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AbstrAct

The modelling and simulation of planing craft manoeuvres requires coupled six degrees of freedom (6 DOF) motion 
equations. A coupled 6 DOF motion equation needs hundreds of manoeuvring hydrodynamic coefficients (MHCs) 
that are mostly determined using the planar motion mechanism (PMM) test. The number of test runs is too high, 
unless a kind of simplification is imposed to the motion equations. This study modifies 6 DOF motion equations to 
4+2 DOF motion equations in which heave and pitch equations are replaced by dynamic draught and trim (so-called 
running attitude), respectively. The method is applicable for a manoeuvre that commences in the planing regime and 
ends in the same regime. On that basis, the PMM test is conducted and the model is restrained in the vertical plane 
at a certain running attitude, determined by a resistance test. The 4+2 DOF method, together with MHCs from the 
PMM test, are employed for the simulation of turning manoeuvres of a 25° prismatic planing hull. The results of the 
simulation indicate that the 4+2 DOF method reasonably predicts the path of the craft during the turning manoeuvre 
and cuts the number of PMM tests required at the same time. The PMM test results show that MHCs are highly related 
to forward speed and wetted surfaces. The turning manoeuvre simulation shows that the non-linear terms of MHCs 
cannot be ignored. The STD/L (Steady Turning Diameter divided by Length of the craft) for a planing craft is very 
large, compared to ships.
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INTRODUCTION

Planing craft are a kind of high-speed craft whose weights are 
almost totally supported by the hydrodynamic lift force in the 
planing regime. This allows them to reach a very high speed. Their 
small size, in conjunction with very high speed, makes them quite 
agile compared to ships. For planing craft, the propeller shaft is 
typically steerable, which plays the role of the rudder. Thus, it 
provides a very fast steering system to the planing craft. A justified 
expectation from a fast vessel is a very good manoeuvrability, 

which is principally true. However, a marginal steering system 
malfunction, as well as any mishandling by the wheelman, may 
lead to a high-energy crash and/or vessel capsizing. Thus, the 
manoeuvrability of planing craft plays a major role in achieving 
the sufficient level of safety. 

An evaluation of ship manoeuvrability usually relies on 
different methods, such as mathematical formulations, numerical 
simulations, model experiments and full-scale tests. The 
mathematical formulation for the manoeuvres includes a system 
of 3 degrees of freedom (DOF) or 4 DOF motion equations. 
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The equations consist of many manoeuvring hydrodynamic 
coefficients. Generally, MHCs comprise many linear and non-
linear force coefficients and some of them are coupling terms. 
They are mainly determined by captive model tests, empirical 
formulas and, recently, computational fluid dynamics (CFD)-
based simulations. The number of planar motion mechanism 
test runs for a ship may be as many as two hundred runs (see 
Yasukawa and Yoshimura [1]). The manoeuvrability of ships 
is essentially a development issue, where ITTC [2] has already 
recommended a PMM test procedure for performing model tests.

Many studies have been conducted on the evaluation of 
manoeuvrability and MHCs extraction of ships using numerical 
simulations, mathematical models, and experimental and sea-
trial approaches. Recently, Sutulo and Soares [3] investigated 
the available empirical methods for the prediction of ship 
manoeuvring. They concluded that a general application of 
universal empirical methods can lead to unacceptably large 
discrepancies and this method must be used with great care, 
preferably tuned on prototype ships. Yasuakawa [4] conducted 
captive model tests for a car carrier in the proximity of a sloped 

bank with variations in water depth, distances between the 
ship hull and the bank, hull drift angle and heel angle, to 
investigate course stability. Taimuri et al. [5] presented a modular 
mathematical model and a technique for the estimation of 
manoeuvring trajectories and motion time histories of single and 
twin-screw propulsion ships, in which MHCs should be extracted 
from PMM tests or semi-empirical relations. Ni et al. [6] proposed 
the mathematical model for heave and pitch motion in regular 
waves to improve the manoeuvring behaviour of a maritime 
simulator. The multi-parameter conformal mapping method was 
adopted to solve the hydrodynamic problem of ships’ transverse 
sections The integration of the hydrodynamic coefficients and 
the wave exciting forces for the ship hull was then obtained using 
the strip method. Yiew et al. [7] developed a real-time method to 
simulate vessel manoeuvring in waves. As a benchmark, MHCs 
of a KCS hull were estimated using URANS-CFD generated 
manoeuvers in regular waves over a range of incidence angles, 
wavelengths, and Froude numbers. The estimated wave loads, 
together with rudder and propeller forces, were prescribed in 
the mathematical manoeuvring model. Kołodziej and Hoffmann 

NOMENCLATURE

Δ Mass of planing craft (kg)
L Length overall (m)
B Breadth (m)
β Deadrise angle (degrees)
CG Centre of gravity
LCG Longitudinal centre of gravity from transom (m)
VCG Vertical centre of gravity from keel (m)
Ixx Roll moment of inertia (kg.m2)
Izz Yaw moment of inertia (kg.m2)
Ixz Yaw-roll moment of inertia (kg.m2)
V Forward speed (m/s)
Lk Wetted keel length (m)
Lc Wetted chine length (m)
Fr Froude number (Fr = V/ )
Cv Speed coefficient (Cv =V/ )
X Force in surge direction (N)
Y Force in sway direction (N)
K Moment in roll direction (N.m)
N Moment in yaw direction (N.m)
u Surge velocity (m/s)
v Sway velocity (m/s)
u. Surge acceleration (m/s2)
v. Sway acceleration (m/s2)
ϕ Roll angle (degrees or radians)
θ Pitch angle (degrees or radians)
z Heave displacement (m)
w Heave velocity (m)
w. Heave acceleration (m/s2)
p Roll velocity (degrees/s or radians/s)
p. Roll acceleration (degrees/s2 or radians/s2)
r Yaw velocity (degrees/s or radians/s)
r. Yaw acceleration (degrees/s2 or radians/s2)
Xthrust Thrust force in surge direction (N)

Yrudder Rudder force in sway direction (N)
Krudder Rudder force in roll direction (N.m)
Nrudder Rudder force in yaw direction (N.m)
Rt(V) Resistance force (N)
Xu Surge force change due to surge velocity change (N.s/m)
Xu. Surge force change due to surge acceleration change (kg)
Xθ Surge force change due to pitch motion change (N)
Xz Surge force change due to heave motion change (N/m)
Xv Surge force change due to sway velocity change (N.s/m)
Xv. Surge force change due to sway acceleration change (kg)
Xr Surge force change due to yaw velocity change (N.s)
Xr. Surge force change due to yaw acceleration change (N.s2)
Xϕ Surge force change due to roll motion change (N)
Xp Surge force change due to roll velocity change (N.s)
Xp. Surge force change due to roll acceleration change (N.s2)
Yv Sway force change due to sway speed change (N.s/m)
Yv. Sway force change due to sway acceleration change (kg)
Yϕ Sway force change due to roll displacement change (N)
Yr Sway force change due to yaw velocity change (N.s)
Yr. Sway force change due to yaw acceleration change (N.s2)
Kϕ Roll moment change due to roll displacement change (N.m)
Kp Roll moment change due to roll velocity change (N.m.s)
Kp. Roll moment change due to roll acceleration change (N.m.s2)
Kv Roll moment change due to sway speed change (N.s)
Kr Roll moment change due to yaw speed change (N.m.s)
Nr Yaw moment change due to yaw speed change (N.m.s)
Nr. Yaw moment change due to yaw acceleration change (N.m.s2)
Nϕ Yaw moment change due to roll displacement change (N.m)
Nv Yaw moment change due to sway speed change (N.s)
Nv. Yaw moment change due to sway acceleration change (N.m.s)
fx Non-linear terms of hydrodynamic forces in surge direction
fy Non-linear terms of hydrodynamic forces in sway direction
fK Non-linear terms of hydrodynamic forces in roll direction
fN Non-linear terms of hydrodynamic forces in yaw direction
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[8] presented an attempt to develop a computational method for 
ship manoeuvrability prediction, in which the hydrodynamic 
characteristics of the hull are identified using a CFD method by 
simulating the circular motion test. 

The running attitude is defined as the draught and trim change 
of a marine vessel due to forward speed change. Since ships 
have a negligible running attitude while doing manoeuvres, 
4 DOF motion equations (where heave and pitch equations are 
ignored) effectively simulate their manoeuvrability. However, the 
running attitude of a planing craft varies as the forward speed 
changes while doing manoeuvres. Figure 1 depicts a planing 
craft in a turning manoeuvre in five instants. It is in a steady 
straight path at a certain speed (V0) and attitude in the planing 
regime (1). A turning manoeuvre commences by applying the 
steering force (using a rudder, azimuth thruster, water jet or 
steerable propeller shaft), and the speed, attitude and path begin 
to change (2). In the middle of the turn, the speed changes to 
V1, the attitude proportionally changes and the path follows an 
arc (3). The craft reaches a steady speed (V2), an appropriate 
attitude and almost a circular path (4). The steady condition 
continues to a yaw angle of 180° at the same steady speed of 
V2 and corresponding attitude (5). The under-water part of the 
craft rapidly varies, in proportion to the running attitude, which 
leads to a rapid change in the projected wetted area, as shown in 
Fig. 1(b). The hydrodynamic forces, due to sway, roll and yaw 
motions, are related to the projected wetted area. Consequently, 
6 DOF motion equations, all of them being coupled to each other, 
must be employed for a planing craft manoeuvre. 

Fig. 1. A scheme of attitude change of a planing craft during turning 
(1: steady straight path, 2: start of manoeuvre, 3: non-steady path, 

4: steady turn, and 5: 180° turning)

Several studies have been conducted on the manoeuvrability 
of planing craft for the extraction of the MHCs, where the 
running attitude was taken into consideration as a parameter. 
Henry [9] investigated hydrodynamic forces in six directions 
acting on prismatic planing hulls using captive model tests. 
Henry conducted 863 runs for different conditions of forward 
speed, trim angle, draught, roll angle, yaw angle and rate.  

Plante et al. [10] simulated the manoeuvrability of a craft in 
the semi-planing regime using the 6 DOF motion equations 
presented by Toxopeus et al. [11]. The MHCs were extracted 
using the PMM test, where the model was fully restrained and 

forced into a manoeuvring motion, and forces were recorded 
in 6 DOF. The draught, trim angle, forward speed and sway 
and yaw velocities were systematically varied. They did not 
consider the roll motion coupling terms and conducted more 
than 300 test runs. Ikeda et al. [12] did a thorough study of 
hydrodynamic forces acting on a planing hull for six motions, 
by conducting 150 to 200 PMM static tests that considered the 
running attitude, roll angle and yaw angle as the only parameters. 
Katayama et al. [13] showed that the MHCs of planing hulls 
are not constant, as they alter as the craft speed changes during 
a manoeuvre. They concluded that the sway and yaw velocities 
and accelerations affect the running attitude during manoeuvres. 
Moreover, the experiments by Katayama et al. [14] on the turning 
diameter of a planing hull also supported their findings [13]. 
Katayama et al. [15] presented a 3 DOF mathematical model for 
the surge, sway and yaw motions during the manoeuvrability of 
a planing craft in the semi-planing regime. They extracted the 
MHCs for fixed and free rolling conditions at a certain forward 
speed but the number of test runs was not reported. 

Yasukawa et al. [16] presented 4 DOF motion equations, 
where the heave and pitch motions were disregarded, for 
a high-speed ship with a Froude Number from 0.6 to 1.0. They 
introduced a procedure for the calculation of the MHCs, where 
running attitude variation was considered with more than 100 
test runs for two forward speeds. Ircani et al. [17] simulated 
the manoeuvrability characteristics of a planing craft by a 4 
DOF mathematical model, where the heave and pitch motions 
were disregarded, based on a captive model test available in 
the open literature [9,13,14]. Hajizadeh et al. [18] simulated 
a planing craft manoeuvre by a 4 DOF mathematical model 
for a straight-line, course-changing and turning manoeuvres, 
using the MHCs in [19]. 

Tavakoli and Dashtimanesh [20] simulated a  turning 
manoeuvre for a planing craft using MCHs computed by a 2D+T 
method [21]. They solved 6 DOF motion equations in a strongly 
coupled condition. They simulated pure sway and pure yaw 
tests for two conditions of a fixed and free heave, pitch and roll 
[21]. Algrin and Bula [22] developed a 6 DOF mathematical 
model, in conjunction with the 2D+T method, to determine 
the MHCs. They investigated the influence of the main design 
parameters, such as the deadrise angle, LCG, VCG and forward 
speed, on turning and zigzag manoeuvres. 

The above literature review indicates that planing craft 
manoeuvre simulation requires 6 DOF motion equations to 
include the running attitude variation. The 6 DOF motion 
equations require as many as hundreds of MHCs, and each of 
them needs many experiments; all together, several thousand 
test runs are required. This is an expensive and time-consuming 
task, which is a major constraint for the development of planing 
craft manoeuvre modelling. A solution to this problem is to 
simplify the motion equations while preserving their generality 
at the same time. This solution should result in significantly 
decreasing the number of PMM tests. The present study is an 
attempt to simplify the motion equations and reduce the number 
of PMM test runs. An improved accuracy, as well as a reduction 
in the number of test runs, may be pursued in the introduced 
method, in the future. 
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where X, Y, Z, K, M and N are the hydrodynamic forces of the 
hull, propeller and rudder in the HCS. The hydrodynamic forces 
are generated as a result of motion displacements, velocities and 
accelerations. They may be expressed by first-order or higher-
order terms.

Although the heave and pitch strongly affect the four other 
motions during a manoeuvre, they are marginally affected by 
the four other motions. As far as the impact of the four other 
motions on the heave and pitch are concerned, one may conclude 
(from Sadati et al. [24]) that the yaw, sway and roll velocities 
are much smaller than the surge velocity during a  steady 
turning manoeuvre. Therefore, the heave and pitch motions are 
dominated by the surge velocity, which is almost equivalent to the 
speed of a craft. Additionally, Sadati et al. [24] showed that the 
trim angle in a straight path is almost equal to the pitch during 
a steady turning condition in the planing regime. 

For the sake of simplicity, the heave and pitch motion 
equations are replaced by the rise-up and dynamic trim that 
result from a conventional resistance test, as a function of 
forward speed. They may also be estimated by a regression 
method, such as that used by Savitsky [25]. Therefore, this 
study simplifies the 6 DOF motion equations by introducing 
4+2 DOF motion equations that include four dynamic motion 
equations of surge, sway, roll and yaw and two quasi-static 
motion equations of heave and pitch. Accordingly, Eq (1) can 
be rewritten as follows:

Hence, this study replaces 6 DOF motion equations by 4+2 
DOF motion equations, where the ‘4’ refers to surge, sway, roll 
and yaw motions and ‘2’ refers to a simplified form of heave 
and pitch motion equations. The simplified heave and pitch 
equations contain just heave and pitch displacements, and they 
are equivalent to a dynamic draught and trim that results from 
the craft’s forward speed in a straight path. In other words, the 
heave and pitch velocities and acceleration-induced forces on 
the six motions are ignored, due to their relatively marginal 
effects and to simplify the process. Meanwhile, the coupling 
between the heave and pitch displacements with four other 
motions is maintained. Following the 4+2 DOF method, a PMM 
test procedure is developed. In this procedure, a PMM test at 
each forward speed is conducted, in which the planing model is 
restrained for the running attitude that results from a resistance 
test at the same forward speed. The PMM test must be conducted 
for a range of forward speeds that the planing craft may encounter 
during the manoeuvre under consideration. Interpolation of the 
MHCs between the tested forward speeds is feasible for the rest 
of the forward speeds.

This study was conducted on a prismatic model with a 25° 
deadrise angle. Initially, the conventional resistance test was 
conducted on a range of forward speeds, and the heave and 
pitch displacements were recorded. Additionally, a set of PMM 
tests were performed on two forward speeds, which resulted in 
a set of crucial MHCs. The rest of the MHCs were calculated 
using a numerical method. Finally, the 4+2 DOF method was 
employed for a turning manoeuvre simulation, and the result of 
the simulation was then analysed. 

THE 4+2 DOF METHOD

Three coordinate systems are employed to define the planing 
craft manoeuvre, where the Earth-fixed coordinate system (ECS) 
and body-fixed coordinate system (BCS) are the same as those 
for ships [23]; the hydrodynamic coordinate system (HCS) is an 
additional coordinate system. The HCS contains four motions: 
three translational motions (surge, sway and heave) and one 
angular motion (yaw). The origin of this system is always located 
at the centre of gravity of the planing craft. The ECS, BCS and 
HCS are denoted by X0Y0Z0, ξγζ and xyz, respectively. 

Figure 2 shows a trajectory for a planing craft that starts on 
a straight path at the origin of the ECS, has a forward speed 
of V0, and arrives at a new point, where its speed changes to V 
(a parameter that is composed of u and v and defined in the 
HCS). The angle between the path of the craft and x-axis is the 
drift angle, β. The parameter ψ indicates the yaw angle with 
respect to the heading of the craft at the start of a manoeuvre. 

Using Newton’s second law in the HCS, the six coupled 
motion equations for the planing craft manoeuvre can be written 
as follows [19]: 
    Δu. – Δvr = X
    Δv. – Δur = Y
   Δw.  = Z
    Ixx p. – Ixz r. = K
    Iγγ q.  = M

 Izz r. – Ixz p. = N          (1)

Fig. 2. Definitions of the ECS, BCS and HCS

 Δu. –Δvr = Xuu+Xu.u. +Xθθ+Xzz+Xthrust+fx

 Δv. –Δur = Yvv+Yv.v. +Yϕϕ+Yp p+Yp. p. +Yrr+Yr.r. +Yrudder+fy

 z(v): Extracted from resistance test
 Ixx p.  –Ixzr. = Kϕϕ+Kp p+Kp. p. +Kvv+Kv.v. +Krr+Kr.r. +Krudder+fk

 θ(v): Extracted from resistance test
 Izzr.  –Ixz p. = Nrr+Nr.r. +Nϕϕ+Np p+Np. p. +Nvv+Nv.v. +Nrudder+fN

   (2)
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where fx, fy, fk and fN are non-linear terms for hydrodynamic 
forces in surge, sway, roll and yaw directions, respectively. The 
non-linear terms are extracted in the sections following the 
PMM test results. Effects of the transverse motion (sway-roll-
yaw) on the surge motion are ignored, which results in omitting 
those terms representing transverse forces on fx (i.e. Xvvv

2, Xv.v.v
.2, 

Xrrr
2, Xr.r.r

.2, Xϕϕϕ2, Xppp
2, Xp.p. p

.2 and the higher orders) [16]. The  
Xuu + Xθθ + Xzz terms in the surge equation and the non-
linear terms in fx, are replaced by the drag force, measured by 
a resistance test, Rt(u).

The coupling between the longitudinal and transverse 
motions is maintained if the MHCs for the surge, sway, roll 
and yaw motions are related to the forward speed and running 
attitude. The instantaneous under-water parts of a planing craft 
are determined by its dynamic draught and trim, which are 
heave and pitch displacements, respectively. The projected 
wetted area dominates the hydrodynamic forces for the four 
other motions, which is why the heave and pitch motions 
strongly affect them (see Fig. 1(b)). Moreover, to simplify the 
equations, the coupling between sway, roll and yaw are ignored, 
which can be considered in future studies.

Following the 4+2 DOF method represented in Eq. (2), 
a PMM test procedure is developed that requires fewer PMM 
test runs. In this procedure, a PMM test at each forward speed 
is conducted in which the planing hull is restrained to the 
running attitude that results from a resistance test for a given 
forward speed. The PMM test must be conducted for the range 
of forward speeds that the planing craft may encounter during 
the manoeuvre under consideration. Interpolation of the MHCs 
between the tested forward speeds is achievable for the rest of 
the forward speeds. A scheme of the 4+2 DOF method and 
PMM test procedure is illustrated in Fig. 3. 

Fig. 3. MHC extraction using PMM test and interpolation following the 
4+2 DOF method

PROPULSION AND CONTROL FORCES

Planing craft benefit from surface drive systems, where the 
control system consists of either a trimmable and steerable 
propeller or a trimmable propeller together with a conventional 
rudder (Fig. 4). Figure 5 illustrates the thrust and control forces 
on a planing craft in a manoeuvre where the trimmable and 
steerable propeller is employed. The craft has a dynamic trim 
of τ, and the propeller shaft has a trim of γ and is steered by δR.

According to Fig. 5, the thrust and control force components 
in the four motion equations of Eq. (2) in HCS may be written 
as follows:
    Xthrust = T cos (γ + τ) cos δR
    Yrudder = T cos (γ + τ) sin δR
    Krudder = T cos (γ + τ) zT sin δR
    Nrudder = T cos (γ + τ) xT sin δR

   (3)

where T is the thrust force, and xT and zT are x and z coordinates 
of the thrust force with respect to the centre of gravity, 
respectively. 

MANOEUVRING HYDRODYNAMIC 
COEFFICIENTS

Following the 4+2 DOF method, a  set of PMM test 
were conducted at the National Iranian Marine Laboratory 
(NIMALA) for several MHCs. The NIMALA is a well-equipped 
hydrodynamic laboratory for ships, planing craft and offshore 
structures; it contains a large towing tank of 400 m length 
and carriage speed of 18 m/s. It has a PMM that provides the 
possibility of static and dynamic captive model tests for ships 
and planing hulls. Due to dynamometer characteristics, the roll 
induced hydrodynamic coefficients were not recorded. For this 
study, the PMM tests are employed for MHCs related to sway 
and yaw velocities and accelerations, and the rest of them are 
numerically evaluated.

A prismatic planing model is chosen for the simulation. 
Following Fridsma body lines [27], a model of 25° deadrise 
angle was selected for the study (Fig. 6). Table 1 shows the main 
characteristics of the model. It should be noted that the mass 
moments of inertia are measured in the BCS and are almost 
equal to the mass moments of inertia in the HCS [19].

Fig. 4. Steering system of the planing craft [26]

Fig. 5. Thrust and control forces for a surface drive system
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Fig. 6. 25° prismatic model 

Tab. 1. Characteristics of the model

Parameter Value

Deadrise angle 25°

LOA 1.500 (m)

LWL 1.430 (m)

B 0.300 (m)

T 0.376 (m)

LCG from transom 0.615 (m)

Δ 16.450 (kg)

P 1002 (kg/m2)

Radius of gyration 0.375 (m)

Iξξ 0.160 (kg.m2)

Iζζ 2.313 (kg.m2)

RESISTANCE TEST

Upon considering the 4+2 DOF method given in Eq. (2) and 
assuming that the hydrodynamic forces of planing hulls are 
speed dependent, the model is restrained in a vertical plane at 
a certain attitude. The running attitude of the model, namely the 
heave and pitch displacements, is determined by conventional 
resistance testing at a given forward speed. Table 2 shows the 
results of the resistance tests.

Tab. 2. Results of resistance tests

V (m/s) Rt (N) θ (degrees) z (m) Lk (m) Lc (m)

5.00 26.49 3.98 0.01842 1.303 0.452

5.75 28.61 4.14 0.02428 1.274 0.367

PMM TEST

Both static and dynamic PMM tests were conducted at two 
forward speeds of 5.00 and 5.75 m/s. The model was restrained 
by the PMM apparatus at fixed running attitudes, as given in 
Table 2. Table 3 shows the testing scenario and Fig. 7 shows 
the model during a pure yaw test.

Fig. 7. Model during a pure yaw test

Tab. 3. PMM test scenario

Static drift test

Forward speed (m/s) Drift angle (degrees) Number of tests

5.00 and 5.75 0, ±2, ±4, ±6, ±8 and ±10 20

Pure sway test

Forward speed 
(m/s)

Sway amp.  
(m)

Frequency  
(Hz)

Number  
of tests

5.00 and 5.75 0.5 0.15, 0.20, 0.25 
and 0.30 8

Pure yaw test

Forward 
speed (m/s)

Yaw amp. 
at V=5 m/s 
(degrees)

Yaw amp. at 
V=5.75 m/s 

(degrees)
Frequency

(Hz)
Number 
of tests

5.00 and 
5.75

5.40, 7.20, 
9.00 and 

10.80

4.70, 6.25, 
7.83 and 

9.39

0.15, 0.20, 
0.25 and 

0.30
8

Static drift test
Figure 8 illustrates the results from the static drift tests 

conducted according to Table 3, at drift angles of 0°, ±2°, ±4°, 
±6°, ±8° and ±10°. These drift angles (with respect to v = –Vsinβ) 
lead to the sway velocities presented in Table 4. As shown in Fig. 
6, both the sway force and yaw moment are functions of sway 
velocity which follow a non-linear curve that corresponds to 
the cubic polynomial, resulting in Yv, Yvvv, Nv and Nvvv. 

Tab, 4. The sway velocity in static drift test

Forward 
Speed 
(m/s)

Drift angle  
(degrees)

Sway velocity  
(m/s)

5.00 0, ±2, ±4, ±6, ±8  
and ±10

0, ±0.175, ±0.349, ±0.523, ±0.696  
and ±0.868

5.75 0, ±2, ±4, ±6, ±8  
and ±10

0, ±0.201, ±0.401, ±0.601, ±0.800  
and ±0.998

Fig. 8. Static drift force at two forward speeds
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Pure sway test
Referring to Table 3, the pure sway test was conducted at 

oscillation frequencies of 0.15, 0.20, 0.25 and 0.30 Hz and a sway 
amplitude of 0.5 m, resulting in the sway acceleration given in 
Table 5. Figure 9 illustrates the pure sway test results as a function 
of sway acceleration. The sway force is almost a linear function 
of the sway acceleration, which results in the linear term Yv.. 
Following the curve fitting, the yaw moment is a third-degree 
polynomial function of the sway acceleration, which yields Nv. 
and Nv.v.v..

Tab. 5. The sway acceleration in pure sway test

Forward 
Speed 
(m/s)

Sway 
amp.  
(m)

Frequency  
(Hz)

Sway acceleration  
(m/s2)

5.00 0.5 0.15, 0.20, 0.25 
and 0.30

±0.444, ±0.790, ±1.234, 
±1.777

5.75 0,5 0.15, 0.20, 0.25 
and 0.30

±0.444, ±0.790, ±1.234, 
±1.777

Fig. 9. Pure sway test at two forward speeds

Pure yaw test
Regarding Table 3, the pure yaw test is conducted at a sway 

amplitude of 0.5 m, frequencies of 0.15, 0.20, 0.25 and 0.30 Hz 
and yaw amplitudes of 4.70°, 6.25°, 7.83° and 9.39°. The tests were 
conducted at the yaw velocities and accelerations shown in Table 6. 
Figure 10 demonstrates the yaw velocity induced forces on the 
sway and yaw motions. Using curve fitting, the sway force and yaw 
moment are third-degree polynomial functions of the yaw velocity.

Tab. 6. The yaw velocity and acceleration in pure yaw test

Forward 
Speed
(m/s)

Frequency
(Hz)

Yaw amp.
(degrees)

Yaw velocity
(m/s)

Yaw 
acceleration

(m/s2)

5.00
0.15, 0.20, 
0.25 and 

0.30

5.40, 7.20, 
9.00 and 

10.80

±0.089, ±0.158, 
±0.247 and 

±0.355

±0.084, ±0.198, 
±0.388 and 

±0.670

5.75
0.15, 0.20, 
0.25 and 

0.30

4.70, 6.25, 
7.83 and 

9.39

±0.077, ±0.137, 
±0.215 and 

±0.309

±0.073, ±0.172, 
±0.337 and 

±0.582

Fig. 10. Pure yaw test for yaw velocity at two forward speeds

Figure 11 presents the sway force and yaw moment versus the 
yaw acceleration. The yaw moment is approximated as a linear 
function of the yaw acceleration, i.e. Nr. . Through curve fitting, 
the sway force is approximated by a cubic polynomial of the yaw 
acceleration, i.e. Yr. and Yr.r.r.. 

Fig. 11. Pure yaw test for yaw acceleration at two forward speeds

MHCs calculated from the PMM test
Following the above details, the MHCs induced by the sway 

and yaw velocities and accelerations are summarised in Table 7. 

Tab. 7. MHCs for the 25o prismatic model calculated from the PMM tests

ROLL INDUCED MHCS

Slender body theory may be utilised for the evaluation of 
certain MHCs. Referring to Sadati et al. [28], Appendix 1 presents 
the principles and the formulas for the calculation of MHCs for 
two-dimensional wedge sections, using the water entry problem 
for the asymmetric wedges. Based on Appendix 1, a computer 
code was developed, where the inputs are V, Lk, β, ϕ, and θ, and 
the outputs are the roll-induced forces on the sway, roll and yaw 
motions, e.g. Yϕ, Nϕ, Kϕ and their higher orders, respectively. The 
computer code is employed for the 25° prismatic model at roll 
angles of 0°, ±2°, ±4°, ±6°, ±8° and ±10° at forward speeds of 5.00 

No. MHC Dimension V=5.00 (m/s) V=5.75 (m/s)

1 Yv N.s/m -52.1660 -51.0590

2 Yvvv N.s3/m3 -26.9240 -18.0090

3 Nv N.s -1.0858 -2.8983

4 Nvvv N.s3/m2 8.7667 7.3440

5 Yv. kg -26.0970 -24.0040

6 Nv. N.s2 1.0705 0.3437

8 Nv.v.v. N.s3/m2 0.6579 0.4941

9 Yr N.s -12.7850 56.2585

10 Yrrr N.s3 152.1700 -731.8400

11 Nr N.m.s -5.1717 -3.8114

12 Nrrr N.m.s3 24.5950 -29.9710

13 Yr. N.s2 -36.5520 6.2713

14 Yr.r.r. N.s6 16.4030 -22.7920

15 Nr. N.m.s2 -2.0112 -1.8862
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and 5.75 m/s. Figure 12 shows the roll induced sway force, roll 
moment and yaw moment as a function of the roll angle. Table 8 
shows the calculated MHCs at two forward speeds. As shown, 
the linear term reasonably represents the considered MHCs in 
the model over a practical range of roll angles (less than 10°).

Fig. 12. Roll angle induced forces using the 2D+T method at two forward speeds

Tab. 8. Roll angle induced MHC for the 25° prismatic model

No. MHC Dimension V=5.00 (m/s) V=5.75 (m/s)

1 Yϕ N/rad 179.3700 213.6900

2 Kϕ N.m/rad -37.3890 -45.3740

3 Nϕ N.m/rad -1.7382 -7.9092

SIMULATION OF THE TURNING 
MANOEUVRE USING THE 4+2 DOF 

METHOD
Simulation of the turning manoeuvre based on the 4+2 

DOF method requires a computer code, all MHC terms and 
the propulsion and control forces. In this section, they are 
considered for the 25° prismatic model. A computer code is 
developed based on the procedure shown in Fig. 13. 

MHCS

To simulate a turning manoeuvre, many MHCs are required; 
several of them are calculated from experiments and the 2D+T 
method, as described in the previous section. The rest of them 
are collected from other applicable studies. Zeratagar et al. [29] 
tested the same 25° prismatic model and reported the surge 
added massfor 1.454 and 1.222 kg at forward speeds of 5.00 and 
5.75 m/s, respectively. Lewandowski [19] suggested regression 
equations for a set of roll-induced MHCs, such as Kp , Kp

.  and Kv 
where Yp , Yp

.  , Np , Np
.  , Kv

. , Kr and Kr
. were regarded as being zero. 

The surge added mass anticipated by Zeratagar et al. [29] and 
some of the roll induced MHCs, estimated by Lewandowski [19], 
are employed in the simulation.  

ACCOMPLISHED MANOEUVRE MOTION EQUATIONS 
FOR THE 4+2 DOF METHOD 

The PMM tests and 2D+t method, along with the available 
MHCs from the literature, provided a set of linear and non-
linear MHCs. It should be noted that the motion equations based 
on Newton’s second law are written for linear accelerations. 
Therefore, the non-linear terms of MHCs due to acceleration 
are considered to be zero in the motion equations. Following 
the results and analysis from the PMM tests and simulations, 
non-linear terms for the MHCs, namely fx, fy, fk and fN, are 
given in Table 7 and 8. Finally, the 4+2 DOF motion equations 
are as follows:

RESULTS AND DISCUSSION

A computer code was developed in MATLAB software, 
according to an algorithm, as per Fig. 13 and Eq. (4). It should 
be noted that the non-linear terms in Eq. (4) are particularly 
applicable to the 25° prismatic model. For any new planing 
craft, they must be determined appropriately.

Fig. 13. Simulation Procedure

 Δu. –Δvr = Rt(u)+Xu.u. +Tcos(γ+τ)cosδR
 Δv. –Δur = Yvv+Yvvvv3 +Yv.v. +Yϕϕ+Yp p+Yp. p. +Yrr+Yrrrr3+ 
 Yr.r. +Tcos(γ+τ)sinδR
 z(v): Extracted from resistance test
 Ixx p.  –Ixzr. = Kϕϕ+Kp p+Kp. p. +Kvv+Kv.v. +Krr+Kr.r. + 
 Tcos(γ+τ)zT sinδR
 θ(v): Extracted from resistance test
 Izzr.  –Ixz p. = Nrr+Nrrrr3+Nr.r. +Nϕϕ+Np p+Np. p. +Nvv+ 
 Nvvvv3 +Tcos(γ+τ)xT sinδR

   (4)
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Simulation of a turning manoeuver with the 25°  
prismatic model

A  turning manoeuvre for the 25° prismatic model was 
simulated. It commenced with the model moving in a straight 
path at a forward speed of 5.75 m/s (Fr = 1.5) in a steady condition. 
It continued by changing the steering angle to 10° with a rate of 
1.5 degrees/s. Figure 14 depicts the trajectory of the model in 
the ECS. The STD is about 29.5 m, which is equal to a STD/L of 
19.66, which is relatively large in comparison to that for ships. 

Fig. 14. Turning manoeuvre trajectory at 5.75 m/s and steering angle of 10°

Figure 15 shows the surge acceleration and velocity versus time. 
The surge encounters a sharp deceleration in 7 s. Then, it smoothly 
returns to zero, as expected. This indicates that the steering force 
is dominant for the planing craft, in contrast to the situation for 
ships. After a while, the surge velocity starts to diminish, and 
it finally becomes steady after 50 s. The surge velocity reduces 
about 0.54 m/s during the turning manoeuvre. One should note 
that the calculation assumes that the propulsion system provides 
a constant net thrust during the turning manoeuvre.

Figure 16 depicts the sway velocity and acceleration versus 
time. The 25° prismatic model transversely accelerates and reaches 
its maximum value after 3 s as the steering force rapidly generates 
and then quickly returns to zero. The sway velocity follows the 
acceleration tendency and starts from zero when the manoeuvre 
commences, and approaches -0.17 m/s in its steady condition. 
The sway motion comes to a steady condition as early as 30 s 
after the start of the manoeuvre. 

Figure 17 illustrates the yaw velocity and acceleration versus 
time. They follow the same trend as the sway velocity and 
acceleration. In the steady condition, the yaw velocity reaches 
21.7 degrees/s, while the yaw acceleration reaches zero. Figure 
18 shows the roll angle versus time. The roll angle starts at zero 
and reaches 6.8° at the steady condition. 

Figure 19(a) shows the forward speed, V, versus time. It 
loses 0.545 m/s of its initial value and reaches 5.205 m/s after 
35 s. Figure 19(b) shows the drift angle, β, versus time. The drift 

Fig. 15. Surge velocity and acceleration versus time

Fig. 16. Sway velocity and acceleration versus time
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angle starts at zero and approaches 1.9°. It seems that the drift 
angle reaches the steady condition after 40 s. 

It can be seen that all displacements and velocities reach 
constant values, while the acceleration becomes zero in the 
steady turning condition.

Effects of non-linear MHC terms  
on the turning parameters

For most physical phenomena, linear terms play the main 
role and justify ignoring non-linear terms. If non-linear terms 
are disregarded, the simulation is simplified and requires less 

Fig. 17. Yaw velocity and acceleration versus time

Fig. 19. Forward speed (a) and Drift angle (b) versus time

Fig. 18. Roll angle versus time
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effort. To investigate the significance of non-linear terms on 
the simulation results, the simulation was repeated with linear 
MHC terms only. Figure 20 compares the results of the linear 
and non-linear simulations at a forward speed of 5.75 m/s, 
steering angle of 7° and steering angle rate of 1.5 degrees/s. 
Although the considered steering angle is relatively small, the 
influence of the non-linear MHCs on the turning manoeuvres 
was significant. 

Verification
Verification of a simulation is typically achieved by comparing 

the results with those from manoeuvring trials of full-scale boats 
or a free-running model test. The prismatic models, such as the 
25° deadrise angle in this study, are benchmark hulls that have 
never been built as a planing boat. Additionally, a free-running 
model test of a planing boat is almost impossible, due to the need 
for a relatively large engine that is hard to accommodate in the 
model. The only solution is to conduct full-scale manoeuvring 
trials with an existing planing boat, to qualitatively verify the 
simulation results. 

We conducted full-scale manoeuvring tests on two boats 
(Case A and Case B) and the results have recently been published 
[24]. The boat in case A had a length of 15.4 m and a weight of 
11.0 tons. It is not possible to find out whether full-scale test 
runs fully complied with the simulations and of the several test 
runs, two of them were selected for qualitative verification; they 
were more compliant with the model data. The tests started at 
a forward speed of 38.5 knots (Fr = 1.61) and rudder angles 
of 14° and 20°. The trajectories of the turning manoeuvre are 
illustrated in Fig. 21, where the STD/L was 34.00 and 17.80 at 
a rudder angle of 14° and 20°, respectively. The forward speed 
decreased to 34.00 and 30.00 knots at a rudder angle of 14° and 
20°, respectively [24]. 

The boat in Case B had a length of 7.9 m and a weight of 3.0 
tons. One of the turning tests of Case B starts and ends in the 
planing regime. The test starts at a forward speed of 36.5 knots 
(Fr = 2.13) and rudder angle of 10°. Figure 22 shows the path 
of the turning manoeuvre where STD/L was 34.9. The forward 
speed decreased from 36.50 knots to 29.5 knots [24]. 

Despite the dissimilarities between the 25° prismatic model 

and planing boats, in terms of geometries and control systems, 
an inherent similarity may be observed by comparing Fig. 13 
with Fig. 21 and 22. It may be concluded that the full-scale 
manoeuvring trials qualitatively support the 4+2 DOF method.

Fig. 20. Effects of non-linear MHC terms on the turning manoeuvre at 5.75 m/s and steering angle of 7°

Fig. 21. Non-dimensional path of turning manoeuvre of Case A at rudder 
angles of 14° (blue) and 20° (red) [24]

Fig. 22. Non-dimensional path of turning manoeuvre of Case B 
at rudder angle of 10° [24]
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CONCLUSIONS

In this study, standard 6 DOF motion equations for planing 
craft manoeuvres are developed in the form of 4+2 DOF motion 
equations, including heave and pitch motions in a simplified 
form, to ease the simulation requirements. The developed 
method is applicable for those simulations which commence 
in the planing regime and ends in the same regime. Based on 
the 4+2 DOF method, a PMM test set-up is developed and 
conducted on a 25° prismatic hull. The conclusions of this 
study are as follows:

∙  The 4+2 DOF method effectively simplifies planing craft 
manoeuvre simulations and decreases the number of PMM 
tests.

∙  According to PMM test results, MHCs are highly related 
to forward speed and wetted surfaces.

∙  The non-linear terms of MHCs cannot be ignored for 
simulation of manoeuvrability.

∙  The STD/L for a planing craft is very large (about 30), 
compared to ships (about 5), if the turning manoeuvre is 
conducted in the planing regime and ended in the same 
regime.
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APPENDIX 1

FORMULATION OF ROLL INDUCED MHCS USING 
WATER ENTRY FOR 2-D WEDGE SECTIONS 
AND THE SLENDER BODY METHOD

Several studies were undertaken for the calculation of 
MHCs, based on the slender body method. Tascon et al. 
[30] studied the application of the slender body method for 
the computation of hydrodynamic forces acting on a planing 
hull. They utilised commercial CFD software, Star CCM+®, to 
obtain the force distribution on a rolled wedge impacting the 
water surface and having vertical and horizontal velocities. Then, 
the forces on the two-dimensional wedge sections were integrated 
along the length of the craft, which resulted in the hydrodynamic 
forces. Morabito [31] employed a two-dimensional oblique 
impact model on a three-dimensional planing body using the 
slender body theory for an estimation of the planing hull side 
force as a function of the sway velocity.

Following the above methods, a static roll test was simulated 
for the calculation of Yϕ, Kϕ and Nϕ, based on a solution for 
an asymmetric water entry for the 2-D wedges. The problem 
considered here is the roll displacement, ϕ, and induced 
hydrodynamic forces on the sway, roll and yaw motion. Algarin 
and Tascon [33] considered the water entry problem for 2-D 
wedges at a vertical speed of w and acceleration of w.  at the 
asymmetric condition defined in Figure 1. The pressure on 
each side of the wedge is as follows:

  (1)
where c and c. are the wetted beam and its rate, respectively. 
Also, μ and μ. are defined as asymmetric parameters and their 
rates, as follows [33]:

   μ =  (C1 – C2)

    μ. =  (C. 1 – C. 2)         (2)
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Figure 1. Definition of parameters for the water entry problem 
for a wedge in an asymmetric condition. 

For a planing craft during rolling, each section may face three 
conditions: un-wetted chine of both sides; wetted chine of one 
side and un-wetted chine of the other side; and wetted chine 
of both sides. As a chine becomes wet, the term w.  decreases 
to zero, the pressure at the chine decreases to zero and Eq (1) 
is modified accordingly. At a given pair of forward speeds and 
roll angles, each section along the wetted keel length (Lk) is 
determined as a chine with a wetted or un-wetted section. The 
pressure evaluated by Eq (1) is integrated around both sides of 
a section and forces, f1 and f2, and the centre of forces, yc1, yc2, 
zc1 and zc2, are calculated as follows:

f1 = ∫0

b1/cosβ P.dl  and  f2 = ∫0

b2/cosβ P.dl  (3)

yc1 = cosβ  and  yc2 =  cosβ (4)

zc1 =  sinβ  and  zc2 =  sinβ (5)

f
→

 = f
→

1 + f
→

2       (6)

fy1 = – f1 sinβ  and  fy2 = – f2 sinβ   (7)

fz1 = – f1 cosβ  and  fz2 = – f2 cosβ   (8)

mx= –fy1∙(VCG–zc1)–fy2∙(VCG–zc2)–fz1 yc1+ fz2 yc2 (9)

where f
→

 is the resultant force vector, fy1, fy2, fz1 and fz2 are force 
components, and mx is the moment of each section. The total 
force induced by the roll angle on the sway, roll and yaw motion 
are approximated by an integration of the section forces along 
the wetted keel length:

fy = fy1+ fy2  →  Y = ∫0

Lk fy dx   (10)

K = ∫0

Lk mx dx        (11)

N = ∫0

Lk xfy dx        (12)

where Y, K and N are roll-induced forces on the sway, roll and 
yaw motions, respectively. 
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