 0.34 0.06 N/A HM#03

I2.3 4.77 0.15 4.54 0.06 N/A

I3.3 6.51 0.32 7.25 0.06 N/A

Fig. 14. Correlation plot of measurements against prediction
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Besides the damping coefficient is found from the least 
square approximation of Eq. (13) directly – it exclude the 
necessity of roll decay tests. Finally the main outcome of the 
method presented here is that the damping coefficient varies 
linearly with the RMS values of noise generated waves. The 
last feature allows to predict roll motions in variety of sea 
states basing on limited measurements in noise waves. Thus 
the predicted roll motions in multiple sea state conditions 
fit reasonably well with measurements in selected irregular 
waves (sea conditions), as confirmed by a squared Pearson’s 
correlation above 0.99 and a RMSE below 0.25 [deg]. The 
noise wave-based measurement may be extended for other 
motions, like heave and pitch.
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