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ABSTRACT

Random stress with Cartesian components of known statistical moments of their mean
values and power spectral densities of stochastic stress processes is considered. To acco-
unt for the mean stress effect the generalised Soderberg criterion for ductile materials is
employed. An equivalent stress with periodic (in the mean-square sense) components is
defined by means of the equivalence conditions based on the average strain distortion
energy. Also, is formulated the fatigue *
tions of both static strength and fatigue safety and includes yield strengths and fatigue

safe-life” design criterion which covers the condi-

limits whlch have simple physical interpretation, can be determined by uniaxial tests, are directly related
to the applied loads, and can reflect material anisotropy.
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INTRODUCTION

The past decade has shown that fatigue is still a great chal-
lenge for the engineering community. The reasons of it , among
other, may be the random or stochastic character of most loads
that occur in nature. Therefore in this paper being direct conti-
nuation of the author’s paper [1] devoted to fatigue safety of
metal elements under deterministic loads, an attempt is made
to formulate the fatigue “safe-life” design criterion for metal
elements by using probabilistic approach. It is assumed that
the considered stress is described by its Cartesian components
as follows :

csi(t):ci +si(t) , 1=X,Y, 2, XY, Yz, zZx (1)
where :
¢i - random mean values of known ond
ments
si(t) - zero mean stochastic processes of known power
spectral densities, which are stationary (in the wide
sense), stationary correlated with each other and
statistically independent of the mean values c; .

statistical mo-

For the sake of brevity the stress components
04(1), Oy,(t) and G,4(t) are dropped.

In view of practical calculations, the actual stress compo-
nents should be modelled with equivalent stress components
of arelatively simpler form by means of an appropriate fatigue
strength theory. For the multiaxial stress when axial forces,
bending moments and torsional loads vary in time none of the
fatigue strength theories is universally accepted and all fatigue
criteria usually demonstrate large scatter [2]. On the other hand,

in certain dynamic cases the conventional strength theories are
considered to be satisfactory [3+5]. From some fatigue tests it
has been concluded that also the criterion based on the average
strain energy appears promising [6]. However, bearing in mind
that for ductile metals the Huber-von Mises-Hencky strength
theory is commonly accepted [7, 8], the average strain distor-
tion energy is here, like in [1], employed.

The presented paper is aimed at the design criterion which
would cover both the static strength conditions and fatigue sa-
fety requirements under multiaxial stress. For this purpose use
can be made of the generalised Soderberg criterion for non-
-zero mean in-phase stress [1] :

1/2
z & CXCy
~“|R, | R,R
1/2 @)
+ Z 5 Iy <1, 1=x X
i Fl FxFy B ’ , y’ y
where :

R; - yield strength relevant to the mean value of
i-th stress component, c;

F; - fatigue limit under fully reversed load relevant
to the amplitude of i-th stress component, a; .

As far as the computational effectiveness is concerned, spec-
tral criteria can be very advantageous [9]. Therefore the ap-
plied equivalence conditions are transformed into the frequen-
cy domain.
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The equation (2) suggests to model the stress
components (1) by the equivalent stress components :

ofV(t)=cV+st0) L i=x vy @)
where :
ci(eq) - random mean value of i-th equivalent stress

component

si(eq)(t) - i-th zero mean stochastic process.

It is assumed that the processes si(eq)(t) are periodically sta-
tionary (in the mean-square sense [10]), stationary correlated
with each other and statistically independent of the mean valu-
es ci(eq), which are sought in the form :

sgeq)(t)=ai(e‘])sin(coeqt+(pi)= @
=a, exp(jcoeqt)+ a;, exp (— jcoeqt) , 1=X,Y, Xy
where :
ai(eq),(pi - random amplitude and phase angle
of i-th equivalent stress component.
a(ca)
i : *
ay =— eXP(J(P) > Ajp = a5 (5)
2]
<au> = <ai2> = <a£1312> = <aizai1> =0 ()
<a§13y2> = <ax2ayl> =0 (7

Weq - equivalent circular frequency

(0)* - complex conjugate
()
In order to calculate the amplitudes of the equivalent stress

components the following equivalence condition [1] is used at
the beginning :

- expected value

®)

1! 1!
T 6"4) eq (t)d‘t = ? 6[(1) (t)dt

where : T is the averaging time

b ()= Y (e ) + o) +
. 3B | _ i) 1 5(c6) )

X

©

is the strain energy of distortion per unit volume
in the equivalent stress state and

1+v

¢(t)=¥(c,2{ +G§ — GG, + 3Giy) (10)

is that in the actual stress state.

By applying (8) through (10),
the following equivalence conditions can be written :

J.[c eq) ]dt_T(;[ oi(t)dt , i=x,y,xy (1)
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)oled(t)dt = — jc ,(©dt (12

_J‘Geq

Such equatlons of integral time averages are not conve-
nient for evaluation of parameters of the equivalent stress com-
ponents by using spectral data therefore they were replaced by
the equations of ensemble averages :

<[Gi(eq)(t)]2> = <Gi2(t)> ,1=X,y,Xy
(00 9(0) = (o)1)

To obtain the frequency domain formulation of (13) they
were rewritten in terms of correlation functions as follows :

(13)

(14)

[ci(eq) +a, exp(_ J0gqty )+ i) CXP(j Deqly )]
'[Cgeq) +ay expljogt J+an expl-jogt, )]

= <[ci + ST (tl )][Ci +5; (tz )]>

Stationarity, in the wide sense,
of the processes sj(t) implies that :

<[Ci +s; (t))][c; + Si(tz)]> = <C12> +Ki(x) a6

where :
T=1t -1t

and :
K;(t)= <S?(t1 )si (¢ )>

is the autocorrelation function of the process s;i(t). In accor-
dance with (3) through (6), and (16), one gets from (15) :

()L Yoo

as)

a7
+eXp(_j0)eqT)]= <C‘2> TR (T)
Thus :
Eor)t)
%<(ai(eq))2>[exp (o) exp (- jog,t)|= K (x) (19)

Fourier transformation of (19) gives :

%<(al(eq))2>[8 (C‘) O )+ 8<(0 +0eq )] =5 (CO) (20)

where :
) - Dirac’s delta function
Si(w) - power spectral density of the process s;(t).

The mean-square value of the amplitude of i-th equivalent
stress component can be estimated with the use of (20) by its
integration over the whole frequency range, which yields :

L) - o

and :

<( (ea) > 2[8

e2))

(22)



Similarly, stationary cross - correlation
of the processes ox(t) and Gy(t) requires that :

(07t)o, (1) = (e.0, )+ K, 6)
where :

Koy (0)=(52.0)s, (1)

is the cross-correlation function
of the processes sx(t) and sy(t).

By proceeding with (14) — in the same way
as above — the following was obtained :

<C§eq)c(yeq)> N %(ag(eq)a(yeq) ,
Hexpj (cpy g, Jlexp(jo eqf)+
+exp [_ j((Py ~ Px ) eXp(_j“) eqr)}> =

= <cxcy> + KX,y (1:)
So:
< cge%(;q)) _ <cxcy) 25)
explj (((py— cp; )|
1) OPUCQTT |
4 axtay” +exp [—j((Py—(Px)]° K )
-exp (—jmeq‘r) (26)
After Fourier transformation of (26) one obtains :
eXp[j((py_(Px )]
U ) do-oa)t [
2 axq ayq rexp [_j((Py—q)x)]- _Sx’y(co)
: 5(‘” T 0 ) 27)

where : Sy y () is the cross power spectral density of the pro-
cesses Ox(t) and oy(t). Integration of (27) over the whole fre-
quency range yields :

;<a(eq) (eq )cos((p (Px)> J‘Sxy )do (28)

Le.:

( (0)a ¢0) cos (g, - (px)>:2'[sx’y(w)dw (29)

FATIGUE “SAFE-LIFE” CRITERION

With regard to (2) through (4), the criterion in question
can be formulated as follows :

(1) (81«1 (30)
where :
1/2
. Ci(eq) CS(CCI)CgleCI) )
£, = , 1=X,y,Xy
i Ri Rny
(1)

1/2
as(eq)a(yeq) cos ((py -y )

(32)
F,F,

After expanding the functions £ and f;' into Taylor se-
ries around expected values of their arguments and retaining
the linear terms, one gets :

() (clonen h
()= 2 9
i i xthy
1/2
(6F) (a0 cosfe, -0,
o {)| T (@) FF(P )
64

Hence the fatigue “safe-life” design criterion for anisotro-
pic metal elements under multiaxial static and dynamic ran-
dom loads becomes as follows :

@) (o))"
ZR_,-Z_ R.R,
(35)
wl S (0)) 1/2
2 | ZS;:(;”)— = ldoy <1
—o| 1 i XUy
CONCLUSIONS

O The fatigue “safe-life” design criterion which covers the
conditions of both static strength and fatigue safety of me-
tal elements under multiaxial static and dynamic random
loads, was formulated.

O The presented criterion includes material constants which :

have simple physical interpretation
can be determined by uniaxial tests
are directly related to the applied load
and can reflect material anisotropy.

NOMENCLATURE

a; - amplitude of i-th component of the in-phase stress
(1=X,Y, z, Xy, yZ, zX)

ai(eq) - random amplitude of i-th equivalent stress component

a;1, aj,- quantities defined by (5)

¢ - mean value of i-th component of the in-phase stress,
random mean value of i-th component of the actual stress

—

) - random mean value of i-th equivalent stress component
E - Young modulus

F; - fatigue limit under fully reversed load relevant to the
stress amplitude a;

fy, f, - partial safety factors acc. to [1]
] - imaginary unit
K; - autocorrelation function of the process s;(t)
xy - cross-correlation function of the processes s,(t) and sy(t)
R; - yield strength relevant to the mean stress value c;
S - time-variable part of i-th stress component
si(eq) - time-variable part of i-th equivalent stress component
S; - power spectral density of the process s;(t)
Syy - cross power spectral density of the processes s,(t) and sy(t)
t - time
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T - averaging time
S - Dirac’s delta function
% - Poisson’s ratio
o; - i-th stress component

i(eq) - i-th equivalent stress component

v

T - time interval

¢@; - random phase angle of i-th equivalent stress component

9, ¢q - strain energy of distortion per unit volume in the actual
and equivalent stress states

[ - circular frequency

Wq - equivalent circular frequency

<0> - expected value
O}
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Miscellanea
TOP KORAB Ministerial award
aCtIVlty in 2003 Some years ago a team of the Faculty of Ocean Engine-
ering and Ship Technology, Gdansk University of Technolo-
In 2003 The Polish Society of Naval Architects and ~ &Y> has commenced working on design and construction of
Marine Engineers, TOP KORAB, — in accordance with its @ Prototype ﬁshmg cutter for Baltic Sea, which hgs been ho-
custom of arranging topical meetings — carried out, in peq to be .useful in renewal of the obsolete fishing vessels
Gdansk, 9 meetings devoted to the following topics : flying Polish flag. .The undertaken task was sucessfully com-
5 ) o ) pleted and the built cutter has already operated for a year,
K Achl'evemenj[s Of_ POL'LEYANT shlpplng company 1 gathering flattering opinions from the side of its users.
. the light of situation of Polish shipping Polish state authorities received with recognition that
’:’ Dev;loprr'lent stategy of Pomeranian region important achievement seeing in it a nucleus of a new gene-
’:’ Certification of management systems ration of ecolgical family-operated fishing vessels. Giving
o Dlmensmn allowance system applied in shipbuilding  yoice to it, the authorities rewarded the team consisted of the
gldustry ol . . " following persons :
« Current problems of Central Maritime Museum in .
Gdansk - presentation of permanent exhibitions ﬁ i s;leChOWIKZ’SP rof]’;:D.Sc., Eng.
« Achievements and development prospects of Gdynia AT .Kro osszré, ].SC.’ ne.
Naval Shipyard A C Spa, 'k'c b él g E
¢ Prospects and future of Polish Shibuilding Industry Fo- A £ Jymarsxl, 1.5¢., ENg.
rum . T. Blekiewicz, Eng.
A proposal of topics of club meetings to be organized in A g ]\Bv;zozkal,v[DSSc.,EEng.
2004, and of forms of future activities of TOP KORAB Y Ste“ht’ E
% Presentation of the current state of TOP KORAB chro- . ;. .ac (?w1a > ng.'
nicle. with the Ministerial prize which was solemnly
handed over on 13 May 2004.
A full-day coach excursion to Malbork to visit the his- :
torical Teutonian Knights' castle, was also carried out.
Whereas in Szczecin, apart from 4 organizational
meetings, 2 topical meetings were held :
* Current problems of NOWA Szczecin Shipyard Co
* Problems associated with implementing a new IMO code :
ISPS Code 2003.
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