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The paper deals with simulation of fatigue 
performance of steel elements under uniaxial 
periodic loading in the high-cycle regime. For 
this purpose a sinusoidal stress model has 
been defined which is equivalent in terms of 
fatigue life to the actual stress given in the 
form of Fourier series. The equivalence con­
ditions follow from the theory of energy trans­
formation systems and are related to internally 
and externally dissipated energy by the ave­
rage shear strain energy and Kelvin-Voigt's 
model of the material. Thereby the cycle co­
unting and use of a fatigue damage accumu­
lation rule is avoided.

INTRODUCTION
Fatigue has been the subject of research investigations for over 

a hundred years, and despite the progress made, failures continue to 
occur. This situation is due in part to the complex nature of the fa­
tigue process and the stress-matcrial-environmcntal interactions in­
volved therein. From a review of the literature on multiaxial fatigue it 
appears that no single universal criterion exists for different materials 
and loading conditions. Presently, special attention is being paid to 
energy criteria [ I ]. As far as the high-cycle fatigue is concerned, the 
criteria related to elastic energy and formulated by means of static 
energy hypotheses, e.g. the I luber-Miscs-Hcncky shear strain energy 
hypothesis, are considered satisfactory. Among them. a criterion based 
on the average strain energy [2j should be mentioned because it showed 
relatively small errors in comparison with experimental results. I low- 
ever, this criterion does not include the phase shifts between normal 
and shear stress components.

On the other hand, every system in operation has one energy 
input with the power P , , and two outputs: the desired power P„ and 
the externally dissipated power Along with the internally accu­
mulated power Pju the following balance equation can be written :

P t =  P u +  P da +  P de < 1 )

According to the theory of energy transformation systems [3.4], 
the dissipation capacity of every system, as well as any volume of 
material in a system, is finite. Thus, the internal accumulation of dis­
sipated energy, £ i/u, is finite too, that is :

<-)
E da= J p lla( a p , ) < i e < E db <2)

0

w here (9 is the operation time of the system, and EJh is a limit value 
(breakdown value) of the dissipation capacity of the system (volume). 
Due to finite dissipation capacity of the system (volume), its life ends 
with the breakdown time <9 = 0 h. 1 lowever. the latter depends also on 
the externally dissipated power Pdi„ see (2). Hence the following con­
clusion can be drawn :

A stress model adopted in fatigue calculations and an actual 
stress can he regarded as equivalent in terms o f fatigue life when 
during a sufficiently long period o f  time the internally and externally 
dissipated enetgiesper unit volume in these two stress states are equal, 
respectively.

Such an approach to stress modelling was used in [5.6] under 
assumption that the components of stress tensor arc physically and 
statistically independent of each other. In the present paper the aver­
age shear strain energy is taken into account and an alternative stress 
model is considered in the case of uniaxial periodic stress.

FATIGUE CRITERIA 
FOR STEEL ELEMENTS 

UNDER UNIAXIAL PERIODIC STRESS
Let the zero mean stress <r(/) of the period T„ be produced by 

an axial force and given in the form of Fourier series :

3(t ) = S CTPsin(Pa)ot + a p) (3)
r-i

where af, and ap are the amplitude and phase angle of p-th term, and :
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(On =
2 n

(4)

is the fundamental circular frequency of the stress. Such stress can be 
viewed as falling :

either into the safe region of the basic variable space i f :

(5)

where F is the fatigue limit under fully reversed tension-compression, 

or into the failure region i f :

[5 ( 0 ] max > F  <6)

In what follows it is assumed that the high-cycle fatigue failure 
region is not exceeded, i.e., that :

M L X<L ( V)

where L is the maximum stress amplitude satisfying equation of the 
a  - N curve (Wohler curve) :

Nam = K ( 8)

In (8), N is the number of stress cycles to failure, a  is the stress 
amplitude under sinusoidal tension-compression, and K and m arc 
the material dependent constants.

As stated earlier, the average shear strain energy will be here 
taken into account. In the considered stress state, the shear strain en­
ergy per unit volume is :

. 1 +  V _ i
<t> = -------CT

3E
(9)

where : E -  Young modulus 
v -  Poisson's ratio.

In order to allow for the internal energy dissipation the Kclvin- 
-Voigt's model of the material :

5 = Ee + r|e ( 10)

can be utilized. Here r/ is the coefficient of internal viscous damping 
of the material, and

e ( t ) =  Z e ps in ( p a)ot +  Pp) (ID
p-i

is the strain corresponding to the stress (3). Now the main goal is to 
determine the amplitudes acq, eeq and frequency coeq of the reduced 
stress and strain :

s cq(0  =  CTeqsin(cocqt +  tp)

£c,(t ) = £eqsin (0V  + H')

( 12)

(13)

equivalent to the actual stress and strain in terms of fatigue lifetime. 
For this purpose the expression for the shear strain energy per unit 
volume in the equivalent stress state, is used :

. 1 + V
° c q = —

and the corresponding Kclvin-Voigt’s model :

(14)

S eq = E s eq +  r |£ (15)

Thus, the integral average values of 0  and 0  over the period 
T0 become :

T„ i  3ET„
(A + B)— J o ( t ) d t  

f K t O d t — K - b B j

(16)

(17)
■o o

where :

-dtA = E21 e 2dt B = 2Er|| c cdt + rf J 8
0 0 0

T0 T0 T0

Acq - E2 Jee2dt Beq = 2Er)Jecqecqdt + t\21£c2dt

(18)

The modelling method presented in this paper is based on the 
assumption that the function A is proportional to the externally dissi­
pated energy and that the function B is proportional to the internally 
dissipated energy. Consequently, the equivalence conditions can be 
read as :

A = A,,cq
B = Beq

(19)

( 20 )

To make use of these conditions, it is convenient to express the 
circular frequency of the equivalent stress / strain as :

(Dcq =  kco0

where k is a natural number to be determined.

( 21)

With accounting for (11), (13), (18) and (21), the conditions 
(19) and (20) give :

e 2 =  e 2eq Zj  P 
p=l

(22)

p=i
(23)

Since the quotient:

K = P=l

p=>

(24)

is a real number, k can be approximated as :

k = Round (k) (25)

According to (13) and (15), the amplitude of the equivalent 
stress is :

CTcq = eeq[ E 2 + ( TT®cq)2] l/2 (26)

For structural steels the values of // are relatively small so that 
in practice the following relationships are justified :

CTL.q Escq CTp ESp (27)
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CONCLUSIONSand (22) and (24) can be expressed in the form :

(

a e4 =

K  =

P=l

(28)

p=>

I ^ p
p=i

(29)

By taking advantage of the equivalent stress, the criterion in 
design for an infinite fatigue life can be fomulated as :

a eq < F (30)

By making use of (8), the criterion in design for a finite fatigue 
life becomes :

i
2 tiK

(31)

where Tj is the required design life. 

EXAMPLE

Task : Compare fatigue lives, 0 , and 0 > , at the stresses : 

o,(t) = asin  o)0t F < c < L

a ,(t)  = a H(t)— 2H ̂  t -  — + 2H n )t - 2  —
L 1 “ o j conk 0 ) _

shown also in Fig.l, where H  is the Heaviside's step function.

Fig.l. Time histories o f the stresses ft, and 8 ,

Solution : Fourier expansion of the function o , (t) yields :

_ / \ 4a <
3 2(t)= —

K
sin co()t + ̂ sin3co0t +

1 . ,  1 . _  ^ 
+ -s in5cont + — sin7(0„t + . . .

5 7

With these four terms retained, (21), (25), (28) and (29) give :

a eq = 1.378a k = 1.848 k = 2 coeq = 2co0

Thus, according to (8) and (31) :

0 ,

2 n K
0 ,  =

2 n K

V c q
^  =  k
0 ,

ft

a
= 2x1.378”

It means that in such comparison not only stress patterns, but also the 
fatigue strength exponent m plays an important role.
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In this paper the equivalence conditions arc presented which 
enable a uniaxial periodic stress to be replaced by the sinusoidal stress 
equivalent, in terms of fatigue life of the material. The fatigue criteria 
(30) and (31) are based on the assumption that the so defined equiva­
lent stress may be used for simulation of fatigue performance of steel 
elements subject to uniaxial periodic loading in the high-eycle re­
gime. The assumption follows from the theory of energy transforma­
tion systems which is fundamental for all considerations connected 
with the lifetime of mechanical systems. Hereby the cycle counting 
and use of a fatigue damage accumulation rule is avoided. Similar 
approach to a multiaxial periodic stress is considered in [7],

Moreover, despite the infinite Fourier series being used for de­
scribing a given periodic stress, only a finite number of its sinusoidal 
terms can be taken into account in calculation of the equivalent stress. 
The question remains which terms in Fourier expansion of the given 
stress can be neglected. However, similar problem appears when the 
response of structural element is known in the form of a power spec­
tral density curve which represents contributions of an infinite number 
of vibration modes of the structure and the time history is to be simu­
lated [8],

Appraised by Marek Sperski, Assoc. Prof ,D.Sc.

NOMENCLATURE

E Young modulus
E^ internally dissipated energy
Edb limit value o f  the internally dissipated energy
F fatigue limit under fully reversed tension-compression
II Heaviside's step function
k natural number obtained by rounding the number k
K fatigue strength coefficient at fully reversed tension-compression
L -  maximum stress amplitude satisfying equation o f  theo-N  curve at fully 

reversed tension-compression
m fatigue strength exponent at fully reversed tension-compression
N number o f  stress cycles to fatigue failure
Pda internally dissipated power Pdc externally dissipated power
P, input power p„ desired output power
t time Td - required design life
T0 -  stress period
(Xp -  phase angle o f  p-th term in Fourier expansion o f  periodic stress
Pp -  phase angle o f  p-th term in Fourier expansion o f  periodic strain
3? -  periodic strain
ep -  amplitude o f  p-th term in Fourier expansion o f  periodic strain
g . -  equivalent strain
ecq -  amplitude o f  the equivalent strain
r\ -  coefficient o f  internal viscous damping o f  the material
0  operation time o f  a system 0 b - breakdown time o f  a system
0 | , 0 2 fatigue lives k number defined by (24)
v Poisson's ratio o  amplitude o f  the sinusoidal stress
8  periodic stress
o p amplitude o f  p-th term in Fourier expansion o f  periodic stress
O eq equivalent stress a eq-  amplitude o f  the equivalent stress
<p phase angle o f  the equivalent stress
d> shear strain energy per unit volume
<Dcq shear strain energy per unit volume in the equivalent stress state
\\t phase angle o f  the equivalent strain
0)cq -  circular frequency o f  the equivalent stress/strain
C0() -  fundamental circular frequency o f  periodic stress
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