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Abstract: We have calculated and discussed the probability density distributions of lengths of
fuzzy-end segments, i.e. segments the ends of which assume random positions. We performed our
calculations for several simple cases in 1, 2 and 3 dimensions: one end fixed, the other assuming
a random position, and both ends at random positions. The obtained statistical data may serve
as reference data for calculations of stochastic-geometrical properties of complex systems, such as
conformations of complicated bolted constructions with clearances (in structure mechanics) or energy
transfer processes between molecules in diluted systems (in physics).
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1. Introduction

Knowing the Cartesian coordinates of two points, one can readily calculate the
distance between them. The problem becomes non-trivial if the points’ coordinates
are known with an incertainity. Depending on the probability density of the points’
coordinates one obtains different probability densities, P(d), to find distance d
between the random points. It is not difficult to write general expressions for P(d),
but analytical calculations turn out to be rather camplicated even for the simplest
cases.

In the paper we calculate and discuss distributions of distances between the ends
of a fuzzy-end segment, i.e. a segment the ends of which assume random positions
around their ideal (unperturbed) locations. The probability densities of the ends’
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292 S. Frigio et al.

shifts have been assumed to be uniform within 1D, 2D and 3D spheres. In particular,
we consider in turn the following random displacements of the ends of a segment, say
AB, within:
— two segments situated along the segment itself, viz. along the z axis (1D case
described in Section 2),
— two co-planar circles in the 2D xy plane centred at points A and B, respectively
of radii 74 and r (2D case described in Section 3),
— two spheres in the 3D xyz space centred at points A and B, respectively of radii
ra and rp (3D case discussed in Section 4).
Whenever possible, the distance distributions are calculated analytically, oth-
erwise they are calculated numerically.
The 1D, 2D and 3D cases listed above are analysed in Sections 2-4. In Section 5
potential applications of the results are proposed and concluding remarks made.

2. The 1D case

Let us begin with a trivial 1D case and consider two situations: a segment with
one end fixed and the second at a random position (Subsection 2.1), and a segment
with both ends at random positions (Subsection 2.2).

2.1. Random position of one end

Let us assume that one end, A, of a segment remains fixed at = =0, while the
other, Byand, assumes random positions with a probability density pg(z) in the interval
[L—r,L+7], r <L (L being the lenght of an “unperturbed” segment). Obviously, the
probability density of finding distance AB,anq to be equal to d is:

P@)=pa(dx, (@) 1)
where X, is the indicator function of set I. Let us note that the pj(x) = Lpp(Lz)
function is also the probability density in the “normalized” interval, [1—r/L,1+r/L],
and thus we can proceed using one parameter only, /L, viz. the relative perturbation
amplitude. The following scaling rules for central momenta can be easily obtained.
Let us indicate with d the average distance with respect to density P(d), and with d
the average distance with respect to the corresponding density in the “normalized”
interval. We then have:

L+r 14+r/L
3=/wps(w)dw=L / ypp(y)dy=Ld . (2)
L—r 1-r/L
Similarly,
L+r 14+r/L
= [ )=t [ (=T Vbl dy=Lo"" 3)
L—r 1—r/L
and then, as (z—d)/o=(y—d )/o* when z = Ly,
L+ _ 14r/L L
' z—d\’ y—d 8 . .
p= | (=) pelz)de= ) ey dy=70", (4)
L—r 1-r/L
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L+r _ 14+r/L .
z—d\* y—d + N N
K= o pB(z) dw = o pi(y)dy=K". (5)
L—r 1—r/L

Let us consider a uniform probability density pg(z) =1/2r of displacements of Byang
in interval [L—r,L+7] as a simple example. We obtain

d=L, o=r/V3, =0, K=9/5 (6)

or, using the relative perturbation amplitude, viz. the r/L ratio,

1 r

d'=1, o'=——,
/3L

3 =0, K*=9/5. (7)

2.2. Random positions of both ends

Let us now consider a more complicated situation, where both ends of segment
AB can assume random positions along the segment itself, xa € [—ra,ma], B €
[L—rg,L+7rp], ra+7rp < L, with respective probability densities pa(z) and pp(zx)
(assuming that ra <rp).

Let us fix 25. There is only one point in [L—rg,L+71g], 25 =x +d distanced
from xa by d. The probability density of finding distance d between x4 and zp is:

0 ford<L—rx—rg,
TA
pa(x) pp(z+d)dx for L—ry—rg <d<L+4ry—rg,
L—rg—d
TA
P(d)= /pA(x)pB(a:+d)da: for L+ra —rg<d<L-+rg—ra, (8)
v
L+rg—d
pa(x) pp(z+d)de for L+rg—ra <d< L+4rs+rg,
o

0 for d>L+ra+7rg.

pi(x) = Lpa(Lx) is the probability density in the “normalized” interval [—ra/L,
ra/L] and pf(x) = Lpp(Lx) is the probability density in the “normalized” interval
[1—rg/L,14rg/L]. If we indicate with f*(d) the corresponding probability density
of finding distance d between a point located in the normalized interval centred on the
origin and a point in the normalized interval centred on 1, it is easy to demonstrate
that Lf(Ld)= f*(d), and then, like in the previous paragraph, we have

d=Ld, o*=I1%?", B=p3", K=K"* ()

In a particular case of uniform probability densities of random positions within

the two intervals centred on 0 and 1, wiz. pa(z) = ix[ ](a:) and pp(x) =
—TASTA

. (z), one has:

2rp X[L*TB ,LJrTB]
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0 ford< L—ry—1g,
d—L
w for L—ra—rg<d<L+ry—1p,
drarp
1
P(d)=P(d)= T for L+ —rg<d<L+rg—ma, (10)
B
L—d
A TB e Lrp—ra<d<L+rs+rp,
4rarg
0 for d> L+1A+1p,
and
_ r2 412 9 12/ marg \°
d=L, o?=A_B p3-0 K=Z+-— . 11
7 3 p 575 TR+ )

The graph of (10) is a trapeze and then the probability density is not differentiable
in d at points L—7a —rg, L+7ra —rp, L—7a +7B, L+7s +7rp. The derivability of the
probability density at points L —rpy —rp and L+1a +7p is generally obtained if py or
pi(z) is 0 at these points, and the derivability at points L+7ry —rg and L—1a +rp if
pp(x) is derivable at any point of the [L —rpg, L+rp] interval.

For 1o =rg =7, the middle formula of (8) disappears and the graph of (10) is
triangular and symmetric with respect to d = L. Relations (11) are then simplified to:

— 2 12
i1 o=\[2n p=0 K=1 (12)

or, using normalized parameter r/L, to:

=1, o= _(E)’ g =0, K*=—. (13)

3. The 2D case

3.1. Random position of one end

Let us now consider a circle, C, of radius 7 and centre at (L,0), and a point A at
the origin (0,0) on a 2D plane (see Figure 1). Let us indicate with p(x,y) the density
of probability of finding a point, P..nq, within circle C. The probability density of
finding point Pyanq in C at distance d from point A is:

ys
d
P(d|A) = d-/i d2—y2y) dy, 14
(@A) =x, )ys MP( y y) y (14)
where yg is the ordinate of point S, given by
L2124+ 42)2
ZUSZ\/CP—%7 (15)

and —yg is the ordinate of point s (see Figure 1).

Function p*(x,y) = L?p(Lx,Ly) is the probability density in the normalized
circle C* of radius r/L centred at (1,0). If we indicate with P*(d|A) the corresponding
probability density of finding a point P,,,q within C* at distance d from A, then
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Figure 1. Point, A, at the origin of the axis and circle, C, of radius r, centred at point (L,0).
The solid line connecting points s and S represents the points of C at distance d from A

P*(d|A) = LP(Ld|A) and we obtain (9) again. In the case of a uniform distribution
on C, let

(16)

_ V(= (=) ((t+1)% = 5?)
&(s,t) =2s arcsin ( 5at >

be the length of the arc being the intersection between a circle of radius r and the
circumference of a circle of radius s with a centre distant by ¢ from the centre of C.
Then, the distances’ probability density is:

(d) 24 arcsin < V((L+r)?—d?) (d?— (L_T)2)> - (17)

P(d)=P(d|A) =

X[Lfr,L+r] T2 2Ld

Figure 2 shows the relative graphs for various values of r.

60 | . 6 1
r/L=0.01 r/L=0.01
= 40 + T 'R 4r T
3 &
3 = L=0.03
g r/ ]
5 N =
20 F L ’I“/LZO.OE)_ 2 | _
—]
0 1 O 1 1 1 1 1 1 1
0.94 0.96 0.98 1.00 1.02 1.04 1.06 07 08 09 1.0 1.1 1.2 13
d* d*

Figure 2. Probability densities P(d) (Equation (17)) for several values of r/L
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The central momenta, calculated numerically, obey the following empirical

relations:
—x r\2 L 1r « 17 . r\2
d _1+0'125(E) . ot=5T. B=—17. K —2+0.165<L> (18)
or (see relations (9)):
- 0.125 1 1r 7\ 2
d=L 2 = = K=2 0.165(—> . (19

3.2. Random positions of both ends

Let us consider two circles, Ca and Cg, of radii 74 and rg (ra <rg), respectively
centred at points A =(0,0) and B=(L,0), as shown in Figures 3 and 4. Let pa(x,y)
and pp(z,y) be the densities of probability of finding the segment’s ends in C'x and
Cp, respectively.

Figure 3. Two circles of different radii. The solid line connecting points s and S represents the
points of Cp at distance d from the point of circle Cp of coordinates (h,k)

The density of probability of finding a P,,,q in Cg, distanced from the point
positioned at (h,k) in C4 is expressed as follows:

P(d h,k? = 24 k24rpg
( |( )) X[\/([ h)2 kz—T”B,\/(l h) +k ]( )
pBlh+ d Y Y (y k)Q Ys

Ys

where y and yg are the ordinates of s and S, which represent intersections between
the circumference of Cp and of the circle centered in (h,k) and radius d (Cp 1) in
Figure 3). It is easy to obtain the expression for the density of probability to find two
Prang, one on Cp and the other on Cg, at distance d:

P = [ [ Pl R))pak) dn . (21)

where Dgy:
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— for L—ry —rg <d< L+ry —rp is the intersection between Cp and the circle
of radius d, centered at (L—rg,0),

— for L+ra —1r3 <d< L—rp+rp coincides with Cp,

—for L—ra+1rg <d< L+ryn+rg is the intersection between C, and the
complementary of the circle of radius d, centered at (L+rg,0).

As in the previous section, pf(z,y) = L?pp(Lx, Ly) is the probability density in
the normalized circle Cj; of radius 75 /L centred at (1,0) and p} (z,y) = L?pa (Lz, Ly)
is the probability density in the normalized circle C% of radius ra /L centred at (0,0).
Then P*(d|(h,k) = LP(Ld|(Lh,Lk)) and P*(d) = LP(Ld), so that relations (9) are
valid again.

If we assume that ps and pp are uniform, we can calculate P(d) in the following
way. Let us first fix point D= (h,0) on Cj,; all points of Cp remaining at distance d
from D coincide with the intersection of circle Cg with the circumference of the circle
of radius d centred in D (Cp in Figure 4).

,/
/
Cp /

Ch
’ CD
Figure 4. Two circles of different radii. The arc, intersection between circumference Cp
of radius d and centre D and circle Cg has the same length as the arc corresponding
to the circumference of radius d and centers D', viz. Cp/. The same is true for all points
represented by the solid line of circumference Cj, of radius L —h centred at B

Then (see Equation (16)):

& (d,L—h)
P(d|(h,0)) = h,d)>——m—> 22
(i.0) =x,, () 22 (22)
with

L—rg—d<h<mr L—ry—rg<d<L+7rs—7B

A <h<r L+ra—rg<d<L-+rg—r,
H= h.d TA SNSTA A B> B A 9
(,d) —rA<h<L+rg—d L+rg—ra<d<L+ra+7B (23)

0 otherwise
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For every point D’ of the arc intersection between Ca and the circumference
of Cf, there is a corresponding arc, of the same lengh as that corresponding to D, of
points on Cp at distance d (see Figure 4). We then have:

N

1
Pld)=——— L— L—h,L)dh. 24
(@)= gz [ X o) (0. LR (L=, L) (21)
Zra

The integral in Equation (24) most problably cannot be calculated analytically or
approximated in any convenient way. The results of numerical integration (using the
Mathematica program [1]) for several values of rp =rp and L =1, are shown in

Figure 5.

60 . . . ; . . . 6 L S S B I E— —
r/L=0.01
40 + - 4+ i
3 S !
=2 S _
0 3 r/L=0.03
20 r/L=0.05 ] 2r 1
0 " 1 " 0 I I 1 I L 1
090 095 1.00 1.05 1.10 04 06 08 10 1.2 14 1.6
d* d*

Figure 5. Probability densities (24) for several values of the r/L ratio

The following empirical relations concerning the central momenta are obeyed
with very good approximation:

—x% 1 T 2
P () o
AV

N r . 1 /7m\2
g =-0167, K 72.5+5(7) . (25)

L
V2 L L

4. The 3D case

4.1. Random position of one end

Let S be a sphere of radius r centred at (L,0,0) and let point A remain at the
origin (0,0,0) of a 3D space. Let us indicate with p(z,y,s) the density of probability
of finding a point, Pyanq, within S.

The density of probability of finding in S a point P,.nq at distance d from
point A is

d
= ) = 2_ 2,2
Pn=x, (@ [ [ o (VPP s dyds, (20
c
where C is the circle centred (0,0) in the y,s coordinates and radius

21 [2_,2)2
r':\/d2_—<d +4L2 ) ) (27)
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Function p*(z,y,s) = L3p(Lx,Ly,Ls) is the probability density in the normalized
sphere S* of radius r/L and centred at (1,0,0). If we indicate with P*(d|A) the
corresponding probability density of finding a point, P..nq, within S* at distance d
from A, then P*(d|A)= LP(Ld|A) and relations (9) hold also in the present case.
The surface of the spherical bowl being the intersection between a sphere of
radius r and the surface of a sphere of radius w, distanced by d from the centres, is:

Uow,d)= T (17— (d = w)?). (28)

Thus, in the particular case of a uniform distribution on S, the probability density
for the distances is:

3 3d
P(d)=P(d|A)= d)——,(d,L) = d)—— (r*—(L—d)?).
@=PUN=x, | @Dp5hdD=x, (@550~ (L-d?)
(29)
We have shown the relative graphs for various values of /L in Figure 6.
80 T T T T T T T T T T T 8 ) T ) T ) T ) T ) T
r/L=0.01
60 | r/L=0.01 6r T
=40 ¢ i, 24t i
~ r/L=0.03
= 2 3 [h=003]
20 _ - 2+ .
0 1 0 1 1 I 1 I L L
0.94 096 0.98 1.00 1.02 1.04 1.06 07 08 09 10 11 12 13
d* d*

Figure 6. Probability densities according to Equation (29) for several values of the r/L ratio
The maximum of P(d|A) distribution is achieved at

24+4/143(%)

Ay = ——————— (30)
The following exact formulae for central momenta can be obtained analytically:
L 1 /7r\2
d _HS(Z) : (31)
1 /7r\2 1/r\2\2
* — - o _ = 2
7 \/5<L) 5(L)> ! (32)

(33)
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K* L (34)

4.2. Random positions of both ends

We now consider two spheres, Sp and Sg, of radii 74 and rg (ra <rp) centred
at points A = (0,0,0) and B = (L,0,0), and let pa(x,y,s) and pp(x,y,s) be the
probabilities of finding a point P,.nq in Sa and Sg, respectively.

The density of probability of finding a point P,.,q in Sg at distance d from
point (h,k,t) can be expressed as follows:

P(d|(h,k,t)) = (35)

X[\/(L—h)2+k2+t2—7-g,\/(L—h)2+k2+t2+rB](

//ﬁmh+vﬂ%wy—m2—@—w%%g i
W

VE= (=R =51

5 dyds,

where W is the circle the circumference of which represents the extreme solutions of
intersections between Sp and the sphere centred at (h,k,t) of radius d. Like in the 2D
case, it is easy to obtain the expression for the density of probability of finding two
Pyana, one in Sp and the other in Sg, at distance d:

P(d) :///P(d|(h,k,s))pA(h,k,s) dh dk ds, (36)
D,

where Dy:
— for L—rpy —rg <d< L+1rs —1rp is the intersection between S and the sphere

centred at (L —rp,0,0) of radius d,

— for L+ry —rg <d< L—rp+rp coincides with Sy,
—for L—ry+1rg <d< L+ry+rg is the intersection between Sp and the

complementary of the sphere centred at (L+rp,0,0) of radius d.

Like in the previous sections, p}(z,y,s) = L3pgp(Lx,Ly,Ls) is the probability
density in the normalized sphere S§; of radius rp/L and centred at (1,0,0), while
pi(z,y,8) = L3pa(Lx, Ly, Ls) is the probability density in the normalized sphere S}
of radius 74 /L and centred at (0,0,0). Then P*(d|(h,k,t) = LP(Ld|(Lh,Lk,Lt)) and
P*(d)=LP(Ld), so that the scaling relations (9) remain valid.

If we assume, like in Section 3.2, that pa and pp are uniform, we can repeat
the same arguments where the arcs become spherical bowls. Then

3

P((d)|(h,0,0)) ZXH(had)m d(rg—((L—h)—d)?) (37)
(see Equation (23)), and
3 3 |
PU)= oy ey [ (D (0 L=y (L= L) (39)

—TA
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We can calculate P(d) analitically and obtain:

3d(s—1t)° (20marp — 452 +3st+12)
160Lr[§r% for L—ra—rg<d<L-+rs—rE,
—3d (—4r3 —2rgs+s2+5t2
P(d)= ( B ]33 ) for L4y —rg<d<L—rs+7rp, (39)
20Lr3,
3d(s—|—t)3 (ZOTATB —432—3st+t2)
160L7‘A3T% for L—ra+rg<d<L+ry+7g,

where s =1y +rp and t = L —d. The probability distributions given by Equations (39)
for several values of the r/L ratio are shown in Figure 7.

60 T T T T T T 6 T T T T T T T T T T
r/L=0.01
I 7/L=0.01 1 I 1
40} e 1 it ]
E S, - r/L=0.03]
3 R
20 2 F i
0 . . 0 : L \
0.90 0.95 1.00 1.05 1.10 04 06 08 1.0 12 14 1.6
d* d*

Figure 7. Probability densities, P(d), calculated with formulae (39)
for several values of the r/L ratio

The following exact results can be obtained analytically:

—x 1
=1+ s, (40)
1
U*Zg (5—s)s, (41)
. 1453 —30s%+60p
B = (42)

7(s(5—s))3/2 ~
_3 —75*—305% 4+ 12552 —80sp+ 100p
o7 (s(5—3))? ’

where s = (%)24— (%3)2 and p= (%)2 (%3)2

K*

5. Possible applications and concluding remarks

In order to verify the correctness of the analytical and numerical results, all
the distributions of distances considered above have been calculated using the Monte
Carlo method. The Monte Carlo extracted distributions of distances obtained from 107
trials are smooth: the fluctuations amplitude does not exceed the line thickness in the
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plots of analytical results. The identity of our analytically calculated resultsand those
obtained with the Monte Carlo method suggests that our calculations are correct.

Basic statistical parameters, as defined in elementary descriptive statistics,
have been calculated for all the obtained distance distributions. In particular, the
arithmetic mean, d, standard deviation, o, the Fischer asymmetry coefficient, 3, and
the Pearson coefficient of curtosis, /K, have been considered. The analytical results
for central momenta, simplified for r4 =rpg, are given in Table 1. The g parameter
assumes null value for symmetric distributions. The higher the absolute value of 3,
the greater the degree of asymmetry. Positive and negative values of (3 respectively
correspond to distributions with right and left asymmetry. The K parameter measures
the deviation of a given distribution from the normal distribution. For exactly normal
distributions one has K =3. For 0 < K < 3 the analyzed distribution is platicurtic,
i.e. flatter than the normal distribution, while it is leptocurtic for 3 < K < oo, i.e.
more peaked than the normal distribution.

Table 1. Summary of the obtained analytical results: p= ¥+ = "4 = =2 f&r means one end fixed

and one at random position, r&r means both ends at random positions

1D 2D 3D
f&r r&r f&r r&r f&r r&r
d 1 1 1+ $p? 14+1p? 1+ £p? 1+2p?
o* \/;ﬂ ip 30 \/; p Vo= | 2p/5-22
B 0 0 —ip 550 e e
K 9 2 241650 | S+lp? | BIERASTe | 0Dt

Fuzzy-end segment length distributions calculated in the present paper may find
applications in many various fields of applied and technical sciences, e.g. in analyzing
times of constant-speed propagation of signals when emitters and/or receivers occupy
random positions. End-to-end distributions are also of interest in macromolecular
physics, see for instance [2—6]. However, perhaps the most straightforward application
is in mechanics, in the analysis of slackened skeletal structures. Mathematical models
of building structures make allowance for more and more imperfections occurring in
real structures. The presence of gaps (clearances) in structural bolted connections is
another structural imperfection recently taken under consideration. The problem is
not entirely new, but few works are known to deal with the problem of slackened
systems. An important contribution in this research area has been that of Andrzej
Gawecki [7-9], who published several works concerning elasto-plastic structures
slackened with intentionally created gaps at joints. The presence of clearances at
connections may induce geometric instability of the system. Under loading, relative
motion occurs between the structural and connecting elements of the slackened
structure. But after important geometry changes, the structure becomes kinematically
stable. The description of changes between the “ideal” and “real” structures poses a
real problem. They depend on many reasons: the number of connections in a structure,
the type of bolted connections (shear or tension connection), dimensional tolerances
of structural elements and the loading history. A general description of variation
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displacements is necessary to describe virtual motion of the connecting elements. The
known solutions of the problem concern only lap joints (shear connection) with a
possible displacement of bolts in drilled holes in the longitudinal direction. However,
in reality elements may move in any direction. Therefore, a probabilistic attitude to
the problem, as that discussed in the present work, may be very helpful.
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Appendix
Let us first list the needed integrals:

1 .
/ Wdt = arCSln(t/T),
t2 1 t
_ _Jt=_ = 2 __ 42 2 i _
/ r27t2dt 2( t\vr2—t2+r arcsm(r>),

tt 4 3
/—2 tzdt:ﬂ/gin‘lydy = % <2cosy(sin3y+§siny)+3y> (t=rsiny),
V2 —

and thus the corresponding definite integrals will be:

+r +r +r
S/ldtS thtTQS/t4dt34
= [ ———dt=m, = ———dt=7—, = | ———dt=—nr".
0 N 2 22 2 4 N 8
Please note that
+r
t2n_1
SQn_lz \/ﬁdtzo VTLGN

The following integrals can be calculated using the zt =1 — 2z substitution:

1 1
——dt=— dz
/(t+2)v7“2—t2 /\/—1—|—4z+(— +72) 22
= (4—r2)’%arcsin <2+ (—4+r2) z)

r

1 z
I P 2=
/(t+2)2\/7"2—t2 /\/—1+4z+(—4—|—r2)z2
= (4—7‘2)71 V1t dz+ (—44712) 22+

_ 2
(4—7“2)7% 2 arcsin (M) ,

r

1 22
/W W—t?dt:_/\/—1+4z+(—4+r2)z2d'z
:(4—7"2)_2%(6—(—4—1—7“2)2) V—1+4z+(—4+7r2) 22+

24+ (—4+7r2
(8+7?) arcsin (M) ;

(4=r%)7

N =

r
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so that the corresponding definite integrals are as follows:

“+r
1 1 T
I]_ / dZ:
(t+2)V7r2 —t2 \/ 1+4z+(—4+1r2)22 4—12
_Z T 43T 6 57 8
ot 16” 556 7" 2008 TOU)
+r
1 27
IQ dZ: 3
(t+2)2m V-1+4z+(—4+72) 22 (4—r2)2
_E 23_7T 4157 6
—4+r 39 +r 12 +0(r°),
r 1 22 T (8471?)
I3= dz: -
(t+2)3\/r2—t2 \/ L+4z4+(—4+72) 22 2(4—12)%
3 L 45
L e LN ()

8 32 " 1024
Let us now consider the probability density,

fr(z):{#zmsm\/@ l-r<z<l+r, (A1)
0

elsewhere,

and the following momenta:

o 147
2 ) 1—1r2422)2
Ml(r):ET(g_l)—/(Z—l)fr(z)dz—m/(z—l)zarcsm\/l—%dz,
-0 1—r
r o 1721 52)2
MQ(T)EET(£_1)2:/(Z 1) :—/ z— 1 ,za‘]:'csnfl\/]__%dz7
T o (1—r2+22)2
—r‘+z
MS(T)EEr(g_l)Bzf(z 13 f —/ z—1) zarcs1n\/1—422dz7
T o 121 52)2
M4(T)EET(€—1)4:/(Z 14, :_/ 2-1) zarcsm\/1_%dz_
All of the above momenta can be expressed using:
147 L > —
gn(T)E/(z—l)"zarcsin\/l—(_rijz)dz n=1,2,3,4.
4z
1—r

In order to calculate them asymptotically for small » we may consider that g,(0) =0
and write
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r 1+r

_1)n
in(r) = [ g 0ag ) =2 Ay d
) o VA+r—2)1—r+2)(—1+r+z)(1+r+=2)
1+7r e r e 1
—1)7 t t

:27"/ 1) dz=2r (t+1) dt

J VG NGEONCEEE
Before considering the asymptotic behaviour of g/ (r) we note that for —r <t <r,

1 1 2 1

=——+— +0(r") |lo(rh)| <1,
(2 ir2 (e O 00y

t ne t 1)ir [o1 1
re—
0

=0(r*tm).

For ¢} (r) we have:

—+r
(t+1)t i@t r? (t+1)t i@t (t+ 1)t
V2 —t2(t+2) 2 ) VrZ—t2(t+2)3 r2 —¢2

Since (t+1)t=(t+2)>—3(t+2)+2,

+r +r
Lo (t+2)%—-3(t+2)+2 (t+2)%-3(t+2)+2
gl(r)—ZT/ VT R(i12) dt+7"3_/ T B (i1 2)] dt+0(r°)

gi(r)=2r ~ 2 O(rY)dt

-

—+r —+r
t 1 1
—dt— —dt+2/—dt
/\/rz—tQ /\/rz—tQ Vr2—t3(t+2)

/mt—&-? /m t+2)2 dt+/\/—f2t+2)dt

O(r6),
and finally
g1(r) =27 (S1 — So+20) +7° (I, = 3L +2I3) + O(1°) =
3 7r 9
=92 — — 3 s I 2
r( T+m+r? 8+r 7r128+0( ))-H“ ( +r? 16+O( - 3r g T

o)+ +r2 16 “yo(r )) +0(r°)

11 3 1 3 1 9 3
_..3 - 5 e 6
r”(4+2 4+4)+ (64+16 32+16>+O(T)
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For ¢4 (r) we have:
YT Sy N 5 +7<t“)tzo<7~4)dt
72 Vi etr2)  2) ViE—e(tt2) 7
Since (t+1)t2 = (t+2)3—5(t+2)2+8(t+2)—4
T (t42)3 —5(t42)2 1 8(t+2) 4
gé(r)zZr/ dt+
VT R(1+2)
T2 —5(t12)2 18t +2)—4
t —5(2 t —
o [l2snr s 1, o
=P+ 2)
+r +r +r +r
—o / £ dt/ ! dt+2/#dtf4/;dt "
N B N V=P (t+2)
+r 1 +r 1 +r 1
3
P e—dt—5 —dt+8/— -
/m /\/W(t+2) V(i1 2)
—T -r -
+r 1
A —— gt +007),
/m(m)s )
and thus
QIQ(T):ZT(SQ*Sl+2507411)+7'3(50*511+81274[3)4‘0(7’7)
=2r Wﬁ+27r—27rfr2£fr47ri+0(r6) +
B 2 4 64
5 5 3 s 3
3 2 4 2 4 2 4 7
L S 2 hd _ D2
r <7r T T7r16—|—0(r )42+ 7T4+O(T) 5 7‘71'8—|—O(7' )>+O(r)
1 5 1 3 5 3 3
(1241242 )42 240 7 7
r7r< 2—1— 2+ 5 +ro7 39 16+4 3 +0O(r")
7“3%—7"5%4-0(7"7)
Similarly, for g5(r) we have:
+r +r +r
t+1)t3 r? (t+1)t3 (t+1)t3
L(r)=2r _ e t+— | ————dt / O(r")dt
93(r) Wi T S IV PNEE @)
Since (t+1)t3 = (t+2)* = 7(t+2)3 +18(t +2)2 —20(t +2) +8,
T2 —T(E42)8 +18(+2)% —20(1 +2) +8
gé(r)er/ dt+
Vr2—t2(t+2)
+r
t+2)*—7(t+2)> +18(t+2)% —20(t+2) +8
oo [T 2P 022048,
TR+ 2)
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+

+r +r +r +r
2 / a dt / i dt+2 / .t dt—4 / _ dt
= T —_ -
1/,,«2_752 1/7«2_152 “/TQ—tQ 1/,,a2_t2

+r 1 +r . +r 1
8 | ———dt | +7* /7dt—5/7dt+
/\/TQ—tQ(H-Q) V2 —12 V2 —t2
- =T -
+7r +r +r
18 [ ot [ s [
Vr2—2(t+2) Vi —12(t+2)? V2 —2(t+2)?

o(r®)
and
gé(?“) = 27‘(53 — S5 +257—45, +8Il) —l—’l“g (51 —55¢+1811 — 201, +813) —|—O(T8)

3
=2r (—7"2% —47r+47r+7"2g+7"43—g —1—0(7"6))) +

3 <57r+97r+r27rz +0(r*) — 57r77"27r1—85 +0(r) +7r+r27rz +O(7"4)> +0(r®)

39 15 3 3
.3 _ _ 5 (2 2 1o 9 8y _ .59 7
=rm(=141-54+9-5+1)+r 7T<16+8 8+4>+O(T) 1"77164—0(7’ ).

Finally, for ¢}(r) we have:

+7r +7r
(t+1)t " r? (t+1)t4 it (t+1)tt

=2 | | ———dt+ — | e
9a(r) VIZ—2(t+2) 2 ) VirZ—2(t+2)3 ViZ—t2

— T

O(r*)dt

Here, since (t+1)t* = (t+2)° —9(t+2)* +32(t +2)% —56(t +2)% +48(t +2) — 16,

—+r

L) — 9, (t+2)5—9(t+2)* +32(t+2)% —56(t +2)2 +48(t +2) — 16
94(T)—2_[ ST R12) dt+
+7r
5 [ (E+2)5—9(t+2)*+32(t+2)3 —56(t +2)? +48(t+2) — 16 9
r/ T (1 2)° dt+0(r”)

-

+r +r . +r +r
2 / 7# dt / 7#3 dt+2 / 7# dt—4 / o dt +
= 4T — -
“/T2—t2 “/T2—t2 “/7“2—752 1/r2_t2

+r 1 +r 1
8/7dt—16/—dt +
R VI 2(t+2)

dt—5 dt+18 +

—+7r —+7r

/ ! / -
1/f,~271§2 1/f,~27752

T T

“+r
oy
R /7.2 _ t2
—T
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dt+48/ 16/ dt
/\/ VT —t2 (t+2)2 v —t2 (t+2)3
O(rg)
gy (r) =2r(Sy — S3+255 — 45, +88y — 1611 ) 41> (Sy — 55 + 185 —

5611 +4815 —1613) +O(r?)

3 3 5
_2r<r 7r8—|—r n 481 —8m—rin— 7“47'('1—6 7"671‘@4-0( )>—|—

7 21
3 -_—— —
r ( 2+187T 281 — 7"7r2 r7732+0( )+

127+ 7r9+7" 7r§+0( )— 27T7‘27T§T47T§+O(T6)> +0(r?%)

2 32 2 64

3 3,1 7,9 3

=rr(2—2418—284+12—2)+r’x (-S4 - —— 4%
rm(2—-2+18-28+ Jrrm{ G g ts ot g )t

5 21 45 45
7 S —_—
T”( 61 32" 32" 64>+O( )

3 1

5 7

=r’r-—r'r—+0

=rirg =Tt +0(r?).

Taking into account the above results, we have:

T

1
94(’"):/92“)5”:7"6%*’”8”%”( ),
0
and , 1
— 2 4 5
Milr)=Zaa(r) =g g 00,
Ma(r) = —5g2(r) =125 =19 = +0(r°)
r)=—— —r2Z _p ,
2 7'('7“292 4 96 )
2 41 .
Ma(r) = 25 9a(r) =136 +007),
M. 1 1
4~ 6 8
4( ) 294( )—7’ 3 r _128+O(T )

W) =B (€)= My (r)+1= 1—&—7"2% o0,
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the variance is:
1 5
o?(r)=E, (6 —1—M(r))? = My(r)— M2 (r) = rQZ — 7’4@ +0(r®),
so that 1
o=ry +0(r?),

the skewness parameter is:

mmzﬂ(iilﬁﬂﬂf

a

(Er(€=1)" = 3My(r)E, (€~ 1)* +3M7 (r)E, (§ — 1) = M{(r))

7"41_16 +O(7"6> —r 5 +000) +1055 +0(%)
r3L+0(r%)

—r4 L +0(r9) 1
= = 00,
r3L+0(r%) 4
and the Pearson coefficient is:
—1-M 4
K(r)=E, <5 1(’")>
o

= (B (€ 1) 4B (€~ 1M (1) + 6MF (B (¢~ 1) -

4Mi3() P(E=1)+ M (r 7))

:7(M4( ) = 4Ms(r) My (r) + 6 M7 (r) Ma(r) = 3Mj (r))
=10+ 0(r®) =10 L+ O(r®) +r0 3 + O(r®) —r8 33 + O(r10)
1"4116 624+ 0(r8)

7“4%—7" L 1 +O(r 8) B 2—r2 Z+O(T4)

- r4ﬁ_r6384_~_0(7ﬂ8) 125 +0(r)
2(].— ﬂ—‘ro(’l" ))+7”25—'f' 4+O( ) 21 4
= —_ - O .

=P340 P o
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