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Abstract: Several successful applications of the hypoplastic models would not be possible without a
reliable and simple calibration procedure of the model parameters. The procedure utilizing standard
properties of grain assemblies is well-suited for sands and is briefly outlined here. However, there are
limits for the application of this approach for other soils. This is demonstrated for a coarse-grained
limestone rockfill and a fined-grained loess. Whereas the parameter determination of the limestone rockfill
is mainly limited by the available laboratory equipment, the calibration procedure must be significantly
modificd for the loess soil. Finally, a scrious problem concerning the application of the hypoplastic model
for soils with low friction angles is discussed. It is shown that in this case the ratio of incremental
stiffness moduli in triaxial and isotropic compression is unrealistically low.
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1. Introduction

Hypoplastic constitutive models [16, 18, 30, 7, 27, 20] based on the proposal of
Kolymbas [15] have proven to be very successful in reproducing the mechanical
behaviour of granular soils'. Their recent formulations can realistically capture the
influence of mean pressure and density along various deformation paths and the soil
behaviour is bounded by asymptotic states [8, 2] including the widely accepted
critical states [24]. Without the decomposition of strains into elastic and plastic parts,
the mathematical structure of hypoplastic equations remains simple. A single

This group of constitutive models was mainly developed at the University of Karlsruhe.
Germany, whereas a parallel development of slightly different hypoplastic models was
performed in Grenoble, France [3].



390 [ Herle

tensorial cquation for the cvolution of cffective stress does not encompass any yicld
or potential surfaces, which makes the model implementation into FE codes rather
straightforward. Numerous applications of the hypoplastic models to boundary valuc
problems document the possible range of their employment and several results
confronted with obscrvations reveal a good coincidence with measured data [12, 28,
26, 11,21].

The crucial point for the application of any model in the real world is the
determination of model parameters (constants). The first generation of hypoplastic
modcls was calibrated using selected points of clement tests. Knowing all model
(state) variables at those points, the model parameters could be obtained by solving
the system of lincar cquations with the model parameters as unknowns [17].
However, such a procedure is quite sensitive to the sclection of calibration points
and it becomes very cumbersome for more complicated structure of model
equations.

The requirement of the separability of modcel parameters, i.e. the possibility to
determine the paramecters independently of each other or at least in a sequence. was
postulated by Gudehus [7] and first attempted by Bauer [1]. In the next step,
a well-defined novel procedure for the determination of the hypoplastic parameters
from properties of grain assemblies was established [9, 10]. This procedure yields
a link to basic index characteristics of granular materials and thus closes the usual
gap between a theoretical model formulation and its practical application outside the
group of model developers.

The aim of this paper is to show limits of the granulometric approach in the
determination of the hypoplastic parameters. After an overview of the standard
procedure for determination of the parameters, which is well suited for sands, two
extreme cases of granular soils will be discussed: a coarse-grained rockfill
and a fine-grained locss. The discussion will be based on experimental results and
different ways for obtaining the model parameters will be proposed. Finally,
diffculties of applying the hypoplastic model for clays will be demonstrated.

2. Standard procedure for determination of model parameters

2.1 Hypoplastic equation

Throughout this paper the hypoplastic equation published by von Wolffersdorft
[27] will be considered although the results presented here generally apply for other
hypoplastic models as well. For the determination of parameters of the hypoplastic
model it is suffcient to consider a compression of a cylindrical sample with
Iel,=T (T;=0 for i #j, compressive stresses and strains are negative). In this
casc fixed directions of the principal stresses T coincide with the principal
stretchings D and the general hypoplastic equation is simplified to:

T.I:__ﬁt{Dl_+az(r~lDl+2r‘zDz)r‘,+f(,§(6T",—l)\/M] (1)

7.;3+2 2.
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withj=1,2and T = T,/(T, +2T,). Using notions of the pressure-dependent relative

density:
e —e
D =— ,
! e:' _e{/ (2)
and of the mcan pressure:
p,=—(T,+2T,)/3, (3)
the scalar multipliers £, and f, in Equation (1) are defined as:
f,/:(l"D,,) ) (4)
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There are altogether 8 material parameters in the hypoplastic equation: a, /1, n, ¢ .
a and B.

IO 2
2.2 Critical state parameters
Consider Equation (1) in case of a large monotonic shear deformation. Duc to
the asymptotic propertics of the hypoplastic model a critical statc with:

T.=0, D+2D,=0(D, #0) and e=e,

will be approached. For a standard triaxial compression test in which a cylindrical
sample is compressed axially at a constant lateral stress (7'"2 =0), and using
T, +2 Tz =0, Equation (1) reduces to:

S
o7 -T) 2T+ 2m)=0. &

Inserting the definition of the critical friction angle:

sing, = =4
P T+T, |

one obtains a relation between a and ¢ :

\/—(3 sing, )
2x/_§1n(p ' (8)
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Figure 1. Measuring the angle of repose

Figure 2. Grain size segregation of a gravelly sand

¢, can be estimated from the angle of repose if cohesive forces are negligible
(Figure 1). ¢_depends mainly on the grain size and angularity, being only a little
affected by nonuniformity of the grain size distribution [10]. For well-graded
granular soils a segregation of grain sizes may be observed during the construction
of the soil heap (Figure 2). However, this effect does not seem to influence the
angle of repose significantly.

The critical void ratio e is the second parameter related to the critical state. It
is defined at zero pressure, hence no direct measurement is possible. Nevertheless,
a change of e_ with p_has been the topic of many experimental studies enabling an
extrapolation of e —p -curves to p =0. It can be observed [23, 10] that
e,=e, . This can be explained by reaching a critical state in standard index
experiments for the determination of e, in which granular materials undergo large
shear deformations at very low pressures. e, shows a good correlation with the
granulometric properties [14, 31] as it decreases with increasing nonuniformity of
the grain size distribution and decreasing angularity of grains.
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2.3 Limit void ratios

The parameter e, denotes the maximum void ratio at zero pressurc which can
be theorctically rcached during isotropic consolidation of grain suspension in
a gravity-free space. During further isotropic compression e, is assumed to decrease
with increasing mean pressure after Equation (6). The standard index value of ¢
must be lower than ¢, because of stress conditions during the e -experiment.

Let us consider the case of a skeleton composed from identical spheres where
the value of e, corresponds to the theoretical maximum void ratio of a regular array
of spheres, i.e. ¢, =0.91. Comparing this valuc with the experimentally measured
e =0.75 for glass sphercs [9], the ratio ¢ /e —=1.20 is obtamed which can be
used for cstimation of ¢, from ¢, . For well-graded granular materials it can be
assumed that the ratio e /e, is slightly lower, e.g. ¢, /e = 1.15.

niay

Y

In analogy to e, the pressure-dependent minimum void ratio ¢, also bounds the
allowable states of soil. It is supposed that the maximum density, which can be
reached only by means of cyclic shearing with small amplitude under constant
pressure, increases with p_according to Equation (6) similarly to ¢,. The value of ¢,
at zero pressure, e, is very close to the index value of ¢ . This results from
limited densification using standard methods for the determination of ¢ : the soil
density does not reach e, which is compensated by assuming a zcro pressure
although during the test a non-zero pressure level exists.

2.4 Parameters describing proportional compression

The decrease of e, with increase of p_is modclled by Equation (6) using the
constants /1_and n. This relation describes a stress-strain curve for any proportional
compression (f.e. compression with constant ratio of components D) which starts
from the void ratio e, at pressure zero:

o 3])\ n
"/)—()/)()exp . T 2 (Q)

[t should be emphasized that ¢, can correspond to ¢, in case of isotropic
compression but it may not become e or ¢! Two latter variables characterize
asymptotic states of the soil behaviour and they are not related to any stress-strain
curve. The value € is bounded by ¢ > € Rl and it is uniqucly determined by
the particular direction of stretching [1]. Conscquently, for the cxperimental
determination of /1_and n, a relatively demanding isotropic compression test can be
replaced by a simpler oedometer test. Small variations of the experimental initial void
ratio do not influcnce the shape of the measured curve [9]. 1t is thus suffcient to
prepare the specimen at a void ratio close to e, .

The exponent n mainly reflects the curvature of the compression curve and it
can be calculated as:
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sce Figure 3, with the compression index A dcfined as A=Ae/AlIn(p/p, ).
Convincing corrclations with the nonuniformity cocffcient of the grain size
distribution and the mean grain size were found for various sands [9, 10]. The
parameter 4_is called granulate hardness [7], has a dimension of stress and can be
obtained with the already calculated n from:

1 n
ne
=3p
=]

for any A within the pressurc range p, <p_ < p_, with the corresponding ¢.

n=

e

pS1 psz |a ps

Figure 3. Determination of the exponent n

2.5 Exponents o and

During shearing of an initially dense grain skelcton at constant mean (or lateral)
pressure, a peak value of the friction angle ¢ > ¢_can be observed. The difterence
between ¢, and ¢ increases with the increase of the pressure-dependent relative
density and its value is controlled by the exponent a, see Equation (4). Knowing the
axial stress 7, and the void ratio e at peak of the stress-strain curve (i.e. when
Tl = 0) in a standard triaxial test with constant lateral stress Tz =0, the value of
can be calculated from Equation (1). Figure 4 shows the results of such calculations
for D =0.28.

The exponent f3, see Equation (5), is the last paramcter of the hypoplastic model
to be determined. With:
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(12)
one can calculate S from the ratio of incremental stiffness moduli, £ = T /D, at the
same mean pressures but at two different void ratios e, =e, and e,=e¢,  during
isotropic compression:

34

_ 1
)
e,

A similar equation for [ can be written also for the case of ocdometric
compression [9]. For a particular mean pressure £ usually increases proportionally
with decreasing e, and = 1 is valid for many sands [10].

3. Coarse-grained soils

The behaviour of coarse-grained soils does not differ too much from the
behaviour of sands. However, additional diffculties arise during laboratory
cxperiments because soils with large grains cannot be usually tested in common
experimental devices. One has often to improvisc and make use of available
cquipment.

A limestone rockfill, which was used for the determination of the hypoplastic
parameters, has the specific weight p =2.72 g/ecm’ and was obtained by rock
crushing. This resulted in angular grains and a very broad grain size distribution with
the nonuniformity coeffcient C ~20 (10% of weight were grains larger than
60 mm, 7% were within the sand fraction and the silty fraction was below 3%). The
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angle of repose was measured in a traditional way, although using a motor jack and
a special funnel, see Figure 5. From a soil heap, which was 40 cm high, the angle of
repose ¢ = 38° could be determined. Although the grain segragation was neglected,
this value corresponds very well to the value of ¢ measured in triaxial tests on the
loose dolomite railroad ballast [22]. It can be inferred that ¢_depends predominantly
on the grain shape, and the influence of grain size and grain size distribution is only
of minor importance. Similar values of ¢_were namely measured also in case of
crushed sands with much smaller grains [13].

The maximum void ratio e =0.68 was obtained by carefull filling of the
material with a shovel into a cylindrical container (diameter 510 mm). The
parameter e, was calculated as e,= 1.&S emar:0.782. The minimum void ratio
was measured after shaking the specimen in a cylinder with D = 100 mm. For this
purpose only grains smaller than 16 mm were selected and € =043 was
measured. This value is certainly influnced by different grading. Therefore. using
the latter container and the latter soil without larger grains the maximum void

ratio e, =0.94 was determined. From the ratio ¢, /e’ =2.18 the value ¢ =

m

e [2.18 =0.31 was calculated which is close to e = 0.36 measured by the Proctor
test.

In order to determine the parameters s and n a compression test was
performed using a special thick wall steel cylinder of 510 mm in diameter diameter
(Figure 6). The naturally dry specimen was prepared by shovelling and was
compressed axially applying the pressure in steps by a hydraulic jack. The measured

experimental curve is denoted as loose in Figure 7. From A =0.037 at 7, = -30 kPa
(e=0.662) and A=0.084 at 7, =-700 kPa (e = 0.472), assuming T,|T, = 1-sin ¢
and using Equations (10) and (11), the following values could be determined: /#_= 10
MPa and n = 0.36.

Figure 5. Measuring the angle of repose of limestone rockfill
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No triaxial tests on the limestone rockfill were performed thus only an estimation
of a is possible. The published results of triaxial compression tests on the dolomite
railroad ballast [22] reveal ¢~ 55° for a dense packing at low cell pressures. Using
this value, @ = 38° and Figure 4, the parameter a = 0.10 can be found.

0.7
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o
o

0.55

void ratio

o
)

0.45

1 Il 1

0.4 . .
50 100 200 400 800

vertical pressure [kPa]

Figure 7. Measured oedometer curves of the limestone rockfill (dense, loose)
and the hypoplastic equation (hypo)
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Table 1. Parameters of the hypoplastic model for limestone rockfill

(P [o] ‘ /]_s‘ [Mpa] ; 4 i t’z/() C)(‘() "’/() | a ! B
330 100 | 036 | 031 | 068 | 078 | 010 | 3

One additional ocdometer test with a dense specimen was performed. which
was intended for the determination of 3. A higher density was reached by tamping
of soil layers while filling the oedometer cell. Nevertheless, the initial void ratio
¢=0.59 was far above the value ¢ =0.31 and the measured curve (Figure 7,
denoted as dense) reached the curve of an initially loose specimen at higher
pressures. The tamping was obviously not heavy enough for a suffcient densification
of the soil. Hence, a direct application of Equation (13) was not possible and.
similarly like for a, an estimation had to be done. A comparison of stiftness moduli
IE,,.. 2 10. Considering a = 0.79 for
¢ =38° and extreme values f, =1 and f,, =0, the valuc 3= 0.8 is obtained (for
other valuces of f, approaches 8, — 1). Assuming realistic void ratios ¢, = 0.65 and
e,=0.33 and using EJE
the hypoplastic parameters of the limestone rockfill is in Table 1.

at lower pressures (7, > ~100 kPa) yelds E

“dense

=10, Equation (13) now yields f=3.07. A summary of

4. Fine-grained soils

Finc-grained soils introduce other diffculties for the application of the hypoplastic
model. Contrary to the coarsc-grained soils there are no problems with the specimen
size. However, physico-chemical interaction forces between the grains disable an
employment of the outlined standard procedure for the determination of material
paramcters. It is clear that the angle of repose or experiments for measuring ¢
and ¢, become meaningless. Moreover, with decreasing grain size a single grain is
more diffcult to define and one can often speak only of grain aggregates. Such soils
cannot be considered as simple grain skeletons [10] any more and the application of
the hypoplastic equation becomes questionable.

Loess soils represent a transition between sands and clays, being typical silty
soils. The loess from Sedlec near Prague is of the Pleistocene origin and has the
following index properties [4]: liquid limit w, = 0.36, plasticity limit LA 0.21, specific
weight p =2.7 glem’, 20% of grains smaller then 0.005 mm and 70% of grains
in the range 0.005 and 0.06 mm (d,~0.02mm, C =15). The cxperimental
programme consisted of oedometer and triaxial tests on water-saturated
reconstituted specimens. The details of the experimental procedure and discussion
of the experimental results can be found elsewhere [5, 6]. Since reconstituted
specimens represent a loose “virgin” soil structure, their behaviour is similar to that
of a loose sand.

There is no simple way to determine ¢_of fine-grained soils. One has to perform
shear tests, either in a direct shear box or in a triaxial cell. The first type of the test
is simpler but it is not an element test arid thus the evaluation of test results may be
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Figure 8. Comparison of experimental compression curves of loess (isotropic, oedometric)
/ ) )
with the calculuted curve (hypo)

problematic. A triaxial test, if provided with frictionless specimen ends, can be
treated as a real element test at least up to the peak. The peak states in triaxial tests
on the reconstituted loess yielded ¢, = 30° which is the value that many sands have.
This fact is not so surprising: the loess grains are rather similar to downscaled sand
grains [19].

Compression tests werc performed not only as one-dimesnional compression in
the oedometer ring but also as isotropic compression in the triaxial cell.
Reconstituted specimens ensure that the compression tests can be treated as
proportional compressions. The measured curves from both test types, sce Figure &
(K,=1-sin @ =0.5 was considcred for the evaluation of ocdometer tests), reveal
an almost linear e vs. log p_relationship with A =0.073. This logarithmic rclation is
equivalent with:

p=the. (14)

Rewriting Equation (9) into the rate form yields [9]:

-n
. 3p. | e
p\ :5 — T ]5
h e (15)
where e=e and &= const. It scems that choosing n=0 one obtains a similar
relation like Equation (14). Unfortunately, the constant & reads:

h
S 3 (16)

and hence n = 0 i1s not allowed.
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Figure 9. All calculated compression curves yield the sume A = 0.020 ar p_= 0.1 MPa

Figure 9 shows numerical representations of Equation (9) for different values of
h, and n. The choice of the parameters was done in such a way to get always the
same A at one particular pressure. It can be noticed that, in spite of very different
overall performance, all calculated curves fall almost together for p_between 0.01
and 0.3 MPa and they look rather linear in this pressure range. »

Inserting A, = 4, into Equation (10) enables immediately a calculation of ».
Returning to the experiments with loess, taking e =0.65 at p = 100kPa and
e,=0.5at p , =800 kPa results in n=0.126. The granulatc hardness /1, = 0.79 MPa
then follows from Equation (11) for A =0.073, p_= 0.2 MPa and ¢ = 0.6.

The determination of e and e must be replaced by another kind of test. It
can be considered that the isotropic compression of the reconstituted sample is close
to the ¢~curve. Knowing /_and n the value of ¢, can be back-calculated from:

3 "
€p =¢€;CXp [%]
I\'

Fore=¢,=0.60 at p =0.2 MPa, ¢, =1.58 and ¢, =¢,/1.15 = 1.37 follow.
It was already recognized by Casagrande that the liquid limit test is analogous to

(17)

a shear test [25]. Thus in case of water saturated soil w, is related to e, = w, p /p,
(p, and p, arc the specific weights of soil and water). Estimating the maximal mcan
pressurc p, = 5 kPa during each blow [7], €/, can be calculated as:

> p.v 3[’ )
€y = W, —exp (4] (18)

h,

W
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For w,=0.36 one gets e’ = 1.78 which is substantially higher than the previously
calculated value of 1.37. There may be two reasons for the difference. First, the
initial state of the reconstituted specimen did not lie on the e ~curve becausc the soil
was already densified during remoulding. Second, the value of p, is overestimated
(however, a good coincidence would be reached for p, = 0.1 kPa which seems to be
too low). In reality there is probably an interplay of both factors.

Concerning e, Gudehus [7] proposed that the cracking of the soil specimen
during the plastic limit test is due to the soil dilatancy when the maximum
densification in cyclic shearing is reached (at the associated mcan pressure
p,= 15 kPa). Therefore:
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Figure 10. Recalculation of triaxial tests with Sedlec loess for the cell pressures 200 and 500 kPa
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. P, 3p, )
e, xw,—exp|l| — | |.
d0 F p p ( /1'\‘ ] ( l 9)

"

Using h =0.79 MPa and n=0.126 one gets e, =1.14. If the ditference
e,—¢,=1.78-1.14=0.64 is taken as a soil characteristic, onc can obtain
e, = 0.73 corresponding to e’ = 1.37.

There are no triaxial and oedometer experiments available for the case of dense
loess specimens. Consequently, o and 8 can only be estimated analogously to the
parameters of gravel. In a first approximation the values typical for sands. e.g

a=0.15and = 1.0 [10], can be used.

Table 2. Parameters of the hypoplastic model for Sedlec loess

o1 AMPa] 2z | ey | ey | g o a | B
. ’ ) L ey B i |
300 079 0126 0 073 | 137 | 158 015 | 10

The hypoplastic parameters of Sedlec loess from Table 2 were applied for the
recalculation of triaxial tests, sece Figure 10. It can be noticed that there is a good
agreement between the experiment and the theory, especially in case of the
stress-strain curves. The volumetric strains calculated by the hypoplastic model
scem to be overpredicted. It must be pointed out, however, that the calculated
volumetric strains depend significantly on the initial void ratio. There may be minor
error in the experimentally determined values e=0.57 for 7,=-200 kPa and
¢ =0.55 for T, =-500 kPa which can influncc the depicted comparison.

5. Clays

The preceding scction could imply that the hypoplastic model is also suitable for
the description of the behaviour of clays. The outlined procedure for the
determination of the hypoplastic parameters of loess can be namely applied for clays
as well. However, as it will be shown in the sequel, the hypoplastic model without
modification is not suitable for the description of clays.

It is widely accepted that the behaviour of soft (normally consolidated) clayey
soils under axisymmetric conditions can be well described by the Modified Cam
Clay constitutive model. For the initially isotropic stress state and assuming the
plastic deformation, the axial strain rate according to the Modified Cam Clay Modcl
is given by [29]:

1
T N PN
b= g (6,720,)+5:(0,-0) )

G denotes the clastic shear modulus, and o, and o, are the axial and radial cffective
stresses (A is a compression index during the virgin compression). Contrary to the
hypoplasticity the Cam Clay model is formulated within the small-strain theory and it
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uses the geotechnical convention of positive compressive stresses and strains. From
Equation (20) it can be immediately seen that the stiffness in the isotropic stress
state is independent of any limit stress state parameter (like ¢ ). The stiffness at
the beginning of the triaxial compression (&, = 0) corresponds to:

. O 3
Ef="0=—__~ (21)
" é(l ;*Ajki l
(1+e)p, G
and
w 0, 3+e)p
E _( L e G A .
iso 8 A, (22)

a

is the stiffness during the isotropic compression (6, =0,). The ratio of both
stiffnesses is equal to:

EY 3 AG (23)
Because A is related to the bulk modulus K = p_/é&, via:
p(+e)
A= 24
e (24)
and
2G(1+v)
K= : (25)
3(1-2v)
the ratio of the stiffness moduli can be written as
Ec 1 K 1 21+v)
ST + (26)

E- 3 G 3 31-2v)°

which is a function of Poisson ratio v only! From the graphical representation of
Equation (26) in Figure 11 it can be seen that for realistic values 0 < v < 0.35 the

stiffnes ratio E< JE“ is smaller than 3.
Let us now perform the same comparison for the hypoplastic model. The
hypoplastic equation for the isotropic compression reads:

T=/(3+a - fa3)D,. 27)

In casc of the standard triaxial compression (TZ=0) one has a set of two

cquations:

; a a s 5
T|=3f{D,+3(D,+2D2)+f‘,§\/D,'+2D2‘}, (28)
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Figure 1. Relation between E X /E ¢ and v for the Modified Cam Clay Model

0=D,+< g (D +2D,)+ f, = \/D,3+2D22 ) (29)

In both equations the multiplier f, is state-depcndent. Without loss of generality one
can consider the density in the critical state of soil, f,= I, since the stiffnesses can
be compared for an arbitrary (allowed) state. Thus one can write:

Er =1, (3+d -aV3), (30)
EM™=3f(1+D,/D)=3f.(1-v,), (3D

and consequently:
Ey _3+d’-aV3 (32)

Er - 3(1-v,)

Although the parameter v_is not free (it follows from the solution of the system
of Equations (28) and (29) and the condition of rate independence /D] +2D; =1
for a given set of material parameters), its value is usually within the range
0<v_<0.3. However, the further parameter a, which is a function of the critical
friction angle ¢, can vary significantly. From the plotted dependence between ¢
and E77 |E"7in Figure 12 it is obvious that for ¢_< 25° the stiffness ratio becomes
too high. For v,_> 0 this problem is encountered even at higher ¢ . Consequently, the
hypoplastic Equatlon (1) cannot be applied for a realistic modellmg of soils with low
@, i.e. especially for clays.
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Figure 12. Relation between E,"',‘]'/If,”""’ and @_ for the hypoplastic model (v, = ())

6. Conclusions

The hypoplastic model is well-suited for the mathematical description of the
mechanical behaviour of granular materials. The simple procedure for the
determination of the model parameters has alrcady been successfully tested for
various sands. However, there are limits to the application of this procedure. They
result from a wide spectrum of granulometric propertics of soils. In case of
coarsc-grained soils the application of the calibration procedure is mainly restricted
by the available laboratory equipment. On the contrary, in case of finc-grained soils
severe modifications of the calibration procedure must be undertaken. Nevertheless,
for silty soils with rather high critical friction angles the hypoplastic parameters can
be found and verified.

There is a significant problem for the application of the hypoplastic model (1) for
clays which usually have low critical friction angles. In this case the basic structure
of the hypoplastic equation yields an unrealistic ratio of incremental stiffnesses in
isotropic and triaxial compression. Consequently, the model parameters cannot be
properly determined.
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