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Abstract: In this paper, an analysis of forced transverse harmonic vibration with constant changes
of the exciting force in a dynamic system consisting of two beams is presented together with
a model of a leaf spring. In this junction both beams are made of shape memory material
(SMA). The constructional friction is also taken into account. For the purpose of the analysis
an equivalent linearization of the elasticity-damping features of the beams was conducted. As an
effect of linearization a junction was acquired with both stiffness of elements and viscosity damping.
The obtained differential equations were solved using the asymptotic Bogolubov-Krylov-Mitropolski
method. The results of the conducted simulation are presented on graphs, showing the influence of
unitary pressure on the system’s damping properties.
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1. Introduction

Movement in real mechanical systems is bound with vibration damping which
is a manifestation of dissipation of mechanical damping (aero- and hydrodynamic
damping), i.e.:

1. friction in mobile junctions (bearings, ways, etc.),
2. friction in immobile junctions (riveted, forced, wedged, etc.) called construction
friction.

The nature of constructional friction is considered taking into account the
elastic deformation of the system under stress. A slip of the surfaces of joined materials
occurs and friction forces appear, while the system is stressed. Those forces cause
amplitude decrease due to the dissipation of mechanical energy.

Researches on constructional friction are related to simplified models of joints
and are done with the following assumptions, given in [1]:
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352 Z. Galkowski

e the material the joints are made of is ideally elastic,

e Coulomb’s law describes the intensity of friction forces on the surface of the
slip of joined elements,

e unitary pressure in the joint has uniform distribution.

As regards quality, the shape memory alloys (SMA) are a new group of
construction materials. Counted among SMA are two-ingredient alloys consisting of
metals (one of which stands right to chrome in the periodic table, an the other one
stands left to it), and alloys of noble metals. In certain conditions, alloys of copper and
uranium also show shape memory features. Alloys used in practice include “Nitinol”
— a group of alloys with 53%—57% mass of nickel and three-ingredient Cu-Zn-Al [2].

Among the shape memory effect we distinguish:

e one-way shape memory effect,
e two-way shape memory effect,
e effect of pseudo-elasticity.

Shape memory alloys have a spectrum of unique features, not appearing in
other materials. The most important are:

e Young’s modulus depends on temperature and deformation,

inner friction depends on amplitude and the temperature at which the deform-
ation is performed,

depending on the temperature, the yield point changes,

depending on the temperature, the electric resistance changes.

Those unique features of SMA are connected with the reverse martensite
transformation, which occurs in temperatures close to environmental temperature.

Most of the papers describing constructional friction, are devoted to the
determination of the static hysteresis loop, basing on the effects occurring in the
slip zones and their experimental verification.

Among works not following the classic assumptions of constructional friction
we can mention [3], in which the author conducted an analysis of vibrations with non-
uniform distribution of the unitary pressure, and [4], in which the authors have taken
into account the elastic interaction with the base, assuming that the friction factor has
a viscosity-coulomb characteristic. In [5] an analysis of the dynamic of an inseparable
sleeve-shaft joint, where the shaft is made of SMA material, is conducted. On the
other hand, in [6] the author examined the influence of inertia momenta of the sleeve-
shaft joint on the vibration’s amplitude. In [7] the problems of damping vibrations
of a set of two beams were examined using an analytic method taking into account
constructional friction.

2. Building the mathematical model

For the purpose of the analysis we assume that the joint is inseparable and
consist of two beams, thus acquiring a model of a leaf spring which is very often used
in vehicles as an element of the kinematical chain. A scheme of the analyzed system
is presented in Figure 1.

For the purpose of the analysis we assume the following;:

1. the pressure has a uniform distribution,
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Figure 1. A scheme of the investigated system dependence for pseudo-elastic materials

2. the coefficient of dry friction has a constant value along the whole length,

3. both beams are made of a material with shape memory (SMA),

4. the constructional friction between beams is taken into account.

2.1. The linearization of elasticity and damping properties

In order to carry out the linearization we consider free vibrations of the

system of two beams, the dimensions of which are given in Figure 1. To carry out

the linearization we modify the pseudo-elastic characteristic of the SMA material

presented in Figure 2. It is done by extracting from it the linear elastic characteristic.

The scheme of the modification is presented in Figure 3.
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Figure 3. A scheme of modification of the shape memory material’s (SMA) characteristic
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As an effect of the modification we consider the sleeve’s differential equation of
motion in the following form:

mij+kyy =vF(y). (1)

Thus we obtained a harmonic oscillator’s differential equation of motion with nonlin-
ear disturbance which is described by the following relationship:

k(ys—ys) for ys <y <ya,
. . k(y—y4) for y4<y<y37
vF(y) =signy 0 for —y1 <y <wya, )

k(y—y1) fory<-—uy,

2481 — the beam’s stiffness for deflecting, E — the

where m is the body’s mass, k=
beam’s Young modulus, I — the second moment of area, I, — the length of the joint,
v — the amplitudes at the beginning and of the phase transition.

To evaluate the equivalent stiffness and equivalent damping coefficients we used
the asymptotic Bogolubov-Krylov-Mitropolski method assuming the first approxim-

ation of the following form:

y=yacos(©+E), ®3)
where y4 and £ are determined by a system of differential equations of the first
approximation:
= rA(tya),
t
e (4)
a :w0+VB1(tayA7§)'

Basing on [8], the equations of the first approximation, in the case of free vibrations
can be written as follows:

2m
dya v .
P TR w—— /Fo(yA,ﬁ)smﬁdﬁ,
0
()
dg§

27
1%
— =wg———— | K U Jdo
i wWo QmeoyA/ 0(?!Aa )COS )
0

where
FO (yA 3 19) = F(yA COSﬁa —YawWo Sin’&)v
P=0+¢.

The equations describing the equivalent damping coefficient and equivalent frequency

(6)

of vibrations become the following:

27
v
=—— | F
th(yA) 2Tmwoy A / o(ya,9), (7)
0
wgq(?fA) =wh— p— F(ya <9)cosddd.
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Using the given Equations (7), we determine the dependences describing the equival-
ent stiffness and resistance coefficients to have the following form:

2m
l/ .
C€Q(yA) = 2heq(yA)m = —m /Fo(yA,ﬁ) sinddd,
0

27
keq(ya) zwgq(yA)m: k— L/Fg(yA,ﬂ)cosﬁdﬁ.
YA J

Taking into account the equations for non-linear disturbance (2), we obtain:

27
l/ .
Ceq(yA)——muOyA/fo(yA,ﬂ)smﬁdq?_
0
5 B3 Ba T
- ks —mysinaars [w—y)sinoass [ krysimoary, o)
TWoYA , P )
3 —P1

and

27
keq(yA):k—L/Fo(yA,Q)COSHdQZ
TYA J

B3 Ba ™
2
:k_T /k(yg—y4)cosﬁd19+/k:(y—yA)sinﬁdﬁ—&—/k(y—yl)cosﬂdﬁ . (10)
TYA
0 B3 =B

After integrating, we obtain the following expressions:

Ceq(ya) = % {cos s — cos By +cos By — %(Cos2ﬁ3 —cos? B4 +cos? B + 1)} , (11)
and
keq(ya)=Fk+ % [;(sin2ﬁ3 —sin20s —sin201) + (83 — Ba — ﬁl):| ) (12)
where we have taken into account, that:
cosf3; = &, (13)
YA

and yo =y4 is the vibration’s amplitude.

As an effect the linearization we obtain a substitute beam made of a viscous-
elastic material (Kelvin-Voigt model) with k., stiffness and c., viscosity resistance
factor. The substitute beam’s Young’s modulus is described by the following depend-

ance:
m 2

Eeq= My [1 + % F(Sm?ﬁs —sin28s —sin2031) + (83 — B4 —ﬁl)” . (14)

2.2. Building the mathematical model

With the above assumptions concerning the constructional friction, we can
furthermore assume that the friction on the shaft-sleeve contact surface is a dry
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friction. The force referred to unitary length is described by the Coulomb’s law and
is thus proportional to pressure:
q=p-p-b, (15)
where p is the friction coefficient, p is the unitary pressure, and b is the beam’s width.
The tangential force referred to beam’s length unit is:
t= %OLF ;
where h is the beam’s thickness, and o — the load coefficient at any moment of the

(16)

movement.

To construct the differential equation of motion for the system presented in
Figure 1, it is necessary to determine a general dependence describing the deflection
of the system’s end as a function of the load.

2.2.1. Phase I - the load (0 <aq < i)

e no slip

In this phase the tangential force t has a constant value along the whole length
of the beams. As long as t < ¢ there is no slip between the beams and the beams’
deflection is described with the equation:

3 aF
S — F= 17
Y11 24Eeq1.0¢ keq’ (17)
where k., = 24geq is the beams’ stiffness for deflecting.

In the state when the tangential forces are equal to the friction forces (¢ =q)
the load factor is:

4qh  4upbh
o 0 o
and then the deflection is: Luvbh
up
= . 19
Y10 Sheq (19)

e during the slip

When the translation is bigger than that given by formula (19), the slip
will appear simultaneously along the whole length of the beams. We determine the
deflection by analyzing the deflection of one of the beams where the loading force is
aF'/2 and the friction forces are distributed over the contact with the second beam,
that is:

3 l3
= F—2L— —qgh—L— =(4a;-3 . 20
Y12 =0 6Bogl q o (4ay Oétn)keq (20)
The maximum deflection, at the moment when (1=a; = aj,/), has the value of:
F
YiM = (4a1pr —3aor).- (21)

eq
2.2.2. Phase II — unloading (aqp < ag < ciapg)

e no slip

The tangential stress, in this phase of the movement, in the beams’ plain has
the following value:

3
t:q—ﬂ(alM—ag)F. (22)

q0306b21/356 10X2003 BOP s.c., http://www.bop.com.pl



An Analysis of Influence of SMA Material on Dynamic Properties of a Spring... 357

The deflection of the system of beams’ is described by the dependence given below:

3 F
=YiM — —ag)F = 3o —3 . 23
Y21 = Y1Mm 24Equ(Oé1M az) keq( a1y — 3001 + ) (23)
During further unloading with the stressing force value of age F' the tangential forces
equal the friction forces of the opposite sign — like in the first phase, that is:

_ 3(0[1]\2}1 0[02) _— (24)
thus:
Qo2 = a1 — 2001 . (25)
The deflection of the end of the system of two beams at this moment is described as
follows:

3
F
= P 4 — F=—(4 - . 2
Y20 24Equ( a1 —daon) keq( a1 —5ao1) (26)

e during the slip

When the translation is bigger than that given by formula (26), the slip
will appear simultaneously along the whole length of the beams. We determine the
deflection by analyzing the deflection of one of the beams where the loading force is
aF/2 and the friction ¢ forces are distributed over the contact with the second beam,
that is:

3
Y22 ="Y20 — G;ﬁ(aoz —)F' = kl:q (31 —4az). (27)
The maximum deflection, at the moment when (1 =g =asgys), has the value of:
3 F
szz—m(aoz—ag)F:—keq (daapsr — 3ao1)- (28)

2.2.3. Phase III - loading (aan < a3 < agpr)

e no slip

The tangential stress in this phase of motion on the beams’ surface of contact
has the value:

3
tzq—ﬂ(alM—ag)F. (29)
The deflection of the system of beams is described by the dependence given below:
3 F
— p _ - —
Y31 ="Yom + AE,T (an —as) Fen (3a1ar —3ap1 +az). (30)

During further unloading with the stressing force value of agsF' the tangential forces
equal the friction forces of the opposite sign — like in the first phase, that is:

_ 3(0(1]\2[1h OZQO) —q, (31)
thus:

Q3 = Q21 — Q2. (32)
The deflection of the end of the system of two beams at this moment is described as
follows: 3

F
20 = P 4 — F: T 4 - .
Y30 24Eeql( Qop — Q1) k?eq( Qanr —51) (33)
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e during the slip

After the transition is bigger than by (33), the slip will appear simultaneously
along the whole length of the beams. We determine the deflection by analyzing the
deflection of one of the beams where the loading force is aF'/2 and the friction ¢ forces
are distributed over the contact with the second beam, that is:

3
Y32 =Y30+ 6EZ’ZqI (o3 — ) F'= k}:q (a1 — a3). (34)
The maximum deflection, at the moment when (a3 = asps), has the value of:
13 F
Ysm — 6Eeql(a03—a2)F: keq (4()43M—OZ+01). (35)

Using that method we can determine the deflection in the fourth, fifth and further
phases of the movement.

Generalizing the above, we can describe any phase of the movement.

The expressions describing the deflection in each phase of the load, starting

with the second phase can by generalized. Having in mind that in the second, fourth
etc. phase of the movement the rate at which the deflection changes is negative
(signy = —1), while in the first, third etc. phase of the movement it is positive
(signy =1) the deflection, basing on Equations (17), (23) and (30), in phases when
there is no slip, can be presented as follows:
F
keq
Corresponding with that, the deflection in phases when the friction equals the
tangential forces (¢t =q), using Equations (19), (26) and (33) can be presented as:

Y1) = | —Yi+— (@ —aiq1) | signg. (36)

F . .
Yio = k—(4o¢iM — By )signy. (37)
eq

Finally, deflection during the slip, basing on Equations (20), (27) and (34) can be
presented as:

F L
Y2 = 7 (qvip1—3ag)sign g. (38)

eq
Basing on dependences (36)—(38) the deflection at any moment of the movement can

be described as follows:

{—yl + é(o&iM - ai+1):| signy for aypr > a > 2y,

Yit1= (39)

% (4ai+1 — aio)sign Y for 2a;0 > a0 > Qi+1)M-
Making an inverse transformation of Equation (39), we get the dependence of loading

as a function of the deflection of the springs end in the following form:
Flyint) = {?M —keq(ya sigflzi/fyi) for yins >y > yio,
1 (BFin +keqyisigny) for y;0 >y > —ya.
Basing on relation (4) we presented the course of the loading force in Figure 4.
Using the obtained dependence between the loading force and the deflection of
the end of the spring we can modify the motion equation into the following form:
mi+F(y,9,t) = P(t), (41)

where function F(y,y,t) is given in expression (40).

(40)
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Figure 4. The course of loading force as a function of the deflection

Having all that in mind we can now move on to analyzing Equation (41) in the
conditions of harmonic forcing with constant rate of increase of frequency and force,

that is:
P(t) = Pysin®©,

et?

O =5 +vo, (42)
do

t)=— =ct

where Py is the the amplitude of the forcing force, ¢ — the angular acceleration, © —
the phase of the movement, w(t) — the forcing force frequency.

Analyzing Equation (40) we can notice that there is a component proportional
to the deflection in an explicit form. To extract this component we modify the elastic-
damping characteristic of the joint. A scheme of the modification is presented in
Figure 5.

3 2

Figure 5. A scheme of the joint’s characteristic’s modification

As a result of the modification the system’s differential equation of motion takes
the following form:

mi/'Jrkeqy:*VFo(yi/J)JrP(t), (43)
where the non-linear disturbance is described by the dependence:
(3Fint —3keqy)signg  for —yasigng >y > —(ya—2yo:)sign g,

. . L (44)
3 Fimsigny for —(ya —2yo;)signy >y > yasigny.

vF(y,5,t) = {

3. Solving the equation of motion

We will solve Equation (43) using the asymptotic Bogolubov-Krylov-Mitropol-
ski method shown in [8], assuming that the first approximation has the form of:

y=yacos(©+E), (45)

q0306b21/359 10X2003 BOP s.c., http://www.bop.com.pl



360 Z. Galkowski

where y4 and £ are determined by a system of differential equations of the first
approximation:

d
% = VAl(tayAag)a
e (46)
% =wo 7w(t) +VB1 (tayAvg)a
where, using the notation:
I=0+E, (47)

Fo(ya,¥) = F,(yacosddd, —yAﬁsinfz?dﬁ),

the equations of the first approximation describing the formulas of amplitude deriv-
ative and phase derivative, in the case when slip occurs, assume the following form:

27
dy a v . 0
294 _ E . __ "0 4
o 27me0/ 0(ya4,0)sinbdd+ heqya ] cosé, (48)
0
de 7 R
v 0 .
— = _ - F x -7 q 4
5 = wo w(t) CE—— / 0(ya,0)cos0do + Y sin&, (49)
0

where

(%FiM —3keqya cosﬂ) signy for —yasigny >y > —(ya—2yo1)signy,
vFy(ya,9) = 3 Lo Lo L

S Finsigny for —(ya —2yo1)signy >y > yasign y.
After integration of Equations (47) and (48) we eventually get the differential
equations of the first approximation:

e in the case when the slip occurs:
dyA - 1 3

pTai— [(FlM —2keqya)(1—cosp) +keqya sin? (p]

P (50)
+hequ — mCOS&,
1 F; in2
ﬁzwo—w(t)— 3 ZM—4keq sing + keg <p+sm_<p
dt TMwo 5 Yya 2 (51)
+ FPo siné
—————— —siné.
myalwo+w(t)]
e in the case when there is no slip:
dya
RGeS - 7 2
g = e T S OO (52)
dg 1 3 Py .
—=wyg—w(t)— ——=keg+ ———— .
at ~ *° w(t) mwo 2 at myalwo+w(t)] sing (53)

Using the obtained Equations (50)—(53) we conducted a numeric simulation, invest-
igating the influence of the friction factor p on the course of vibration amplitude. The
results are shown in Figure 6.
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Figure 6. The influence of unitary pressure on the course of harmonically forced
vibration’s amplitude

From the numerical analysis, shown in Figure 6, it arises that using materials

with shape memory in a joint of two beams, when the amplitude is bigger than
y1 results in more intensive damping; when y4 < min(y;,yp) we observe undamped
harmonic vibrations. Increasing the friction factor u results in a decrease of the

vibrations’ amplitude and narrows the range in which resonance vibrations take place.

1.

4. Conclusions

Using SMA material to build the leaf spring increases the effectiveness of
damping in the joint.

. An increase of the friction factor p effects in a decrease of the vibrations’

amplitudes and narrows the range where big amplitudes occur.

. Taking into account the constructional friction and the SMA material’s pseudo-

elastic properties in the analyzed joint, results in origination of zones in which
damped and undamped vibrations take place, which is a result of both pseudo-
elasticity and constructional friction.
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