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Influence
of the number
of tangential
pressure
ordinates of the
diesel engine on
the calculated
values of the
harmonic
amplitude and
its phase angle

In this paper an attempt was undertaken
to determine the lowest number of the tan-
gential pressure ordinates, which should be
used in harmonic analysis of 4-stroke combu-
stion engine to obtain calculated values of am-
plitudes and phase angles sufficiently exact
for practical applications.
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INTRODUCTION

The driving system including an internal combustion engine is
always excited to torsional vibrations by the torque periodically ge-
nerated at all cranks of its crankshatft.

The torque exciting torsional vibrations is also caused by the
inertia forces which occur in the crank mechanism. The last men-
tioned exctitations as well as those from the side of an cnergy con-
sumer, arc not considered in this paper.

From the simple geometrical relations shown in Fig.1 it results
that the torque M appearing in the crank of the radius r, at the arbi-
trary angular position ¢ of the crankshaft can be determined by the
formula (1) :
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Fig. 1. Geometrical relationships of the crank mechanism

The formula can be transformed, by making the connecting rod
angular position 8 dependent on the crank angle ¢, and by denoting
the ratio of the crank radius r to the connecting rod length / as A, to
the following form :

. Acoso
M=rsing|1+——o—n—x [P, (2)

VI=A'sin’ o

The force P, is shortly called the ,.gas™ force. In the trunk piston
engines it results from the gases in the working space, having the
pressure p exerted onto the piston with rings, as well as the air ap-
plied to the opposite side of the piston at the pressure py.

The arca on which the gas and air acts is cqual to the cylinder
cross-section area £, In the crosshead engines the piston rod and
pressure of the supercharging air in the piston under space as well as
that contained in the crankcase should be additionally taken into ac-
count.



The tangential force can be obtained by relating the torque M to
the radius r. This force related to the cross-section area of the piston
represents the so called . tangential™ pressure v, expressed by the for-
mula (3) :
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The air pressure in the crankcase and the supercharging air pres-
sure is usually assumed time independent. However the working space
pressure p changes within a broad range during the thermodynamic
cycle. Information on the course of the pressure changes can be ob-
tained by means of indication of the particular cylinders. The measure-
ment widely described in the subject literature (not referred to in this
paper) is deemed extremely difficult and can be realized with a tolerable
crror only when maintaining many conditions and applying appropriate
measuring instruments [ 1 to 5].

SUBJECT OF THE WORK

Within the scope of this work the pressure-crank angle diagram
was obtained by applying a calculation-measurement procedure [8].
The following measured parameters of the thermodynamic cycle were
used :

Pind - mean indicated pressure

Pmax - Maximum combustion pressure
Pe - compression end pressure

Pk - supercharging air pressure

€ - geometrical compression ratio
2. - specific fuel oil consumption

n - engine speed.

The thermodynamic cycle was so modeled as to obtain the cal-
culated values of the mean indicated pressure and maximum combus-
tion pressure corresponding with those measured. It was obtained by
choosing proper parameters of the heat emission process described
by the Wibe's equation [6]. with simultancous taking into considera-
tion the energy balance. The heat exchange process between the work-
ing medium and working space walls was described by the Woschni's
cquations [7]. The initial version of the thermodynamic calculations
was described in [8]. It was supplemented and developed many times
also in the course of elaborating of this paper. All paramcters of the
thermodynamic cycle were calculated using the 19 step of the crank
angle. The tangential pressure was calculated also with the same step
by applying the formula (3).

The obtained sct of pairs of values, 1. ¢. the crank angle o and
tangential pressure v, was the basis for performing the numerical har-
monic analysis. The Fourier’s trigonometric function approximating
a given sct of values is of the following form [4.9.10] :
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where :
h - number of the harmonic
T - engine cycle factor (for two-stroke engine : 2,
for four-stroke engine : 4)
2h/t - order of the harmonic
Vo oht tangential pressure amplitude of the h-th
‘ harmonic of the 2h/t order
S, - phase angle of the h-th harmonic of the 2h/t order.

According to the principle of Fourier analysis the period of
a considered physical phenomenon is always cqual to 2.

Dividing the period of the excitation from the engine side into
m = 2k parts the crank angle ¢; can be calculated using the following
cquation :
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The Fourier series coefficients calculated in compliance with
the commonly known expressions [e.g.11] are of the following form :

> the free term which represents the mean tangential pressure value :
2k
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= the cocfficients of the terms a;, and b, of the serics forh=1to k
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=  the tangential pressure amplitude of h-th harmonic of 2h/t order :

for h=1 to k-1
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=>» the phase angles of h-th harmonic of 2h/t order :

8 =g 4y

anyp = Arctg—— (I

h

In this paper a four-stroke, supercharged engine was considered
of the power output 33 kW per cylinder at the engine speed frequency
n = 32 rps. The maximum combustion pressure was about
14 000 kPa. Other working parameters of the engine were also known
from the test-bed measurements taken by its producer.

CALCULATION RESULTS

Fig.2 shows the calculated cylinder pressurc-crank angle dia-
gram.
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Fig.2. The calculated cvlinder pressure - crank angle diagram
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As the thermodynamic calculation step was equal to 1° degree
of crank angle, the diagram graphically represents 720 pairs of the
values @ @, p,; . Values of the tangential pressure v, were calculated
by applying equation (3) for every i. The obtained set of 720 pairs of
the values : o, v, was called the basic set. In Fig.3 the diagram of the
calculated tangential pressure Vg is presented in function of the crank
angle o. L
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Fig.3. The calculated tangential pressure v,
in function of the crank angle o

From the basic sct, also other sets with the calculation step equal
to a multiple of the basic step can be formed. Hence the sets of the steps
of 1,2, 3.4, 5, 10,20 and 30° of crank angle were formed, i.c. these of
the ordinate numbers equal to 720, 360, 240, 180, 144, 72, 36, and 24.

The so formed sets were subjected to the Fourier harmonic analy-
sis. The free term v, as well as the tangential pressure amplitudes

Ve onrand phase angles 8, . were calculated with the use of the equa-

tions (6) to (11). Also, by using additionaly (4), the ordinates denoted

vy were caleulated. The calculations were performed for the crank

angle o; varying from 0 to 720° by 1° degree of crank angle. The
example results of the calculations (for the 24-ordinate set) are pre-
sented in Fig.4., where location of 24 points on the plane (o, v,,) s
denoted by asterisks , the curve denoted by *3” is the tangential pres-
sure based on the basic sct values, and the curve denoted by “2’is the
relationship y; = f(o).
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Fig.4. The calculated tangential pressure
in function of the cranks angle o

As the elements of the 24-ordinate set, belong to the basic sct,
the curve y, = f(a) passes through the 24 points and the curve y; = f(ct)
does the same as well. However the intermediate values of the ordi-
nates yj; are different.

The mean square deviation was calculated to assess accuracy of
the represenation of the tangential pressure with the use of the Fourier
series (of amplitudes and phase angles calculated on the basis of m
ordinates), as follows :
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The so calculated value of the mean square deviation Ay, is an
absolute mcasure dealing with a given example, but directly rather
illegible. Hence it was related to the mean tangential pressure v, of
the basic set, shown in Fig.3. In result the mean square relative devia-
tton 1s described by (13) :

Ay,
A= 00 13

0

Results of the calculations performed for the considered four-
-stroke engine are presented in Tab. 1.

Tab. 1. Accuracy of the representation
of tangential pressure — the mean square relative deviation A

umber of 720 360 240 180 144 72 36 24
ordinates m
Al%) 1.605 1.720 | 0.110 | 0.222 | 0400 | 2.172 | 19.785 | 81.730

From Tab.1. it results that the value of the mean square relative
deviation A is the greatest for the smallest number of ordinates m, and
it decreases along with increasing number of ordinates. The smallest
valuc is obtained for m = 240. The authors did not succeeded in expla-
nation why A values increased again for 360 and 720 ordinates.

Therefore the Fourier harmonic analysis on the basis of 240
ordinates was considered the most accurately representing the tan-
gential pressure, and the values of the amplitudes and phase angles
this way calculated were considered accurate.

Tab.2. The percentage amplitude deviations SD calculated by means of the harmonic
analvsis for each of h harmonics at different numbers of ordinates m

Harmonic SD [ % | for ordinate number m
| No. Order | 720 360 240 180 144 72 30 24
() 0.00 0.00 0.00 0.00 0.00 0.01 -0.35 -0.36
i 0.00 | 000 | 0.00 [ 0.00 [ 000 [ 001 | -0.20 | -1.88
| 2 0 000 [ 000 [ 000 [ 000 | 000 | 000 | -0.03 | -1.34
3 1.5 0.00 0.00 0.00 0.00 0.00 0.01 0.04 | -1.81
4 2.0 0.00 0.00 0.00 0.00 0.00 0.03 0.03 | -2.20
§ 2.5 0.00 0.00 0.00 0.00 0.00 0.03 0.03 -343
6 30 ] 0.00 0.00 | 0.00 | 0.00 | 0.00 0.01 | 0.07 -5.40
| 7 ] 35 ] 000 ] 000 [ 000 | 000 | 000 | 005 | 005 | -7.73
8 4.0 0.00 0.00 | 0.00 0.00 0.01 0.10 | 001 | -11.6
9 4.5 0.00 0.00 0.00 0.01 0.00 0.08 -0.01 | -17.36
10 5.0 0.00 | 0.00 L 0.00 0.00 0.00 0.09 -0.26 | -24.83 |
1 [ ss 001 [ 001 [ 000 [ -001 [ 001 | 020 [ -090 | -28.70
12 6.0 | 000 | 000 | 000 | 000 | 001 | 027 | -1.53 | -60.08
13 6.5 0.01 0.01 0.00 | -0.02 | 0.0l 026 | -2.24 -
14 7.0 0.00 0.00 0.00 0.01 0.03 0.43 -4.16 -
15 7.5 -0.02 | -0.01 0.00 0.02 0.03 0.66 | -6.95 -
16 8.0 0.00 | -0.01 | 0.00 0.01 0.00 0.70 | -8.62 -
17 | 85 | 001 | 001 0.00 0.04 0.02 096 | -6.17 | -
18 9.0 -0.01 0.00 0.00 0.00 0.12 1.68 | -45.76 -
19 9.5 -0.01 | -0.01 0.00 0.00 0.11 2.01 - -
20 10.0 0.01 -0.01 0.00 0.07 | -0.02 | 2.06 -
21 7_)_71();57_ -0.04 | -0.04 | 0.00 0.01 0.07 347 -
22 11.0 | -0.06 | -0.03 | 0.00 0.05 0.27 5.35 - -
K 1.5 0.05 0.06 0.00 0.17 0.25 594 | - -
| 24 12.0 0.07 0.05 0.00 0.25 0.14 7.05 - -
25 12.5 0.17 0.15 0.00 | -0.20 | 0.30 10.55 - -
| 26 13.0 ] -0.19 | -0.19 | 0.00 | -0.26 | 0.14 11.53 - -
27 13.5 0.17 0.01 0.00 0.37 -0.31 10.13 - —
| 28 | 140 ] 032 | 032 | 0.00 0.47 | 0.06 13.53 =
29 145 | -0.05 | 0.07 0.00 | -0.54 | 0.54 12.78 - -
30 15.0 | -0.06 | -0.07 | 0.00 | -0.76 | -0.72 | -0.56 - -
31 155 0.30 0.05 0.00 | -0.04 | -2.76 | -9.22 - -
32 16.0 0.21 0.11 0.00 | -038 | -2.12 | -4.18 - -
33 160.5 0.09 0.22 0.00 | -1.14 | -091 |-13.63 - -
34 17.0 0.57 0.61 0.00 | -0.55 | -1.58 | -31.11 - -
35 17.5 0.73 0.48 0.00 | -0.14 | -394 | -16.29 - -
36 18.0 | -0.09 | -0.18 | 0.00 | -1.58 | -3.01 |-53.25 - —




The carlier performed harmonic analyses for all the ordinate
numbers m given in Tab.1. were used to investigate the influence of
the number of tangential pressure ordinates on values of the ampli-
tudes and phase angles.

For ecach of / harmonics the percentage deviations SD were cal-
culated (defined as the difference of values of the amplitude at a given
m and that at m = 240, related to the value of the amplitude calculated
for m = 240).

Similarly, the percentage deviation SDE of the phase angle was
determined.

Results of the calculations are presented in Tab.2 and 3. For
formal reasons they are given with 1/100 % accuracy, although the
authors arc aware of the practically obtainable measurement accuracy
of the pressure within the engine working space.

Tab.3. The percentage phase angle deviations SDE calculated by means
of the harmonic analvsis for cach of h harmonics at different numbers of ordinates m

Harmonic SDE [ % | for ordinate number m
No. [ Order | 720 ] 360 T 240 [ 180 [ 144 72 36| M
T S - 1T -
| T“»‘, 0.00 | 000 [ 000 | 000 [ 000 [ 002 ]-0109 173
2 1.0 0.00 0.00 0.00 0.00 | 0.00 -0.03 -0.57 -5.51
"3 [ 15 000 [000 [ 000 [ 001 | 005 | 014 | 405 [ 3360 ]
4 20 | 000 [ 000 [ 000 [ 000 000 [ 000 | -005 [ -042
5 25 o000 {000 000 | 000 T 000 | 000 | 006 | 007
6 |30 ] 000 | 000 [ 000 | 000 | 000 | 000 | 008 [ -098
7 3.5 1 000 | 000 | 000 | 000 [ 000 | 001 | 012 ] 148
8 [ 40§ 000 | 000 [ 000 | 000 [ 000 | 000 | 017 | 250
9 45 1000 | 000 [ 000 | 0.00 7 000 [ 000 | 020 | 417 |
101 50 [ 000 | 000 | 000 | 000 | 000 | 001 | 043 | 6.72 ]
|11 5.5 [ 000 ] 000 | 000 | 0.00 | 000 | 002 | -0.65 | -11.51
12 60 | 000 [ 000 [ 000 [ 000 [ 000 | 001 | -19.860.
13 [ 65 ] 000 | 000 | 000 [ 000 | 000 | 002 ]
14 | 70 [ 000 [ 000 | 000 [ 000 [ 000 | 004
s 75 oo [oo | oo [o00 [ 000 | 004
o [ 80 000 | 000 [ 000 [ 001 | 000 | 005 |
717 _____S.S 0.00 J_()() 0.00 0.00 0.01 0.13 n
18 1 90 | 000 [ 000 | 000 [ 000 [ 001 | ole

19 95 | 000 | 000 | 000 | 001 oo | oz | -
20 [ 100 ] 000 | 000 [ 000 | 000 | 001 | 028

20 L 1os | oo | 000 | 000 [ 000 [ 004 | 055 -

22 [ o [ 000 | 001 [ 000 | 002 [ 005 | 067 =
2 s oo [ ooo [ ooo [ 004 ooz [oss [ -
2 120 | 003 [ -003 [ 000 | 002 ] 006 | 155 ] -

| 25 125 | -0.04 | -0.03 'unn‘j,u.m' 0.10 | 232 =

26 | 130 | 001 | 001 [ 000 | 001 | 002 | 327 =
27 135 | 002 [ 003 [ 000 [ 016 | 024 | 530 | -

% [ 140 [ 007 [ 005 _Q.()(Z;;()A()I 048 | 795 | - .
20 145 [ 010 [ 009 [ 000 | 001 | 033 [ 943 | - | -
30 [ 150 | 002|005 [ 000 | 021 [ 013 [ 1202 ]
3155 | 002002 000 | 021 | 033 [ 1775 | — | -

| 32 | 160 | 008 [ 002 [ 000 [ 000 [ 073 [2007 | -

31165 ] 000 [ 002 7 000 [ 001 | 054 12029 -
3 170 [ 0os [ oo [ ooo [ 029 [ o0 [ 2598 -

35 175 | 014 | -0 0.00 [ 003 1 029 [3328] -
36 180 | o4 o0 [ ooo [ 002 ] 052 [2997] -

COMMENTS
ON THE CALCULATION RESULTS,
CONCLUSIONS

S The harmonic analysis of the four-stroke engine tangential pres-
sure with the usc of 24 ordinates was performed solely for rese-
arch purposes.

S At the number of ordinates m = 36 the percentage deviations
SD and SDE can be considered satisfactory up to those of 9-th
harmonic.

S The ordinate number m = 72 is recommended for practical use

by the publication [3], a recognized torsional vibration handbo-

ok. In this case the percentage deviations SD and SDE are smal-
ler than 1% up to those of 18-th harmonic.

For the ordinate numbers m > 72 the percentage deviations SD

and SDE are smaller than 1% for all harmonics up to 36-th one,

inclusive. Few exceptions concern the harmonics of such small
amplitudes that, practically, they have no influence on final re-
sults of the calculations.

(3]

()

If the errors of the calculated amplitudes and phase angles have
to be maintained on the level permissible in engineering practi-
ce, it can be stated, that the ordinate number m to be applied
in the harmonic analysis, should be four times greater than
the greatest number of the harmonic which has to be used

for the calculations of torsional vibrations.
Appraised by Jan Kruszewski, Prof.,D.Sc.,M.E.

NOMENCLATURE

ay. by, - Fourierscries coetlicients

Ean - cross-section of the eylinder liner arca

g - brake specific fuel consumption

h - number of harmonic

1 - number of segments into which the period of tangential pressure is divided
k - half of the number of parts into which the period of excitation is devided
1 - length of the connecting rod

m - ceven number of parts into which the period of excitation is divided

M - torque on one crank of the engine crankshaft

n - engine speed

N, - piston side-thrust force derived from the gas foree

P - pressure of gases in the working space of the engine

P - compression pressure

Pind - mean indicated pressure

Px - supercharging air pressure

Disiak - maximum combustion pressure

P - force shortly called .gas foree™

r - crank radius

S, - connecting rod force derived from the gas force

vy - tangential pressure caleulated by using the results of Fourier analysis

yy f(o) - caleulated tangential pressure for any crank angle

Y - tangential pressure

Yo - free term of Fourier series equal to mean tangential pressure

vk sne - amplitude of tangential pressure of the h-th harmonic of the 2h/t order

o - crank angle

B - connecting rod deflexion angle

Sy ¢ - phase angle of the h-th harmonic of the 2h/T order

Ayy - mean square deviation

€ - compression ratio

A=/l - crank radius - connecting rod Iength ratio

T - engine cycle factor

SD - percentage deviation calculated as the difference of the h-th harmonic
amplitude values obtained from harmonic analysis for m and 240 ordinates,
related to that caleulated for 240 ordinates

SDE - pereentage deviation caleulated as the difference of the h-th harmonic phase
angle values obtained from harmonic analysis for m and 240 ordinatcs,
related to that calculated for 240 ordinates

indexi - position on the crank angle axis
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