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ABSTRACT

The dynamics of the installation process of marine risers subjected to shoal/deep seawater is studied. The riser is assumed 
to be a cantilevered Euler‒Bernoulli beam. The upper end of the riser is clamped on the vessel or the drilling platform. The 
lower end of the riser is connected to the Blowout Preventer Stack (BOPs) and Lower Marine Risers Package (LMRP). The 
lateral fluid forces induced by the sea wave and sea current are introduced into the governing equations of motion. The 
lateral displacement and stress distributions of the riser are obtained by solving the governing equation of the riser via 
Galerkin’s discretisation scheme and a fourth-order Runge‒Kutta algorithm. The results indicate that the riser exhibits 
different behaviours under various depths because of the different distributions of the flow velocity ranging from the sea 
surface to the seabed. In the case of shoal water, the dynamics of the riser are dominated by the sea wave, while in the 
case of deep water it is affected mainly by the sea current velocity and sea surface wind velocity.
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INTRODUCTION

Marine risers have been shown to have importance in 
ocean engineering, such as the connection between the 
subsea wellhead and the floating vessel or drilling platform. 
To maintain the good condition of the riser during its lifetime, 
correct installation has become more and more important 
in recent years [1-4]. The cross-flow velocity of the seawater 
generally consists of three parts, i.e., the sea wave, the sea 
current, and the sea surface wind [5, 6]. When the riser is in the 
installation process, it will experience lateral and axial forces 
in which the former is generated by the cross-sea water and the 
latter is induced by the gravity of the riser and BOPs/LMRP. 
The two types of force vary with the depth of the seawater and 
the length of the riser [7, 8]. 

A large number of papers on the mechanics of marine risers 
have been published in the past five decades. Chakrabarti [9] 
obtained the velocity potential expression in the cylindrical 

polar coordinate system and determined the dynamic pressure 
on the surface of the cylinder. The total horizontal wave 
forces on the cylinder were also determined in an equivalent 
form of the inertial part of J.R. Morison’s equation. The 
dynamic behaviours of two kinds of marine riser systems 
were compared by Wang [10]. One is an air can system and 
the other one is a syntactic foam system, compared under 
different operating conditions, such as the installation and 
retrieval, normal weather drilling, heavy weather standby 
and free-standing storm survival conditions. A computer 
program was developed by Azpiazu et al. [11] to establish 
the performance of heave compensator systems under actual 
at-sea working conditions. The vertical dynamics of marine 
riser-load systems were studied by Azpiazu and Nguyen [12], 
in order to determine the amplitude of dynamic forces and 
displacements caused by heave action. Trim [13] derived the 
governing equation of axial motion and explored several load 
cases in practical engineering, which focused mainly on deep 
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Nomenclature
Ai  inner side area of the riser
Ao  outer side area of the riser
Ar  cross-section area of the riser
CD  drag coefficient
CM  inertial coefficient
c  distributed viscous damping coefficient of the riser
D  outer diameter of the riser
dt  thickness of the riser
E  Young’s modulus of the riser
Ek  kinematic energy of the system
Ep  potential energy of the system
f (x, t)  distributed lateral force
fD(x, t)  drag force induced by the sea wave and current
fI(x, t)  inertial force induced by the sea wave and current
fi(qj , qj)  column vector of the discretised lateral force
д  gravitational acceleration
H  wave height of the sea wave
I  rotational inertia of the riser cross-section
k  wave number of the sea wave
L  length of the riser
Lall  total length of the seawater
Lw  wave length of the sea wave

My(x, t)  bending moment of the riser
me  mass of the BOPs/LMRP
N  number of truncating modes
T  wave period of the sea wave
qj (t)  jth generalised coordinate
T(x)  axial tension of the riser at position x
t  time variables
υ  total velocity of the sum of sea current, surface wind and sea 

wave
υc  velocity of the sum of sea current and sea surface wind
υw  horizontal velocity of the sea wave1
υ1  velocity of the sea surface wind2
υ2  velocity of the sea surface current
W  virtual work done by the lateral force and damping force
x  axis of the horizontal direction
y  axis of the vertical direction
y(x, t)  lateral displacement of the riser
ρa  density of the seawater
ρr  density of the riser
φj(x)  jth eigenfunction of a cantilevered beam
λj  jth eigenvalue of a cantilevered beam
συon  Von Mises stress
σ1, σ2, σ3  three principal stresses

water conditions. The results showed that for water depths of 
several thousand feet or more, the vertical motions and forces 
following disconnect and during hang off can be large. Two 
alternatives of the coupling oscillations between axial and 
lateral vibrations were discussed by Johnson and Roesset [14], 
in which the possibility of uncoupling the analysis for axial and 
lateral vibrations is explored. Good results could be provided 
via the scheme whereby the values of the axial forces resulting 
from the uncoupled axial analysis at each step are employed for 
the lateral analysis. Burrows et al. [15] used rigid and flexible 
forms of the Morison equation to determine the drag and 
inertial force under random wave excitation. They found that, 
for nondeterministic analyses, Morison’s equation reproduces 
well the probability distribution of loading associated with 
given sea state conditions. A  detailed illustration of the 
determination of drag and inertial force coefficients was 
presented. The differential equation was derived by Moe and 
Larsen [16] to describe the motions of a marine riser with an 
asymptotic solution, in which the riser is subjected to wave 
forms travelling away from the excited zone. Possible causes 
for the unexpected large discrepancies are discussed in the 
analyses. Kogure et al. [17] proposed several operational aspects 
to ensure the safety of marine risers in deep water, mainly 
concerning the time required to pull the drilling riser in the 
case of an emergency. For more details, the interested reader 
can refer to the review article related to marine risers [18]. 

In the early 21st century, another wave of researchers 
conducted studies on the dynamics of marine risers from new 
aspects that may occur in practical engineering. For instance, 
the variation approach was presented to explore the two-
dimensional large strain static mechanics of marine risers [19]. 

Strain energy due to bending and axial stretching, virtual work 
induced by hydrostatic pressures and other external forces 
were involved in the governing equation. Yazdchi and Crisfield 
[20] considered the full three-dimensional analysis of pipes in 
which bending stiffness was included. The equation of three-
dimensional oscillation of marine risers was formulated in the 
case of large elastic deflections using Kane’s formalism [21]. 
Mathelin and de Langre [22] explored the vortex-induced 
vibration based on a wake oscillator model, and theoretical 
analysis was conducted to predict the wave-packets’ amplitude 
and distribution. A finite difference method was proposed to 
address the dynamic equilibrium problem of 2D marine risers 
by Chatjigeorgiou [23] and particular attention was given to the 
transversal motions and the associated bending moments. Dai 
et al. [24] focused on the global analysis of drilling risers, which 
includes two aspects: an operability analysis and a hang-off 
analysis used to check the design of the risers. The flexible risers 
were modelled as slender elastic structures by Santillan et al. 
[25]. The nonlinear boundary value problem was illustrated, 
which can be solved numerically with appropriate boundary 
conditions. A new method was proposed to suppress the 
riser’s vibration by using two actuators in the transverse and 
longitudinal directions [26]. The control problem of a marine 
riser during the installation process was studied [27]. Based 
on Lyapunov’s direct method, the top and bottom boundaries 
were adapted to position the subsea payload to the desired 
set point and suppress the riser’s vibration. A time-domain 
analysis tool was developed to predict the vortex-induced 
vibration of marine risers based on a forcing algorithm [28]. 

The above-mentioned studies are related to marine risers 
that have been connected to a subsea wellhead. Influences 
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generated from the fluid around the risers are also important 
in the investigation of the dynamics in its installation, such 
as the damping effect, impact between the risers and coupled 
vibrations of the axial and lateral direction. The differential 
equation for axial vibration was deduced in [29] by considering 
the influence of damping on the vibration in its installation. 
A  static analysis was conducted to analyse the lateral 
displacement, deformation and stress in its installation [30, 31]. 
The effects of vessel motion and movement of the sea wave were 
involved. Hu et al. [32] obtained the static lateral displacement 
and Von Mises stress of the riser in its installation through 
numerical simulation. Chang et al. [33] investigated the in-line 
and cross-flow coupling vibration response characteristics of 
a marine viscoelastic riser subjected to two-phase internal 
flow. The numerical results demonstrated that appropriate 
viscoelastic coefficients are very important to effectively 
suppress the maximum displacements and stresses of the 
risers. Liu et al. [34] studied the dynamics of cross-flow tubes 
in consideration of initial axial load and distributed impacting 
constraints. The bifurcation diagrams were constructed in 
relation to boundary conditions and structural parameters. 
Buckling, fluttering and chaotic oscillating are observed from 
the numerical calculations. 

The purpose of this paper is to investigate the dynamics 
during the installation process of marine risers subjected to 
shoal/deep seawater. The aforementioned works focused either 
on the case of shoal water or on deep water in which the water 
depth is ideally assumed to be equal to the length of the riser. 
In this paper, the depth of the seawater is fixed to be 1500 m. 
Shoal water should be in the range of 0 m to 200 m, and the 
depth of deep water is greater than 200 m. In the installation 
process, the riser will penetrate from shoal water to deep water, 
such that the flow velocity of the seawater at the bottom of the 
riser is not zero unless the riser reaches the seabed. From this 
point of view, the definition of shoal water and deep water in 
this paper is different from the foregoing research. Wang et al. 
[31] have proved that the actual riser vibration response is 
the linear superposition of the vessel motion and riser lateral 
vibration under the action of the sea wave and current. Thus, 
for simplicity in this paper, the vessel or the drilling platform 
is assumed to be a fixed platform. The riser is regarded as 
a cantilevered Euler‒Bernoulli beam. The upper end of the 
riser is clamped onto the vessel or the drilling platform, and 
the lower end of the riser is connected to the BOPs/LMRP. 
The lateral displacement and stress distributions of the riser 
will be obtained by solving the governing equation of the 
riser via Galerkin’s discretisation scheme and a fourth-order 
Runge‒Kutta algorithm.

MODEL DESCRIPTION

We assume that the vessel or drilling platform has no 
horizontal and longitudinal vibration [31]. The top of the 
riser is clamped onto the vessel or the drilling platform. The 
Euler‒Bernoulli beam theory is adopted. The riser has constant 
density and a uniform cross-section. The BOPs/LMRP at 

the free end of the riser are considered as mass blocks. The 
lateral force by the sea wave and sea current is distributed 
along the riser axis. The axial tension force is induced by 
the self-weight of the riser and BOPs/LMRP, and buoyancy 
force in the installation process. The lateral force imposed 
on the riser is generated by the sea wave and sea current. It 
should be mentioned that, during the calculation process, the 
fluid forces are neglected initially and the length of the riser 
extends quasi-statically. When the length of the riser reaches 
the corresponding stages, as shown in Fig. 1, the fluid forces 
will be activated immediately. 

The clamped end is taken as the origin of the coordinate, 
the gravity direction as the  axis and the direction of current 
flow as the  axis. The four stages of the risers in the installation 
are presented. Stage 1 reflects the shoal water of the riser in the 
installation, stages 2 and 3 are the transition from the shoal 
water to deep water and stage 4 involves the riser completing 
its installation and reaching the seabed.

The governing equation of the riser will be derived through 
a variation approach. The kinematic energy Ek of the system 
is given by

Ek =  (ρr Ar + ρaAi)( )2 dx,   (1)

where L is the length of the riser, ρr and ρa are the density of the 
riser and seawater, respectively, Ar and Ai are the cross-section 
area and the inner side area of the riser, respectively, x and t 
are the independent spatial and time variables, respectively 
and y(x, t) is the lateral displacement of the riser. The potential 
energy Ep

Ep =  [ EI( )2 +  T(x) ( )2]dx,   (2)

where E is the Young’s modulus of the riser, I is the rotational 
inertia of the riser cross-section and T(x) is the axial tension 
of the riser at position x. As mentioned previously, the axial 
tension includes the self-weight of the riser and BOPs/LMRP, 
and buoyancy force of the riser. Thus, T(x) can be obtained 
by [30]

T(x) = [me + (ρr – ρa)Ar (L – x)]д    (3)

Fig. 1. Schematic diagram of the riser in the installation process
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where me stands for the mass of BOPs/LMRP, and д is the 
gravitational acceleration. The virtual work W done by the 
distributed lateral force and damping force is

W =  [ f(x, t)y – c  y]dx,    (4)

where f(x, t) is the distributed lateral force and c is the distributed 
viscous damping coefficient of the riser. Substituting Eq. (1), (2) 
and (4) into the extended Hamilton’s principle and applying 
the variation operation leads to

(δEk – δEp + δW)dt = 0     (5)

Thus, the governing equation can be obtained from Eq. (5), 
expressed as follows:

(ρr Ar + ρaAi)  + c  – [T(x) ] + EI  = f(x, t)
 (6)

According to the mechanical model, the boundary 
conditions of Eq. (6) are

y |x=0 = 0,  |x=0 = 0,  |x=L = 0,

 |x=L = T(x)  |x=L + me  |x=L   (7)

Zhu [5] proposed a modified form of the Morison equation 
to describe the lateral force generated by the sea wave and sea 
current, which includes the relative velocities and accelerations 
of the seawater and the marine riser. The lateral force that 
contains the drag force fD(x, t) and inertial force fI(x, t) caused 
by the sea wave and sea current can be expressed as [6]

f (x, t) = fD(x, t) + fI(x, t)     (8)

The drag force and inertial force are given by 

fD(x, t) =  ρaAo(υ– )|υ– |+  ρaAo υ
2,  (9)

fI(x, t) = CMρaAo  – CmρaAo  ,   (10)

where CD is the drag coefficient; CM is the inertial coefficient 
and Cm = CM– 1; D is the outer diameter of the riser; A0 is the 
outer side area of the riser; υ = υw+ υc, υw and  are the sea 
wave horizontal velocity and its acceleration, respectively; υc 
is the sum of the sea current and sea surface wind velocity. 
According to the Airy wave theory [5], the horizontal velocity 
of the sea wave in deep water can be obtained as follows:

υw =  e–kx cos(ky –  t),     (11)

where H is the wave height, T is the wave period, k is the 
wave number, which can be calculated by k = 2π/Lw, Lw refers 
to the wave length, which can be obtained using Lw = T2д/2π. 
A small difference can be observed in the velocity distribution 
between this work and those by Zhu [5], which is the negative 

sign in front of the wave number k in Eq. (11). The origin 
of the coordinate by Zhu [5] is at the sea surface and the 
direction of the x axis is opposite to gravity, such that the 
value of x is negative. In this paper, the direction of the x axis 
is in accordance with gravity, and thus a negative sign should 
be indicated in front of the wave number k in Eq. (11). The 
approximate expression of the sea current velocity is given 
according to the equation recommended by the American 
Bureau of Shipping [35] as follows:

υc = υ1(1 – )  + υ2(1 – ),    (12)

where υ1 and υ2 in Eq. (12) are the sea surface wind velocity 
and sea surface current velocity, respectively and Lall is the 
total depth of the seawater. 

Galerkin’s method is applied to calculate the dynamic 
behaviours of the marine riser. The mechanical model is 
regarded as a cantilevered Euler‒Bernoulli beam, and thus 
eigenfunctions of a cantilevered beam can be adopted to 
discretise the governing equations. Suppose φj(x) is the jth 
eigenfunction of the cantilevered beam and qj(t) are the 
generalised coordinates, then 

y(x, t) =  φj(x)qj(t)     (13)
and

φj(x) = {cosh(λj ) – cos(λj ) – 

[sinh(λj ) – sin(λj )]}  (14)

where N is the number of truncating modes taken into the 
calculations and λj is the jth eigenvalue of the cantilevered 
beam. Substituting Eq. (13) into the governing equation (6) and 
boundary conditions (7), multiplied by φi(x) and integrating 
along the riser axis, leads to

mij j + cij j + kij qj+ fi(qj , j ) = 0,   (15)

where mij, cij, kij are the elements of the mass, damping and 
stiffness matrix of the system, fi(qj , j ) is a column vector whose 
elements represent the lateral force. The values of these matrix 
and column vectors can be calculated by

mij = (ρrAr + ρaAi + CmρaA0) φi(x)φj(x)dx +

me φi(x)φj(x)δ(x – L)dx,     (16)

cij = c  φi(x)φj(x)dx,     (17)

kij = me д φi(x)φ'j(x)δ(x – L)dx + 

(ρr – ρa)Ar д φi(x)φ'j(x)dx – me д φi(x)φ''j(x)dx –

(ρr + ρa)Ar д φi(x)φ''j(x)(L – x)dx +

EI φi(x)φ''''j(x)dx,      (18)
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fi = –  ρaAo φi(x)(υw– )|υw– |dx – 

 ρaAo φi(x)υ2
cdx – CM ρaAo φi(x) wdx (19)

Eq. (15) can be rewritten in the form that can be programmed 
using the fourth-order Runge‒Kutta method, as is used by Ni 
et al. [36]. The high-order vibration mode has the characteristic 
of strong attenuation, and thus, in this paper, the first six modes 
are applied to approximate the lateral displacement of the 
riser [8, 31]. The lateral displacement, deformation and Von 
Mises stress can be obtained. The Von Mises stress can be 
expressed as

σvon = ,  (20)

where σ1, σ2, σf from axial tension and positive bending stresses. 
Thus, the Von Mises stress equals the tensile stress, which is 
the resultant force of the axial tension stress generated by the 
self-weight of the riser and BOPs/LMRP, the buoyancy force 
and the axial bending stress generated by the bending of the 
riser. The maximum positive bending stress can be used to 
reflect the stress state of the riser. The mathematical form of 
the Von Mises stress for the riser can be expressed as follows:

σvon (x) = σ1 =  +  D,  (21)

where My(x, t) is the bending moment as a function of time 
and axis along the riser.

RESULTS AND DISCUSSION

PRACTICAL PROBLEM DESCRIPTION 

The parameters of the seawater and riser are given in Table 1. 
The values of these parameters are constant if not mentioned 
separately. It must be noted that this is one of the load cases 
in the actual installation process according to Zhu [5]. In this 
paper, it represents an analytical calculation of the dynamics of 

the marine riser in the installation process. The mathematical 
and analysing schemes may be helpful for other installation 
environments. 

If the terms related to time are neglected in Eq. (11) and 
superposed by Eq. (12), the distributions of seawater velocity 
in the shoal and deep water in the vertical direction are as 
shown in Fig. 2. The figure shows that if the riser is installed 
in shoal water, the dynamics of the riser are dominated by 
the sea wave. The riser will oscillate back and forth with the 
sea wave. If the riser is installed in deep water, it is influenced 
mainly by the sea current. In this case, however, part of the 
riser is still immersed in shoal water. The dynamics of this 
segment of the riser are dominated by the sea wave.

NUMERICAL VALIDATION

The mathematical model and numerical scheme will be 
validated in this section. The water depth and weight of the 
BOPs/LMRP are selected as the parameters. Wang et al. [8] 
investigated the dynamics of the installation process of marine 
risers under various water depths, riser lengths and sea water 
parameters. The lateral displacements of the riser are calculated 
via the mode superposition method. The vibration modes are 
assumed as a set of sinusoidal functions that correspond to 
the boundary conditions of the riser. 

In this paper, the equations of motion of the riser are 
discretised via Galerkin’s scheme. The eigenfunctions of 
a cantilevered beam are adopted, which correspond to the 

Tab. 1. Parameters for numerical simulation

Fig. 2. Distribution of seawater velocity in the vertical direction: (a) shoal water; (b) deep water

CD 0.5 Lall 1500 m

CM 1.5 me  200 T

c   0.2 T  13 s

D  0.5334 m υ1  0.6 m/s

dt  0.015875 m υ2  0.3 m/s

E   206 GPa ρa  1030 kg/m3

д   9.8 m/s2 ρr  7850 kg/m3

H  15 m
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boundary conditions of the riser. The maximum lateral 
displacements of the riser are calculated and compared with 
those in [8] by changing the values of the water depth and 
weight of BOPs/LMRP, as shown in Fig. 3. It can be easily 
observed that the shapes of the riser under the calculating 
load cases are in qualitative agreement with Fig. 4 and Fig. 6 by 
Wang et al. [8], except that the values show some discrepancies. 
This demonstrates the validation of the mathematical model 
and numerical scheme, which will be used in the following 
analysis.

INSTALLATION IN SHOAL WATER 

As is discussed earlier, the behaviours of seawater in shoal 
water are different from those in deep water. The influence of 
the sea surface wind and current flow is relatively small. The 
lateral force is generated mainly by the wave. Hence, the riser’s 
vibration is forced back and forth following the oscillation 
of the sea waves. According to the parameters, the period of 
the sea wave is 13 s, which is also the frequency of the forced 
vibration of the riser induced by the sea wave. The amplitude of 
the first six truncating modes may differ with various lengths. 
Fig. 4 presents the maximum displacement of the riser at three 
values of the length of the riser. L = 80 m and L = 150 m are 

in the range of shoal water and L = 300 m can be seen as the 
transition from shoal water to deep water, whose behaviour 
can be explained with the same scheme as that in shoal water. 
It can be inferred from Fig. 4 that the marine riser vibrates 
mainly in its first mode with L = 80 m; with L = 150 m, the riser 
oscillation is dominated by its first two modes. For the case of 
L = 300 m, the vibration consists of the first three modes. From 
this point of view, for numerical simulation in shoal water, the 
first four modes are accurate enough to obtain reliable results.

The responses of the lateral deflection and Von Mises stress 
in time and space with the lengths of L = 80 m, L = 150 m, 
and L = 300 m are presented in Fig. 5. The vibration mode can 
be observed through the deflection of the riser with various 
lengths, and the performance of Von Mises stress along the 
riser can also be observed. The tip of the riser (x = L), which 
is connected by BOPs/LMRP, has the maximum displacement 
and vibrates periodically in a specific behaviour as depicted 
by Fig. 6. The offset and vibration amplitude at x = L are listed 
in Table 2.

Fig. 5 implies that the stress concentration position occurs 
at the clamped end (x = 0), which varies with the oscillation of 
the riser. This means that at the clamped end, the Von Mises 
stress is affected mainly by the bending moment. The other 
part of the riser is subjected to axial extension and tension 
stresses generated by the bending moment. The time trace of 
the maximum Von Mises stress at the clamped end is shown 
in Fig. 7. According to the DNV-OS-F101 standard [37], the 
material of the offshore drilling riser is API 5L X80 pipeline 
steel and the minimum yield strength is 555 MPa, which means 
that, for this paper, the riser installation process is safe enough. 
If the load cases are more complicated and adverse, the offset 
and Von Mises stress can be obtained through the scheme 
used in this paper. Fig. 4. Maximum displacement of the first six modes at x = L

Fig. 3. Maximum lateral vibration displacement with (a) water depth and (b) weight of BOPs/LMRP

Tab. 2. Offset and vibration amplitude at x=L with various lengths of the riser

Riser length L = 80 m L = 150 m L = 300 m

Offset (m) 0.1342 0.4918 1.8055

Vibration 
amplitude (m) 0.3975 0.1818 0.1335
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Fig. 5. Deflections and Von Mises stresses during the installation in shoal water

Fig. 6. Time trace of displacement at x = L Fig. 7. Time trace of Von Mises stress at x = 0
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The vibration shapes in the installation process for the 
maximum and minimum Von Mises stress at the clamped 
end are shown in Fig. 8. The deflections of the riser for the 
three lengths exhibit considerable differences. The first mode 
dominates for the case of L = 80 m as can be seen in Fig. 8. 
When the length of the riser increases to L = 150 m, the second 
mode deflection takes part in the flow-induced vibration. The 
offset of the riser is larger than those with L = 80 m. With the 
length increasing to L = 300 m, the stiffness is significantly 
less than the risers with a short length. Hence, the offset of the 
riser with L = 300 m is much larger than those with a smaller 
length. Higher modes of deflection can be observed in Fig. 8.

INSTALLATION IN DEEP WATER

Let us change our view to the case of installation in deep 
water. As depicted in Fig. 2(b), the velocity of the seawater 
is dominated by the sea surface wind and sea current. If the 
riser is installed in deep water, the clamped end of the riser 
is affected by the sea wave and the lower end of the riser is 
affected by the sea surface wind and sea current. The lateral 
force is a periodic force in the shoal water and a steady force in 
deep water. From this perspective, the behaviours of the riser 
consist of a steady deflection and a small amplitude vibration 
superposed on the steady deflection. Under this load case, 
the contribution of the first six modes is expressed in Fig. 9. 
For , the dynamics of the riser is influenced mainly by the 
first and second modes. For , the first four modes show high 
involvement in its vibration, and the third mode is the most 
significant one. For , the second and fourth modes dominate 
the dynamics of the riser. 

The lateral deflection and Von Mises stress distribution in 
time and space are illustrated in Fig. 10. The frequency and 
amplitude of vibration decrease with the increase of the riser 
length, but the values of the Von Mises stress increase with 
the increase of length. The variation of the Von Mises stress 
is smaller and smaller in time and space. It can be explained 
in this way: Eq. (6) shows that the self-weight of the riser has 
a large influence on the dynamics of the riser. The inertial force 
of the system in the vertical and lateral directions increases 
because the riser is very long. The behaviours of the riser in 

deep water are affected mainly by the sea surface wind and 
sea current. The effects of the sea wave can be neglected in 
deep water. Thus, the deflection and Von Mises stress become 
increasingly stable as the riser becomes increasingly long. 

Time traces of the displacement at x = L and Von Mises 
stress at x = 0 are shown in Fig. 11 and 12, respectively. The 
time traces differ slightly compared with Fig. 6 and 7. In deep 
water, due to the existence of drag force generated by the sea 
surface wind and sea current, the riser is dragged downstream 
of the sea current. At the same time, the part of the riser in the 
shoal water is forced into vibration by the sea wave, and this 
behaviour is transmitted along the riser axis. Thus, we can see 
in Fig. 11 that the tip of the riser vibrates at a small amplitude. 
The offset and vibration amplitude at x = L are listed in Table 3. 
The lateral displacements of the riser installed in deep water are 
obviously larger than those installed in shoal water, as shown 
in Table 2. However, the vibration amplitudes in deep water are 
smaller than those installed in shoal water. It can be explained 
that the fluctuation fluid forces induced by the sea wave are 
more severe than the drag force induced by the sea current 
when installed in deep water, while in deep water the effect of 
the drag force is more obvious than the fluctuation fluid forces. 
From this point, when the riser is installed in the stage of shoal 
water, the offset at x = L is smaller and the vibration amplitude 
is larger than those installed in deep water. 

Fig. 12 gives the time trace of Von Mises stress at x = 0, from 
which the maximum and minimum stress of the riser can 
be obtained. According to the DNV-OS-F101 standard [37], 
the riser installation process is safe enough in the case of 
installation in deep water. 

The vibration shapes in the installation process for the 
maximum and minimum Von Mises stress at the clamped 
end are shown in Fig. 13. The responses differ from those of 
a riser installed in shoal water. The offset of the riser is much 

Fig. 8. Riser shape for maximum and minimum Von Mises stress at x = 0 Fig. 9. Maximum displacement of the first six modes at x = L

Tab. 3. Offset and vibration amplitude at x=L with various lengths

Riser length L = 500 m L = 1000 m L = 1500 m

Offset (m) 4.255 10.945 14.44

Vibration 
amplitude (m) 0.327 0.175 0.07
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Fig. 10. Deflections and Von Mises stresses during the installation in deep water

Fig. 11. Time trace of displacement at x = L Fig. 12. Time trace of Von Mises stress at x = 0
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larger, while the vibration amplitude is much smaller compared 
with the risers installed in shoal water. This difference can 
be explained by the dragging force generated by the sea 
current acting on the riser installed in deep water, which is 
dominated by the sea current, instead of the sea wave, which 
exhibits a quasi-static force. Hence, the small periodic exciting 
force generated by the sea wave introduces a small vibration 
amplitude of the riser in deep water. 

CONCLUSIONS

The mechanics of a marine riser in an installation subjected 
to shoal water and deep water is discussed in this paper. The 
mathematical model is considered as a cantilevered Euler‒
Bernoulli beam clamped on a fixed vessel or drilling platform. 
The riser suffers from the axial extension force induced by the 
self-weight of the riser and BOPs/LMRP, and the buoyancy 
forces of the riser, as well as lateral fluid forces generated by 
the seawater. Considering the two types of external force, 
equations of motion and boundary conditions are derived via 
the variation approach. Galerkin’s scheme and fourth-order 
Runge‒Kutta integrating method are adopted to discretise and 
solve the governing equations. 

The velocity distribution of the seawater is depicted in 
shoal water and deep water. The results show that the effect 
of sea waves is more obvious in shoal water. In deep water, 
sea surface wind and sea current velocity are more significant 
in the installation process. In shoal water, the lateral force 
is dominated by the sea wave, such that periodicity is 
obvious. The riser is forced by the sea wave into vibrating 
back and forth. The deflection and Von Mises stress also vary 
periodically with the sea wave. In deep water, the lateral force 
is influenced by the sea surface wind and sea current velocity. 
The sea wave effect is weak compared to the two velocities. 
Under this load case, the participation of higher-order modes 
is evident, whose vibration amplitude is small. The results of 
the deflection and Von Mises stress distribution reveal that if 
the riser is installed in deep water, the oscillating phenomena 
will decrease with the increase of the riser length. The time 
traces of tip displacement illustrate that the offset increases 
and vibration amplitude decreases with a longer marine riser. 

The results of this paper are helpful to realise safe and quick 
installation of marine risers.
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