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1. Introduction

Studies of the hydrogen atom in noncommutative
space have received much attention (see [1-11]). In the
paper [1], energy levels of hydrogen atom were obtained
up to the first order in the parameter of noncommutativ-
ity. In the paper, the Lamb shift in noncommutative space
was studied. In the paper [2], the case when particles of
opposite charges feel opposite noncommutativity was
examined. In the frame of such an algebra, the hydrogen
atom as a two-particle system was considered. In [4],
the quadratic Stark effect was studied. In [5], shifts in
the spectrum of the hydrogen atom caused by space
quantization were presented. In [6], the noncommutative
Klein-Gordon equation was studied and the hydrogen
atom energy levels were calculated. The influence of
noncommoutativity on the Dirac equation with a Coulomb
field was studied in [7, 8].

The effect of the noncommutativity of coordinates
and noncommutativity of momenta on the energy levels
of the hydrogen atom was examined in [9-11]. The hy-
drogen atom problem in the frame of space-time noncom-
mutativity was considered in [12-16].

In the present chapter, we examine the hydrogen
atom and hydrogen-like exotic atoms in the frame of
rotationally-invariant noncommutative algebra of the
canonical type. The energy levels of the hydrogen atom
are found up to the second order in the parameters of
coordinate and momentum noncommutativity. Based on
the obtained results, the upper bounds for the parameters
are estimated. Also, a two-particle system with Coulomb
interaction is studied in the frame of rotationally-
invariant noncommutative algebra. We examine the
influence of space quantization on the energy levels of
the system. Based on the obtained results, the energy
levels of muonic hydrogen and antiprotonic helium are
examined.

The paper is organized as follows. In Section 2,
rotationally-invariant noncommutative algebra is in-
troduced. In Section 3, the Hamiltonian of a hydrogen
atom is examined in the frame of rotationally-invariant
noncommutative algebra. In Section 4, corrections to the
energy levels of the hydrogen atom are found up to the
second order in the perturbation theory. Section 5 is de-
voted to studies of the corrections to the ns energy levels
of the hydrogen atom. The effect of noncommutativity
on the energy levels of hydrogen-like atoms is examined
in Section 6. Upper bounds for the parameters of coordi-
nate and momentum noncommutativity are obtained in
section 7. Section 8 is devoted to conclusions. The results
presented in this paper are published in [17-20].

2. Rotationally-invariant noncom-
mutative space of the canonical

type

The noncommutative algebra

(Xi,X;] = igjloa, (1)
. lopo b bpo 4

[Xi,P;] = i (&y + ﬁ(a'l? )6ij — el E ()

[P,P)] = e&jpopt, 3)

is rotationally-invariant and equivalent to a noncommu-
tative algebra of the canonical type [20]. To construct the
algebra, the parameters of noncommutativity 6;;, n;; are
considered to be the tensors

lo

0ij = 7 Eiika; (4)
Po

nij = ;Sijkpzlz- (5)

Here, [y, po are constants and a;, pf are additional coor-
dinates and momenta satisfying the ordinary commuta-
tion relations. They are governed by spherically symmet-
ric systems, for instance, the harmonic oscillators

a\2 2.2
rsc D
Ho, = WL M@ (6)
2Mpse 2
Hb (pb)z Mopse 602192 (7)
o%¢ 2Mpse 2 ’

with v/7i/\/Mesc@ being equal to the Planck’s length Ip.
The frequency @ is assumed to be very large.

The algebra (1)-(3) is equivalent to a noncommuta-
tive algebra of the canonical type

X, X;| = inh6;;, (8)
Xi,P;] = in(dij+ 7)), ©)
[P,Pj] = ihn, (10)

in the sense that the following relations are satisfied

16;5,Mij] = [6ij,%;] = [%j,Mij] = 0. (11)




3. The Hamiltonian of the hydro-
gen atom in noncommutative
phase space with preserved
rotational symmetry

Let us consider the hydrogen atom and find correc-
tions to the energy levels of the atom in rotationally in-
variant noncommutative phase space (1)-(3). So, we con-
sider the total Hamiltonian

H=H,+H +H’,, (12)
where
P> &
Hy=——— 13
h M R’ ( )
is the Hamiltonian of the hydrogen atom.  Here

R =
the relations of the noncommutative algebra (1)-(3).
The Hamiltonians H¢,, H?,. correspond to harmonic

oscillators and are given by (6), (7).

\/LiX?, coordinates X; and momenta P; satisfy

Using representation for coordinates and momenta
that satisfy the relations of the noncommutative algebra
by coordinates and momenta satisfying the ordinary rela-
tions, we can write

p’ MUROMN [n xr]?

H, = *_
h oM oM SM
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+ . (14)
V2~ (8-1)+1[6 xpP

To find the effect of the noncommutativity of the en-
ergy levels of the hydrogen atom, we expand the Hamil-
tonian of the hydrogen atom in the series over 6. For 1 /R
we obtain

1 1
R V2= (8-1)+1[6 xpp
11 3
= -4+ (0-L)+-——(6-L)*—
r+2r3(e )+8r5<6 )
1 /1 o1 1 1 W )
+ 16<r2[9><p]r+r[9><p] r2+r7[9><r] )

(15)

To find the expansion for 1/R, firstly we solve the
problem of finding the expansion of R up to the second

order in 0. The expression for the distance reads

R= \/(r+;[6xp])2: \/rz—(G-L)—i-i[Oxp]Z. (16)

It is important to stress that the operators under the
square root do not commute. Therefore, we introduce
the unknown function f(r) and find the expansion in the
following form

R = re2(0-1)— =

2r 8r3(e'L)2+

+ 1o (SloxpRloxpl +6m). 07

Then to obtain f(r), we square the left- and right-hand
sides of equation (17). Up to the second order in 8 we can
write

rz—(B-L)—i—%[Oxp]Z:rZ—(O-L)—I—

1 2 21
+16 (2[0><p] +r[0 x p] r+

1
+ (r[e X p]2r+2r92f(r)> : (18)
From (18) we have
hz 2 2
F[O xr]”—rf°f(r) =0. (19)
And finally, function f(r) reads
2 hz 2
0 f(r):r—s[axr] . (20)
So, the expansion for the distance is as follows
R = r—2(8-L)- - (0.LY+
N 2r 8r3
1 /1 5 o1 5
(21)

Then, on the basis of this result we can easily write (15).
As a result, the total Hamiltonian reads

H=Hy+V. (22)




Here, V is the perturbation operator

(L) mxr} & 3¢?
V= o tam s 85(9 L)+
e? 1 , 1 R 5
e e O e e P}
(23)

and Hy contains the Hamiltonian of the hydrogen atom in
the ordinary space and terms corresponding to the har-
monic oscillators

2 2
Hy=2 - 1pgo +H

2M r osc osc* (24)

4. The effect of the noncommuta-
tivity of the energy levels of the
hydrogen atom

Let us calculate corrections to the energy levels of
the hydrogen atom caused by the noncommutativity of
coordinates and noncommutativity of momenta. It is im-
portant that

P
2M r Y osc

= |:HgSC’ H(l;SC:| = 0'

(25)

So, the eigenvalues and eigenstates of the Hamiltonian H
can be written as follows

2
(0) . e
En,{na},{nb} = - 26131’12 + h(l)(ncf + n‘zl + n‘; +
+ n?+n’§+nl3’+3), (26)
y b
Valim oy = VitV Vit (27)

Here, ap is the Bohr radius, ¥, ,, are well-known eigen-

functions of the hydrogen atom in the ordinary space
b . .

(6;j = ni;; = 0) and l[/g nsng s ¥, b AT eigenfunctions

of the three-dimensional harmomc oscillators H,,., Hé’“

Using perturbation theory and taking into account the
fact that the frequency of the oscillators is large and they
are in the ground states, we can write

AEY — ()

(0)
nl {03 (01 Y Wi 1m 103 {01 (28)

Note, that
(Wo.00l60:lW500) = 0, (29)
(Wg,o,o|ni|wg,0,o> = 0 (30)
So, we can write
(0) (n-L)| _
<‘/’n,z,m,{o},{o} ot | Veimiopoy) = 0,61
(0) e (0)
<‘Vn1m{0} {0} |2, 3(9 L)‘Wnlm (0}, {0}> 0. (32)

The effect of momentum noncommutativity is repre-
sented by the terms [N x r]>/8M. The correction caused
by the term reads

[n xr]?
M

(0) _
Wn7l,m,{0},{0}> =

(mv)*
Yo im.{0}.{0}

(0)
<Wn,l,m7{0}7{0}
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(0)
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2,

24M(s 21 1=31(1+1)(n?).

To write the expression, we use

moscwpo 1
<‘I’(I)J,0,0’71i77j\‘l/(l)7,0,0> 0= *<712>5ij7 (34)
2h 3
where (n?) is given by
2 p% 3moscwpo 3]7(2)
(n°) = ?W’g,op\( PP W 00) = —on 2B (35)

We also take into account the following result for the
mean value (see, for example, [21])

(36)

2
<Wn,l,m |r2‘ lI/n,l,m> = alzg%(Sl’lz +1- 3l(l+ 1))

To find the correction caused by the term
3¢%(0 - L)?/8r°, we take into account the following
result for the mean value (see for instance [21])

<1anm lI’nlm>_

B 4(5n> =31(1+1)+1)
a1 (I +2) 20+ 1) (21 43) (- 1)(2L— 1)
(37)




We also calculate

<‘I’8,0,0 Wg,o,o | 0; 9j | lI’g,o,o ‘I/g,o.,0> =

1/ o2 1, 5
=5 (o) 89=3(03 (38)
As a result, on the basis of (37), (38), we find

3e?
85

(6-L)*

(0) (0)
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B n2e?(5n> =311+ 1) +1)(6?)
S 2apnS(1+2) 2L+ 1) (21 +3)(I—1) (20— 1)
39)

Then, let us rewrite last terms in the perturbation as fol-
lows

2

ﬁ[ﬂxp] ;+;[6><p] r—2+ﬁ[9xr] =

1 51 1 1 o1 1
_92 Zr 92 2 - 92 7(9P>2r

1w

(9 P 5 5(8: r)’. (40)

So, after averaging over the eigenfunctions of the har-
monic oscillators we find

1
(Wioo¥hoo 5(0

1 1
. 27 _— . 27
pI+(0:p) 5+

h
7 (6-r) ‘V’doo‘l’goo>

11,1 1,1 B,
—3<r2P ;‘F;P 2+><9> (41)
So, we can write
(0) 0 21
lI/rllm{O} {0} |, [ Xp]
Lo )
;[ X p] lIln,l,m,{O},{O} +
) 7 o s g2 _
+ Y im,0}.{0} [ <X W g0y40) ) =
2 1,1 1 » L n? 5
:g l//n,l,m 2P + }"2 5 lI/n,l,m <9 >
(42)
We represent r2 p L1 p2 ,12 + i’—z as follows
1,1 1,1 ¥ 1, 1 51
}’7 ;"‘ pﬁ-l-rfssz-i- *34—75 (43)

So, the correction reads

<Wn,l,m

2h?
- llln I,m

2.2
aBn

4h2
l/fn I.m

1 1
21’2*+

1,1

- +75 Ynim )=
r

1

3 lIln,l,m> +

1
l//nlm>+5hz<lllnlm

72

lI/nlm>

(44)

Taking into account well-known results for the mean

values (see for instance [21])

1
<1I/n,l,m ﬁ lI/n,l,m> =
2
= 45
aa’l(l+1)(21+1) (45)
1
<Wn,l,m 74‘ l//n,l,m> =
4(3n% —1(1+1)) (46)

T a1+ 1)(20+3)(20— 1)

and all the obtained results, we can write an explicit ex-
pression for the corrections to the energy levels caused by
the coordinates noncommutativity. It reads

32

8 (6-L)*+

(0)
<‘Vn,z,m,{0},{0}

2
e 2110
- 1612 [0 xp] - ’ lI/n,l~,m7{0}7{0}> +

0) e 1
<‘Vn,1,m {0440} | TR [9 X p]

&2 hz 20 .. (0)
+ Rﬁ[e x| Wn,l7m7{0}7{0}> =
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3114+ 1)(20+1)(20+3) (21— 1)

_|_
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5 5n2 —=31(1+1)+1
61(1+1)(1+2)(20+1)(2043)(I—1)(2] — 1)>

(47)




where (6?) is given by

I§ 35 (1 31513
62) = L 2 =0 =P (48
(67) 72 (Wo00la"|W600) 28 \ mye e (48)
So, using (31), (32), (33) and (47) in the first order
of perturbation theory, the effect of noncommutativity on
the energy levels of the hydrogen atom is as follows
() _ Ap(m (6)
AEn,l _AEn,l +AE Ao

n

(49)
where

2.2 /m2

() _ @ (N")  »
AE, ) = YT (5n”+1-=3l(I+1)), (50)
are corrections to the spectrum caused by the noncommu-

tativity of momenta and

e (6?)

5

) _
AE, = ayn’

6n> —21(1+1)

% (_3l(l+1)(21+1)(2l+3)(21— n"
1
HSIEE

5n2 =31(1+1)+1

+2(l+2)(21+ DRI+3)(I-1)2—1)
5 5 —31(1+1)+1
+61(z+1)(z+2)(2z+ 1)(2143)(1—1)(2l - 1)) ’
(51)

being corrections caused by the coordinates noncommu-
tativity.

Note that in the second order of the perturbation the-
ory we have

AE®) ) X

nlm{0}
w1 m! {ne}, {nb}

0 (0) ?
% ‘ (Wt o0y IV Wil 0101 ‘ x

(0) (0) a a a b b by\—1
X(En” —E," —ho(nf+n5+n5+ni+ny+n3)) ",
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(52)
0 _ €
" 2agn?’
(53)
In the limit @ — oo, this correction vanishes
: 2) _
S AE, g0y =0 (54)

So, up to the second order in the parameters of the coor-

dinates noncommutativity and parameters of momentum
noncommutativity, the corrections to the energy levels of
the hydrogen atom are as follows

AE,; = AEY (55)

ndl *
It is important to stress that the obtained corrections
to the energy levels of the hydrogen atom (55) are diver-
gent for / = 0 and / = 1. From this, it follows that we
cannot use expansion of the Hamiltonian into the series
over the parameter of coordinate noncommutativity. In
the next section, we find finite result for corrections to
the ns energy levels of the hydrogen atom. We are inter-
ested in the corrections because on the basis of the results,
a stringent upper bound for the minimal length can be
found.

5. Corrections to the 7.5 energy lev-
els of the hydrogen atom in non-
commutative phase space

To calculate corrections to the ns energy levels, we
rewrite perturbation V caused by noncommutativity of
coordinates and noncommutativity of momenta as follows

(L) mxx &
V"= n Y R 7=
2 2
S ¢ +& (56)
Jr-(0-L+iexpp
So, the corrections read
_ /.0 (n-L)
AE,s = <‘//n,0,o,{0},{0} M
[ xr| () 0 e
T e | Yaoogonior ) T\ Yaooonior | T 5
¢ 0)
+ Y0.0,0,{0}.{0} /
\/”2_(9_14)_'_%[0Xp]2 0,{0}.{0}
(57)
It is important to note that
Also, we have
0
(0 'L) l/’,i&q{o}{o} (r7 a7b) =0. (59)




So, we can write

2 22
_ () g o
AE,s = >aM (5n —|—l)—|—
2
(0) e
+<V’n,o,o,{0},{0}(l’>a7b) -
e (0)
+ ] l/’n,o,o,{o},{o}(l'v"'ab) .
2+ 46 xp)?
(60)
We introduce a’ =a/l,, b' =b/l,,
r = \/7r7 61)
ol

with [, being the Planck length. So, we can rewrite 0 as

12
o - ” 0’ (62)
0 = [a’ xb']. (63)

So, the correction caused by noncommutativity of coordi-
nates AE,gf) reads
Ay = 2= (64)

where
Lns (%) =

— [ aa'o0@) [ ab'Bhoob) [ ar'Bootar)

1
Xﬁ_

|
V()2 48" x p’]2> g

X P00 (XX ) W5 0.0(a") WG90 (D), (65)
and
%= \/f b | (66)
ap

The Eigenfunctions of the harmonic oscillators and hy-
drogen atom read

‘7’(()1,0,0(3/) = T ie 2, (67)
/N2
‘Pg,o,o(b/) = qie T ; (68)

- | 2xr
/ 1
‘I’n,0,0(?Cr) TCI’lSe " Ln—l < n > ) (69)

Ll

el (275 ) are the generalized Laguerre polynomials.
Integral (65) is finite for y = 0. So, the asymptotic of
AE,(,g) for y — O reads
2,2
e
AEY) =25
ap

Ins(0). (70)

So, to obtain the asymptotic of AE,(L?), we have to calculate
integral 1,5(0). As the first step we consider the integral
over r'. We have

(2,6 = [ d oo(xr) >

1 1 _ /
" <r’ VG p’]2> Vroolar). 70

In the momentum representation, the integral reads

ns X76/ - /dpu[n00< )
1 1 _ p’>
- V0,0 ( )
VY Ve <P X

(72)

where

(73)

Integral /,5(),0’) does not depend on the direction of the
vector 0’. So, we can rewrite the integral as

Ins (X> 0,) = InS (X> 9/) =

1 _ p 1
=—— [dQ [ dp'W, — | —-
A7)0 / / P W00 <%> ~

p

1 . p’
+ 2 ! 112 ‘l/n,0,0 E B
V18 e
1 B p’ 1
=— [do [ ap' Voo [ = -
4my® / / P Y00 (x) _V?,

p

/

I )
+ V0,0 <p> ;
\/—Vi,+(9/)2(p’)2sin2® X

(74)

where @ is the angle between vectors 8’ and p’, 8’ = |6'|,
and dQ = sin®dO®d .




Let us use the substitution

Kp’, (75)

V0'sin@®,

p =
K = (76)

and return to the coordinate representation. So, we have

Lis(x, 0’ / d®sin ®/a’ry/noo KXF) X

1 1 _ o
. <f - m) Prooli®) =

6/ T 1)
:—/ d@sin2®/ d7 x
2 Jo 0

I R
== ——— | Ruo(k27),
BERVAERD

X PR, o(KxF) (77)

with R, o(k7) being the radial wave function of the hy-
drogen atom

Ruotian) =\ e T2y (P20).
n n
and
19
pr=—izooF. (79)

Then for convenience, we use the notation

KxF 2 2
Sus () 4/ dite W) < W) X
n

1 KxF 2KYF
—<25L£1<KW>.(%)
n

VPP

So, for I,4(x, 6") we obtain

X
~t| o=

Lis(x,0") = 2n5/ d@sin® @S, (xky). (81)
Taking into account
Ins(o) = <Ins(079/)>a’,b’a (82)
(0,0 = / @ sin® ©5,,;(0) =
no’
= 22.5,,(0), 83

we have
AEYY = %Sm(o), (84)
(6) = (Fo0@)¥500M)]
W|w&o,o<a'>wao,o<b'>> = 1. (89)
Note, that
Sus(0) = S1,(0)n (86)

On the basis of (85), (86), we find the expression for the
leading term in the asymptotic expansion of the correc-
tions to the ns energy levels

ny’e?
AEns 4Can3 Sls(O) (87)
So, we have to calculate the integral
2 1
S15(0 4 d : — (88)

\/ P+ P}

We expand 1 over the eigenfunctions of operator 7 + p2.
They read

2k! P2

_ 2,40
Ok F(k+%)e L (F) (89)
We have
1=Y G, (90)
k=0

C}, are the expansion coefficients, which are as follows

o - [ [are i) -
k k+ e 7L () =
AT(k+ 3
- (_1)k M (91)
k!
So, for the second term in (88) we obtain
oo oo C2
L Y —~. (92)
0 JR+pr =0V
where
3

are the eigenvalues of operator 7 + p2.




Let us represent the first term in (88) as follows

/ dif = Y Cik,
0 k=0

2k = 2
— / dife” T L} () =

8k! 13
= (1) | =P (ki 53252),
(=1) nr(k+§)2‘< 22>

(95)

(94)

where Fj (—k,%;%;Z) is the hypergeometric function.
Using (92), (94), we obtain

> C
S15(0) =4 (Cklk_k> =
k;() v Ak
2 & Fk
o2
13 T
X(2F1< k3igs 2)_ 8k+6>‘

It is important to mention that the two sums in S;4(0)

(96)

+3)
5 13
1 2 —k.—Z:2
6\/7 ‘ ( k7272’ )7 (97)
> Fk—|— b3
16\[ \/ 8k+6 8)

are divergent. But the value of S;4(0) is finite. To study
the sums (97), (98) separately we consider the additional
multiplier n* (n < 1)

;
16\[ +3)

4 k
8k+6

In the case of 1 = 1, we find (97), (98).
First let us calculate (100). It is easy to show that

(100)

(3 *° 3y.2
[~ :2/ dze~ Ktz 101
k—i—% o (101)
Also, we can write
< [(k+3
) ( +2)tk: VT = (102)
k=0 k! 2(1—1)2

As a result, using (101), (102), we find

— 3 &
16V2 -
Z()k'\/8k+6n

hnd Fk—{— 0 3\.2
—16 k/ d 7(k+1)2 _
Z kv\f 0 e
—8/ dz———— 2
(I—ne~

To calculate (99) we represent the hypergeometric
function as

13 k (—1)iC]29
2h —k,;;2> =X .
( 2’2 q;o 2q+1

(103)

N\w

(104)

where CZ are the binomial coefficients. We can write

1 1
— = | dz™. 105
2q+1 /0 “ (105)
So, taking into account (104), (105), we find
A(—k132) = Zk:/ldc‘f(—z)q 20 —
2171 XX - =~ o g 7=
q=0
1
= / dz(1 —22)F (106)
0
Then, using (102) and (106), we rewrite (99) as
3
5 13
16 *2) —k,=,=,2)n* =
\/7 ‘ < 72727 )n
> I'(k
i 16[ D
! d
=82 / < . (107)
0 (1-n(1-22)}
We split the integral (107) into two integrals as
! dz
=hL(n)+hL(n), (108)
b Gy e
vz dz
hm = [ , (109)
= 0
! dz
b= [ ; (110)
7 (1=n(1-22%))2

The integral I,(n) has a finite value even for n = 1, we




find

V2
Let us represent (109) in the form close to (103). We
use substitution e~"* = 1 — 272, and obtain

2 > -
I n):f/ dt tle . (112)
2D T—e (1 —ne )3
Using (103), (107), (111), (112), we can write
> Fk+ 13
1 k. =22 k__
6\/7 -7, 2 l( k>27 7’ )77
> T(k+3 T
16 k=
* \[ Kl \/ 816
“if(1—e )2
=8v2h(n +8/ dt - T
—e )2 (1—ne*):
(113)

The integral (113) is finite for N = 1. So, substituting n =1
into (113), and using (96), (111), we obtain

2+8/ ar' Wi-et

Si15(0) =

(I—e ’2)2
= 1.72006... (114)
Taking into account (87), we find
2,2
AE®) ~ 17272 (115)
4apn’
So, on the basis of (62) and (66), we can write
2
AEL®) ~ 1.72h<92”e : (116)
8azn’
(6) =
= <‘I’g7o,o(a)‘lfg,oo ) 29 \‘I’aoo ll’ooo( ) =
al?
=_2£, (117)

I

Finally, corrections to the ns energy levels of the hy-
drogen atom caused by noncommutativity of coordinates
and noncommutativity of momenta read

azn®(n?) 7(0)me?
AE,. = -8_ 1 /(5 1)+1.72——5—
s 24M ( n+ )+ aBn3
(118)

Let us analyze the corrections (55), (118). There is an
important difference between the influences of the coor-
dinates noncommutativity and momentum noncommuta-
tivity on the spectrum of the hydrogen atom. In the case
of large quantum numbers 7 , corrections caused by non-
commutat1v1ty of momenta AE (176) are proportional
to n*, and corrections caused by noncommutat1v1ty of co-
ordinates AEr(fl) (175) are proportional to 1/n°. So, we can
conclude that the energy levels with large quantum num-
bers n are more sensitive to the momentum noncommu-
tativity than to noncommutativity of coordinates. Energy
levels with small quantum numbers n are more sensitive
to the coordinates noncommutativity

Note also that ns energy levels are more sensitive to
the noncommutativity of coordinates (1) Namely correc-
tions to the ns energy levels (118) contain terms with (0)
and (n?). Corrections to other energy levels (I > 1) in-
clude terms proportional to (62) and (n?).

6. Energy levels of hydrogen-like
exotic atoms in quantum space

We examine two particles with masses mj, m, with
Coulomb interaction in the frame of a rotationally-
invariant noncommutative algebra of the canonical type
(1)-(3). In this case, the total Hamiltonian reads

+H* +H"

K 119
’X(l) _X( )’ osc osc* ( )

Here, k is a constant.

In the general case, coordinates of different particles
may satisfy commutation relations of noncommutative

algebra with different tensors of noncommutativity 91.(;1),

171-(]'-1) (n labels the particles, n = (1,2)). So, in this case the
relations of the algebra read

X" XM = indum6,, (120)
o) ()

X" P = 7S, 5;,+Z# | (121)
k

[P(n),P(m)] = lhsmnn,(]n)7 (122)

n,m = (1,2). Note that we also suppose that commuta-
tors for coordinates and the momenta of different particles
equal zero.

Let us introduce coordinates and momenta of the
center-of-mass and coordinates and momenta of the
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relative motion as in ordinary space

XC — ‘LLIX(I) +u2X(2)7 (123)

P¢ = P(l) +P(2), (124)

X" =AX - AX?) = x(1) —x®) (125)
1

P — E(Ap(l) — AP?Y) = 1,PY — 1, P (126)

So, we can rewrite the Hamiltonian of the system as

(P°)°
H; = +
2M 2u

(P)? K
X7’

(127)

where M = m| +my, L = mymy/M are the total and the
reduced masses respectively, ; = m;/M.

Coordinates and momenta of the center-of mass X},
P¢ satisty the following relations

X7, X5 = thu = in6y;, (128)
[P, P{] = thnU = inmg;, (129)
2 ()n(
x¢ P = in(8+ Y Y i K. (130)
n=1k=1
where
c 2
o, = ﬂ129i81)+ﬂ229i(j)v (131)
G = ni(jl)er(,-z)- (132)
It is important to stress that
o\ p® ¢ me
; 77 0;1;
U+ZZ il Ky #in(8;+ Y "4/"). (133)

k

So, commutators (128)-(130) do not correspond to non-
commutative algebra (1)-(3).

It is worth mentioning that in the case when param-
eters of noncommutativity depend on mass as

S (134)
My
o= am,, (135)

the tensors of noncommutativity can be rewritten as

(n) Vb ~
0, = - ; € jk Ak, (136)
n ohmy, ~
ni(j = 7 Y & (137)
P %

and the effective tensors of noncommutativity do not de-
pend on the masses of particles in the system. They read

712
Gl'cj = Zeljkak, (138)
¢ oM _
M= T LG (139)
Pk
Also, due to conditions (134), (135) we can write
5 b
Eik1€Eikma
X<, P = (8 +ya Y %mmm) _
k,l,m
0:n¢
k

In the case when conditions (134), (135) hold, coordi-
nates and momenta of the relative motion satisfy the fol-
lowing relations

X/, X;] = inoy, (141)
[P/, P;] = inng, (142)
(X[, Pi] = in(dij+ Zezkn]k (143)
where
o, = 6. +6?, (144)
G = ) +uin. (145)

It is also important to stress that coordinates and momenta

of the center-of-mass commute with coordinates and mo-

menta of the relative motion due to conditions (134), (135)

(Xi, X{] =[P/, P]]=0. (146)

Taking into account (136), (137), (144), (145) we can
write

- _ Colp 7o
0, = 7 Sz]kak uh & jkl, (147)
chh (xuh
nl] n glepk 12 gzjkpk, (148)
P
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where

¢ = Cél) +c§2),c’ = u%cgf) +ufc§,2). (149)
We also have
A - S
Off = €l = 4 1= ijed, (150)
cgh  ,  aMh  _
i = lnTgijkPZ ) Ezjkpf, (151)
P P
with
c 1 2
¢ = picy) +p3ey, (152)
¢h=ch ey (153)

So, from (147)-(151) we can conclude that in the case when
conditions (134), (135) are satisfied, the tensors of non-
commutativity describing the center-of-mass 6}, 1;; and
relative motion Gi’j, nl-’j depend on the total and reduced
masses, respectively.

Note also that conditions (134), (135) are also satisfied

for constants c§, c%, Cps c%. Namely, we can write

oM = cpu = c(el)ml = cgz)mz = ¥ = const, (154)
¢ _e_en

= ¢ = const.
M u my my

(155)

The noncommutative coordinates and noncommuta-
tive momenta of the center-of-mass and the noncommu-
tative coordinates and noncommutative momenta of the
relative motion can be represented as

. 1 ‘ o1 :
Xi =xi —50upj=x + 5[96 xpi, (156)
1 1
P = pf+5mig = pf = 5[0 xxT, (157)
X — r_ler ro__ r ler .
[ =X =5 0p =X+ 567X 139
rr 1 roro__ r_l r ap
B = pit5mi = pi 2[77 X X';. (159)

For coordinates xj, x{ and momenta p;, p¢ we have the
ordinary commutation relations

¢, x5 = [pf, pS] = ¥, %] = [pf, p}] = 0, (160)
bt 2] = [pf, ] = I, p§] = [pf,x] = 0, (161)
xi, p§l = [xi, pi] = ihd;;. (162)

So, the Hamiltonian in the representation (156)-(159)

reads
@), @) (L) [ xxP
B = 2M+2y+ T sm
(n"-L")  [n"xxP?
+ o + 81
+ K . (163)

V@R — (8L + (8" < pr]?
Here, we consider the notation

L = [x“xp°, (164)

L' = X xp] (165)
Up to the second order in the parameters of noncommu-
tativity, the Hamiltonian of the system reads

@), )k (n°-L9)
B = Su ™t 21 T
M xxT*  (m"-L)  [n"xx]*
+ 8M + 2u + 8u
K r r __ 3K royr\2
* 2(x)3 (6"-L7) 8(x’)5(0 L)+

+ (166)

After averaging over the eigenfunctions of the har-
monic oscillators Y l//(l)’o o we find

) )HM)H | )?
e = L AL B
K ()HM)?)  x(L)*(67)%)
L T T TI¥s R

k(1 , ,,1 1, ., 1
+ % <(x,)2(p Vet P et
hz r\2
oy ) (P

Up to the second order in the parameters of noncommu-
tativity, we can examine Hy

+ (167)
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Hy = <HC>ah + <Hr>ah +H(L)Zsc +H(}))scv

_(p9)?, (x9)2(m)?)
Hedap = 0+ 0
@) {(m")*)

121

(168)

(169)

_®)? x
2u x"
K(L)*((6)?) | x ( 1

+— 21
24 \ (x)?

xr

(")
RS B g
0 e+ e ) (62

Operators (H,)ap, (H,)a describe the motion of the
center-of-mass and the relative motion.

(170)

It is important that

[<HC>ab’ <Hr>ab] = [<H0>ab7H§sc +H(})7sc] =0. (171)

So, we can study (H,),, independently. Operator (H,) .
corresponds to the Hamiltonian of the three-dimensional
harmonic oscillator of mass M and frequency

_ V2((n°)%)
V3M

The spectrum of the oscillator is well known

n{,ns,ng \/§M

where n{, nf, n§ are quantum numbers.

(172)

. . .3
<nﬁ +n§—|—n§+2> ,  (173)

According to the perturbation theory, we have the
following corrections to the energy levels caused by non-
commutativity of coordinates and noncommutativity of
momenta

AESY = (w9 IvIv),) =
AE! +AE'S), (174)
AE = (y%) vyl ) =

_ K@ M) 52y si41y),

2412 (175)

(07

(6) © 6,,0
AEn,l = <Wn,l),m‘v ‘Wn,l),m> = adn’

6n> —21(1+1)

8 <_3l(l+l)(21+1)(2l+3)(21—1) +
1
6+ D2+
5n2 —31(1+1)+1
+2(l+2)(21+ DI+3)(1—1)20—1)
5 5 —31(1+1)+1
+61(1+ D +2)20+1)(20+3)(I—1)(21 - 1)) ’
(176)
where
h2
a= S (177)

The correction to the energy levels with / = 0 reads

(0" )wx

3 2
(on) @ Kk{((M")°) 2, 5
AE, " = ———5~"n"(5n"+ 1)+ 1.72 S

241>
(178)

Let us examine the effect of noncommutativity on
hydrogen-like atoms. Corrections caused by noncommu-
tativity of momenta (175) are proportional to ((n")?)a’.
From (148) it follows that

(179)

In corrections to the energy levels caused by noncom-
mutativity of coordinates we have proportionality to
(0") /a® in the case of ns energy levels, or proportionality
o ((6")?)/a® for energy levels with [ > 1, (176). From
(147), we can write

<z;> ~ [,1,2, (180)
<Z;> ~ U (181)

So, the effect of the coordinates noncommutativity can be
better examined in the spectrum of atoms with large re-
duced masses, especially for energy levels with / = 0 and
small quantum numbers n. The effect of momentum non-
commutativity better appears in energy levels with large
quantum numbers of atoms with small reduced masses.
Also, it is worth mentioning that in the case of atoms
with large reduced masses, the differences in the effects
of momentum and the coordinates noncommutativity ap-
pear better.

Let us examine muonic hydrogen, which is a system
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of a proton and muon. We have that

Hupr ™M 5068

S m (182)

where L, Uy are the reduced mass of muonic hydrogen
and hydrogen atoms, m,, m, are the mass of the electron
and the mass of the muon. Because of this ratio, the cor-
rections to the energy levels of muonic hydrogen in the
case of [ > 1 (176) are (my/m,)* = 8.8 -10° times larger
than that for the hydrogen atom. So, noncommutativity of
coordinates can be better examined in the case of muonic
hydrogen. Corrections (175) are 206.8 times smaller in the
case of muonic hydrogen than in the case of the hydrogen
atom.

7. Upper bounds on the parameters
of coordinates and momen-
tum noncommutativity obtained
based on studies of the hydrogen
atom and antiprotonic helium

To find upper bounds for the parameters of coordi-
nate and momentum noncommutativity, we assume that
corrections to the hydrogen atom transition energies in
quantum space do not exceed the accuracy of the transi-
tion measurements. In paper [22], the authors presented
experimental results for the 1s — 2s transition frequency
S1s—2s = 2466061413187018(11)Hz with a relative uncer-
tainty of 4.5 x 10715, So, we can write the following in-
equality

<45x%x1070,

—12 7712 1’2) (183)

EéO) _EEO

where E,(lo) are well-known energy levels of the hydro-
gen atom in the ordinary space. To estimate the order of
the upper bounds for the parameters of noncommutativ-
ity, we consider

A?Z 15
O : O < 225%x1077, (184)
Ey” —E,
Al 15
© : © < 225x107°7. (185)
E2 _El
Using (118) we have

31(0) me?
A?g = —%7 (186)

16ay

13a%(n?)
Al, = —B L 187
1,2 aM ( )

So, the upper bounds read

n(e) < 10736m? (188)
hy/(n?) < 10 %kg’m?/s%. (189)

The obtained results are in agreement with those obtained
on the basis of studies of the spectrum of a gravitation
quantum well [23]. The are also in agreement with the
results obtained from the spectrum of the hydrogen atom
considered in noncommutative space of the canonical
type [24], and examining the Lamb shift [1]. Note that
the ratio m,,/m, = 1836, therefore u ~ m,. Therefore the
orders of the upper bounds do not change if we take into
account the effect of the reduced mass of the hydrogen
atom.

Let us examine the exotic atom known as antipro-
tonic helium p*He™. It is composed of an antiproton, an
electron and a helium nucleus. In papers [25, 26], it was
shown that the transition frequency of the atom can be ap-
proximately written as transitions of the hydrogen atom
effective nuclear charge Z,sr < 2. The charge describes
the shielding of the nuclear charge by the electron. Of
course the difference of masses of hydrogen and antipro-
tonic helium atoms has to be taken into consideration. So,
the obtained results for the effect of noncommutativity of
coordinate and noncommutativity of momenta (175), (176)
can be used for estimation of the upper bounds. Atom
134He+ has a large reduced mass. So, the effect of coor-
dinate noncommutativity on the spectrum of the exotic
atom is larger than on the hydrogen atom. So, the an-
tiprotonic helium is an attractive candidate for studies of
noncommutativity of coordinates

The experimental result for transition frequency
(n,1) = (36,34) — (34,32) of antiprotonic helium reads
f = 1522107062 MHz. The result is obtained with the
total experimental error 3.5 MHz [27]. Assuming that
the effect of noncommutativity on the energy levels is
smaller than the accuracy of measurements, we have

IA®) + A | < 3.5MHz, (190)
6 [*]

A% = AE§6,)34 - AE3(4,)32= (191)

AT = AE), — AE, (192)

and AE}SQI), AEIE?) read (175), (176). To estimate the upper
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bounds, we write

A%] < 1.75MHz, (193)

AT <

1.75MHz. (194)

We also consider Z =2, a = meaB/m,a, where mj; is the
mass of the antiproton, ap is the Bohr radius of the hy-
drogen atom in (175), (176). As a result, we find
1072 m?,

ne") < (195)

m/((mn2) < 10 Pkg’m?/s”. (196)

Because of not high precision of the measurements of
the spectrum of p*He™, the obtained upper bounds do
not lead to strong restriction on the values of parameters
of noncommutativity. But, it is worth stressing that the
effect of the coordinates noncommutativity on p*He™"
is three orders larger than that on the hydrogen atom.
So, improvement of precision of measurements of the
spectrum of the exotic atom opens the possibility to
find stringent upper bounds for the parameter of the
coordinates noncomutativity.

8. Conclusions

The hydrogen atom spectrum has been examined in
noncommutative phase space with preserved rotational
symmetry (1)-(3). The effect of noncommutativity of coor-
dinates and noncommutativity of momenta on the energy
levels of the atom has been obtained (55). We conclude
that the effect of momentum noncommutativity is larger
in the case of energy levels with large principal quantum
numbers.

The effect of the coordinates noncommutativity can
be better studied on the basis of energy levels of the hy-
drogen atom with small quantum numbers n. We have
also found that corrections to the ns-energy levels (118)
are proportional to (0). For energy levels with [ > 1 (55),
we have proportionality to (62). So, ns energy levels of
the hydrogen atom are more sensitive to the coordinates
noncommutativity.

We have also studied effect of noncommutativity of
coordinates and noncommutativity of momenta on the
spectrum of hydrogen-like atoms.

We have examined a general case when different par-
ticles feel the effects of space quantization with different
tensors of noncommutativity. The problem of description
of a system of particles in rotationally-invariant noncom-
mutative phase space has been considered.

It has been shown that in the case when tensors of
noncommutativity corresponding to different particles

are determined by their masses for coordinates and
momenta of the center-of-mass of a system, we have a
noncommutative algebra with the effective tensors of
noncommutativity. Also, in the case when the conditions
hold, the effective tensors of noncommutativity do not
depend on the composition of the system and are instead
determined by their total mass (138), (139).

It is important to stress that idea of the relation of pa-
rameters of noncommutativity with mass opens the pos-
sibility to solve fundamental principles in noncommuta-
tive space of the canonical type [28, 29], noncommuta-
tive phase phase of the canonical type [30,31], deformed
space with minimal length [32-34]. The proposed condi-
tions on the tensors of noncommutativity (134), (135) are
similar to those 6m = y = const, n/m = @ = const pro-
posed in the noncommutative phase space of the canon-
ical type [30,31]. They lead to solving of the problem of
violation of the properties of kinetic energy, and violation
of the weak equivalence principle in space.

We have obtained corrections to the spectrum of a
two-particle system with Colomb interaction caused by
noncommutativity of coordinates and noncommutativity
of momenta. It has been determined that the corrections
caused by noncommutativity of coordinates and correc-
tions caused by noncommutativity of momenta have dif-
ferent dependencies on the reduced mass y and param-
eter of interaction k. So, one can choose a system with
good sensitivity to the particular type of noncommutativ-
ity. We have found that the effect of momentum noncom-
mutativity can be better examined for the ns energy levels
with large quantum numbers of atoms with small reduced
masses. Studies of ns energy levels with small quantum
numbers of atoms with large reduced masses are impor-
tant for finding the effect of coordinate noncommutativ-
ity. We have also shown that antiprotonic helium is an
attractive candidate for studies of the effect of coordinate
noncommutativity.

Upper bounds for parameters of noncommutativity
have been found on the basis of studies of the hydro-
gen atom and antiprotonic helium. The upper bounds
obtained based on studies of the hydrogen atom are in
agreement with those presented in the literature.
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