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Abstract: In this paper, we investigate the existence of solutions for advanced fractional
differential equations containing the right-handed Riemann-Liouville fractional derivative both
with nonlinear boundary conditions and also with initial conditions given at the end point T'
of interval [0,T]. We use both the method of successive approximations, the Banach fixed point
theorem and the monotone iterative technique, as well. Linear problems are also discussed. A few
examples illustrate the results.
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1. Introduction

Put Jo=1[0,T), J=10,7]. First, we introduce the right-handed Riemann-
Liouville fractional derivative D% of order ¢ by

1 d

T
Dﬁ}x(t):—ma/t (s—)9a(s)ds, teJo, qe(0,1) (1)

and Dix(t)=—2'(t), if ¢=1.
Similarly, we introduce the right-sided fractional integral Iz of order ¢ >0
by

I%x(t):ﬁ/t (s—t)1 (s)ds, te (2)

The above definitions are taken from [1].
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In this paper, we study the nonlinear boundary value problem of the form:

T
Di.x(t) :f(t,x(t),x(a(t)),ﬁ/t (s—t)‘11_1g(s)ac(s)als>EFac(t)7 tedy
0="h(z(T))

3)
where f € C(JxRxRxR,R), a € C(J,J), g€ C(J,R), he C(R,R), (T) =
(T—t)""%2(t)|1=r with g€ (0,1], 1 > 0.

We introduce the space Ci—4 by

Ci—g(JJR)={ueC([0,T),R): (I'—t)'"" ueC(JR)}, ¢€(0,1) (4)

and Cy(J,IR)=C(J,R) if ¢=1.

Fractional differential equations arise in many engineering and scientific
disciplines. Recently, much attention has been paid to study fractional dif-
ferential equations. Some authors have formulated sufficient conditions under
which fractional differential equations both with initial or boundary conditions
have solutions. For example, such problems have been investigated for frac-
tional differential equations with the left-handed Riemann-Liouville fractional
derivative D z (or shortly D%z) of order ¢, see for example [2-8, 1, 9-20].
An interesting and fruitful technique for proving the existence results for
nonlinear fractional differential problems is the monotone iterative method
based on lower and upper solutions, see for example [3-6, 9-14, 16-20].
Note that fractional differential equations with the right-handed Riemann-
Liouville fractional derivative D%z of order ¢ have been investigated, for example
in [21, 1, 15].

In our paper we use both the right-handed Riemann-Liouville fractional
derivatives D%z and the right-sided fractional integrals Iz of order g € (0,1]. If
g(s)=1, t € J, then, the fractional differential equation in problem (3) takes the
form

Dix(t) = f(t,z(t),z(a(t), I z(t), tey (5)
If g1 =1 and g € C(J,J) then, the fractional differential equation in problem (3)
takes the following form

T
D%x(t):f(t7a:(t),a:(oz(t))7/t g(s)x(s)ds), teJy (6)

First we discuss initial problems with the initial condition given at the point T
for the fractional differential equations with D%z from (3) replacing this problem
by a corresponding integral equation. Now, to find a unique solution, we apply
the method of successive approximations assuming that function f appearing in
the right-hand-side of problem (3) satisfies a Lipschitz condition with respect to
the last three variables. We also apply the Banach fixed point theorem with the
Bielecki norm for the case ¢ =1. The uniqueness of solutions is also investigated
under the same Lipschitz condition. The linear fractional differential problems
with initial conditions at the point 7" are also investigated giving their solutions
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in forms of Mittag-Leffler functions. Finally, to find a solution of problem (3),
we use the monotone iterative method combined with lower and upper solutions.
Indeed, we discuss also corresponding fractional differential inequalities. Some
examples illustrate the results.

The organization of this paper is as follows. In Section 2, we discuss the
nonlinear fractional differential equations of order ¢ with advanced arguments
and with initial conditions given at the end point T of interval [0,T], see prob-
lem (10). We use the method of successive approximations to prove the existence
and uniqueness result for problem (10) with ¢ € (0,1), see Theorem 1. Exam-
ple 1 illustrates the result of Theorem 1. Theorem 2 concerns the existence and
uniqueness of solutions of problem (3) for ¢ =1, by using the Banach fixed point
theorem with the Bielecki norm. In the next section, we study the uniqueness of
solutions of problem (10) giving sufficient conditions under which problem (10)
has at most one solution, see Theorem 3. Section 4 concerns linear fractional prob-
lems with initial conditions given at the point T'. Theorem 4 presents the unique
solution of such problems in terms of the Mittag-Leffler function. In Section 5,
some examples are given. Examples 2 and 4 concern linear fractional problems
while Example 3 the system of two linear fractional equations. In Sections 6
and 7, we discuss the existence of solutions for general problems of type (3),
by using the monotone iterative technique based on lower and upper solutions.
The corresponding existence results are given by Theorem 5 for ¢ =1, and Theo-
rem 6 for g € (0,1). At the end of this paper, Example 5 concerns the application
of Theorem 6 to a fractional differential equation with a nonlinear boundary
condition.

2. Existence results for fractional problems
with initial conditions
First, we cite a lemma.

Lemma 1 (see [1]). Let 0< ¢ <1, y€ L(0,T). Also let y1_,(t) = I “y(t)
be the fractional integral of order 1—g¢ and y;—, € AC[0,T]. Then,

104y =yl - PSS oot i0<g< ™)
and
IrDry(t)=y(t)—y(T) if =1 (8)

Let us introduce the following assumption:

Hy: feC(JxRxRxR,R), acC(J,J), a(t) >t, g C(J,IR) and there exist
nonnegative constants A, B, D such that

‘f(t,’l,Ll,Ug,'U,g) _f<t,'U1,'U27U3)‘ SA|’U1_U1|+B‘U2_U2|+D|U3_U3‘ (9)
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The next result concerns the problem:

{D%u(t) =Fu(t), tedy

a(T)=keR (10)

where operator F' is defined as in problem (3). Note that in (10) the initial point
is given at the end point of interval J. Now, we formulate an existence result for
problem (10).

Theorem 1. Let Assumption Hy hold and let g1 >0, 0 < q<1. Moreover,
we assume that there exists a constant M >0 such that

1 r o
msupteJo/t (s—1)97|Fug(s)|ds <M (11)

for ug(t) =k(T—1t)7"1. Then, problem (10) has a unique solution u € C1_4(J,R).

Proof. Using Lemma 1, it is easy to show that problem (10) is equivalent
to the integral equation:

u(t) = k(T— 1)1 + —— / (5=t Fu(s)ds (12)
I'(q) J;
To find the solution of (12) we use the method of successive approximations.
Let
U () = k(T— )1+ IEFu, 1 (t), n=12,---
Put
wn(t) = [un(t) —tna ()], n=1.2,, L=A+B+-2% qa (14
(g1 +1)

with G =maxe s|g(t)|. Then,

I o
wl(t)gm/t (s— )7 Fup(s)|ds < M,

L Ts—q_l uy(s) — Fuo(s)|ds
) < s [ (=) Pus ()= Pug(s)|d

1 ! a1 D—G T—ql_leTs
Sm/t (s—t) [Awl(s)—&—Bwl(a(s))—&-F(ql)/s(7' s) 1(r)dr|d
Mt a-1 D—G K — )07 7| ds
<t om0 A s s [(e-orara
ML [T o1, ML
<f ), "=
(15)
Now, we have to prove that
wn() < = (e (), =12, (16)

T(g(n—1)+1)
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Assume that (16) holds for some integer m > 1. As a(s) > s, s0 wp (a(s)) < zm(s),
and Wy, (1) < 21, (s), 7 € [s,T]. Using Assumption H; and relation (16) for n=m,
we obtain

(1)< s /<s— Y= Ft (5) — Ftg 1 (5)|ds

<o /1 o= {Aw ()+me““$)+f€iyl(T sﬁllwmtﬂdﬂds
< Fi/ ){A+B+F[()§) /ST(TS)qlldT] ds
Siﬁ@il (s—1)1 5%x$ds_IéZfIU(T—tﬂm

(17)
This and the mathematical induction show that (16) holds.
Now, we have to show that the sequence {u,,} is convergent. First, we note
that

n

un(t) =uo(t)+ Y _[uj(t) —u;1(t)], n=1,2,-- (18)

j=1
In view of (16), we see that

w;(t) < T-t)U V1= = (T—t)™1
2wl j:j = 1q+1)< ) Z G T
o0 ; (19)
MY L' pia_ mE (LT9)
< . < =
A NCIERY !
where E, ; is the Mittag-Leffler function defined by

E = — 20
41(2) g;rgmﬂ) (20)

It proves that lim,, oo u,(t) exists, so u(t) = lim, oo u,(t). Indeed, u—wup is a
continuous function on J and w is a continuous function on Jy. Taking the limit
n— oo in (13), we see that ue C1_4(J,R) is a solution of problem (12).

Now we have to prove that u is a unique solution of (12). Suppose that
v is another solution distinct from u and such that Dy = sup,c; V(t) with
V(t) = |u(t) —v(t)|. Then,

1 T
V(t)==—| [ (s—t)1 [Fu(s)— Fo(s)]ds
F(1Q) /tT DG T (21)
<o [ G0 Ve LBV i [ et as

by Assumption Hq. Then,

DoL TS_ a1 s — DoL _ )4 Dol g _
VIS g [ 0= gt -t < pen =D @2)
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This and the previous relation on V' give

g 1 DG " 1
Vit) < /s—tq_[AVs—i—BVas + /T—Sq_VTd’TdS
(< ggy [, =0 | AV +BV () 55 [ (=7 V )
Dy L /T . DL
< s—t)1ds= T—1t)?
=1 ), O T Y
(23)
Repeating it, we can show, by induction, that
DiL"
Vi) < =——(T—-t)™ =0,1,-- 24
SO
D L™
Vi) < ——T1m =0,1,--- 25
(< oy T n=0.L (25)
Indeed,
lim ———7T"=0 26
nmoo T(ng+1) (26)
This shows that u is the unique solution of (12). This also proves that u is the
unique solution of (10). This ends the proof. ]

Remark 1. Put Z,(t) = |u,(t) — u(t)|, where w is the unique solution of
problem (10) and w,, is defined as in the proof of Theorem 1. Indeed, Zy(t) <
maxc y Zo(t) = K. Moreover,

1 T
Zn(t) < F(q)/ (s=1)"[Fup—1(s) — Fu(s)|ds
t
1 T
< m/t (s—t)?! [Aan (s)+BZp_1(a(s)) (27)
DG [T
_ a1
+ ) /S (t—39) an(T)dT] ds
forn=1,2,---.

Similarly as in the proof of Theorem 1, we see that

KL™
Jun(t) )] < ¢

2 (T—t)™, n=0,1,- 28
anrl)( ) (28)

The above relation gives the estimation between the approximate solution u, of
problem (10) and the unique solution u of problem (10).

Lemma 2. Assume that there exists a nonnegative constant My such that

. 1

(i) supse g [Fuo(t)[ <My, 0<g< B}

1 (29)
(#6)  supe s, (T—1)"" | Fuo(t)| < My, 5 <4< 1

Then, condition (11) holds.
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Proof. Case 1. Assume that 0 < g < % Indeed,

T

e q-1 My — 1)1 s < My g
W/t(s—t) | Fug (s)]ds < r()/( Ol < TS TI=M (30)

Case 2. Let l < g< 1. Using the Schwartz inequality for integrals, we have

/tT(S—t) YT—s)1~ 1d5<\// t)2(a— 1)d3\// )2(a-1)ds o

I'(2¢—1) I'(2¢—1)
-~ I(29) I'(29)

(T t)2q 1S

Hence,

1 ' — )1y 5= ! Ts— T —5) 1N (T —s)17 9| Fug(s)|ds
g ), =0 Fulds= s [ o= T T (o)

<M TCa=) gy,
I'(q) T'(2q)
(32)
This ends the proof. [
Remark 2. For example, in papers [2, 15] the assumption
supye 7, | f(t,y)| <M (33)
has been used for in initial value problem:
qu(t):f(t,x(t)), tEJ12(07T], qE(O,l] (34)
2(0)=Fk, #(0)=t"%2(t)|;=0

Example 1. Consider the following nonlinear fractional differential prob-
lem:

{Di}x(t) =Asinz(t)+o(t), teJy=1[0,T) (35)

z(T)=k
where A,k € R, o0 € C(J,IR). Note that all assumptions of Theorem 1 hold with
T4
=\, B=D=0, Mm[r?ea}da( )|+|>\|} (36)
In view of Theorem 1, problem (35) has a unique solution = being the limit of the
sequence {z,} defined by
zo(t) =k(T—1)7!

T
Tpa (1) =k(T—1)7 + ﬁ /t (s—1)7 " [Asina,,(s)+o(s)]ds

(37)

for n=0,1,---. Moreover

by Remark 1. Here L=|\|, K =M. |
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Now, we consider the case ¢ =1, so problem (10) takes the form

{u’(t) =—Fu(t), teJ

W(T)=keR (39)

Theorem 2. Let g=1, q; > 0. Suppose that Assumption Hy holds. Then,
problem (39) has a unique solution u€ C*(J,IR).

Proof. Note that problem (39) is equivalent to the following one
T
w(t) =+ / Pu(s)ds= Au(t), tcJ (40)
¢
Put
[le]) o = I?Eaj(e’\(t_T) lu(t)| for A\>L, A>0, and Q= (1—e ) <1 (41)

where L is defined as in the proof of Theorem 1. We show that operator A is
a contraction with the Bielecki norm ||-||.. Let u,v € C(J,IR). Then, in view of
Assumption H;, we obtain

T
|Au—Av|, < maxet=T) |Fu(s)—FU(s)’ds
ted .

< maxe/\(t_T)/t [A|u(s) —v(s)|+ Blu(a(s)) —v(a(s))|

teJ

DG ([T a1 o }
+m/s (1—3) |u(T) (T)|d’7’:|d )
DG ’ q1—1 _—AT
F(ql)/S(Ts) e Mdr|ds

T
= HU*UH*maX(f/\t/ |:A6/\S+B€)‘O‘(S) +
teJ ;
T
< ||U—U\|*Lmaxe)‘t/ e~ ds
ted \

L
=7 Qllu—vl. < Qllu—vl.

Then, problem (39) has a unique solution, by the Banach fixed point theorem.
This ends the proof. [ |

Remark 3. To show that problem (10) with ¢ € (0,1) has a unique solution
we can also use the Banach fixed point theorem with a corresponding norm using
the Holder inequality for integrals.

3. Uniqueness of solutions of problem (10)

Basing on the proof of Theorem 1, we can formulate some sufficient
conditions for the uniqueness of the solution of problem (10) but it does not
guarantee the existence of this solution.

Theorem 3. Let Assumption Hy hold and let g1 >0, 0<g<1.
Then, problem (10) has at most one solution in the space C1_4(J,R).
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Proof. Note that u is a solution of (10) if and only if
u(t) =k(T—t)"" + I Fu(t) (43)

Assume that the above problem has two distinct solutions U,V € C1_,(J,R) and
put P(t) =|U(t)—V(t)|, Po =sup;e 5, P(t). Then, using Assumption H;, we obtain

P(t) <I}|FU(t) - FV(t)|

L o [apo s 500+ 2 [ e
1

OWZT(S_t)q_l {A+B+Fl()q(f) /ST(T_s)ql—ldT} ds

RL /T 4 PyL RyL
< — s—1) 1 ds=——(T—-t)I< ——TI=P,
~Ia) Ji (s=9) F(q+1)( ) “T(g+1) '

IN
|

IN
o)

(44)
where L is defined as in Theorem 1. Now, similarly as in the proof of Theorem 1,
we can show

P L
Plt)< —————T™ =0,1,--- 45
< gy T =01 (45)
Hence, the assertion holds because
PL”
lim ——T"1=0 46
noo T(ng +1) (40
]

4. Linear fractional differential equations
Let us consider the following linear problem
Dix(t)= 1 z(t)+o(t), teldy, z(T)=k, (47)
where A\, k€R, 0 € C1—4(J,R).

Theorem 4. Let g€ (0,1}, ¢1 >0, ke R, 0 € Ci_4(J,R). Then, prob-
lem (47) has a unique solution given by the formula

w(t) =KD (q)(T— 1) Bqiq, o (MT—)7"")

T 48
+/t (S—t)q_lEquqhq()\(s—t)q+‘“)o(s)ds (48)

where B, 3(¢)=>""2, F(%lﬁ) is the Mittag-Leffler function.

Proof. Indeed, problem (47) is equivalent in the space C1_4(J,IR) to the
following fractional integral equation

z(t) = xo(t) + MLz (t) + ILa(t), tEJo (49)

where zq(t) = k(T—1t)771.
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We apply the method of successive approximations to find the solution of
problem (49), so for n=0,1,---, we have

T (8) = 20 (t) F NIE Py, (8) + Tho(t) (50)
Hence,
21 (t) = 2o (t) F AL T 26 (8) + Tho ()
To(t) = w0 (t) + AL Py (t) + Tha (t) -
=20 (t) + AL (20 (8) + AIE 2o (t) + [0 (t)] + ITo(t) (51
= 0 (1) + M0 20 (1) + N2 LX) 20 (8) + AIZT U o () + Thor (1)
using the relation I} I7x(t) = L™ 2 (t), r,m > 0.
Thus, in general, we get by induction x,, as follows
Z)\ Lty Z)\Z LTty =12, (52)
i=1
Using the following formula
I'(q) 5
Iao(t) = zo(t T—1)° 6>0 53
o(t) =0 (0) 55 s (T—1) (55)
o (52), we obtain
LI 1 .
Tn(t) =z0(t) [14+T(q N = (7—¢)lata)
() =ao(t) |1+ @ T T
= 1 ! (i—1)(q+a1)+q—1
+) N\ / s—t)mlatra) el g (g ds
Z D(g+aq)+q) (s=1) (#)
(54)
Z (T—t)Hata)
e (I+Q1 +q)
T n—1 1
+/ s—t)971 N (s—t)"t ) | 5(s)ds
[ [E_j T e (s)
for n=0,1,---. Taking the limit as n — oo, we obtain the unique solution z in
terms of the Mittag-Lefller function given by formula (48). [
Remark 4. Put ¢=1, then, problem (47) takes the form
—2'(t) =M z(t)+o(t), tedy, z(T)=k (55)

Let g1 =1, A= 1. Then, E5(t?) = cosh(t), so, in view of (48), the solution has
the form

T
x(t):kcosh(Tft)Jr/t cosh(s—t)o(s)ds (56)
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5. Examples
In this section, some examples are given.

Example 2. For ¢ € (0,1], ¢; >0, let us consider the following problem

I'(q) -
Diz(t)=I%z(t)— ———(T—t) 071 teJy=[0,T
halt) = If a(t) ~ s (T—1) =0T s
#(T)=1
Comparing this problem with (47) we see that
I'(q) -
A=1, o(t)=——2—(T—0)1"07 1 [=1 58
()= e s (=) (59)
In view of Theorem 4, problem (57) has a unique solution given by

T

z(t) =T(q)(T— t)q_l Eqtq1.q ((T_ t)q+q1) +/t (s— t)q_lEquql,q ((5 - t)q+q1)0(5)d3

D(q)(T=1)"" Eqyq, 4 ((T— 1))

F(q) - 1 TS_ n(g+q1)+qg—1 _g qt+qi1—1 s
> /( ) (T s)rta1g

CT(e+a) ZT(nlg+a)+9) J;

:F(Q)(T_t)qilEﬁql,q((T_t)quql)
NS 1 _ () (ata)+a—1 (59)
"0 L Mo Y

—_ _+\q-1 _A\a+ar\ s 1 _ n\n(g+q1)

(T =0 | By (T 075) = By (T 070

=(T—-t)1!
It proves that z(¢t) = (T—t)?~! is the unique solution of problem (57).

Example 3. Consider the system of fractional linear equations:
Diz(t)=2INx(t)—2I y(t)+o1(t), t€Jo=10,T)
Diy(t)=—2INx(t)+ 21  y(t)+o2(t), t€Jy (60)
#(T)=1, §(T)=0

with g€ (0,1), g1 >0 and

2T (q) 10

— _ \gtq—1 _ \H+a 4 _1\2—q
o1(t) = F(q+q1)(T t)et +F<2+q1)(T )+ +F(3_q)(T )21,
—L@ _ +\94Taq1— _L _ q1 _ —q
Jz(t)—r(q+q1)(T tyata—t F(2—|—q1)(T )t +F(3_q)(T t)? (61)
+ﬁ(T%)H

Put P=x+y, @ =x—y. Then, in view of (60), we obtain

{ DiP(t)=01(t)+02(t), tedy

P(T)=1 (62)
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{ Q%Q(t) = 41’_(11“1 Q(t) +o01 (t) —02 (t) (63)
Q) =1
In view of (48), the solution P of problem (62) is given by

q—1 1 y q—1
(T—1) +W/t (s=1)7 " [o1(s)+02(s)]ds

q—1 L TS_ q—1 8 —g)2¢ 5 — )4 ds
=0 e [r<3—q>(T S (=)

(T—t)1 4+ 4(T—t)2 +5(T—1t)

P(t)

Similarly, for @ we have
Q(t) = F(Q) (T_ t)q_lEquql q (4(T_ t)q—HH )

T
+/t (Sit)qilEﬁql,q(4(5*t)q+ql) [01(5)*02(5)]&9
=T(q)(T—1)" " Egyq,,q(4(T—1t)7T1)
4" ’ r(g+q1)+q—1 | _ 4I'(q) _ \ata—
+;F(T(Q+QI)+Q)/§ (smtyreme” 1[ a0

20 5 -
T@ta) NCEmAC }
=TT )" By (4T 0)"*7)

+

(T— )H—ql _

4r+1

T—t (r+1)(g+q1)+q—1
ZF D o) ro LY

4r+1

+5 T ) (r D) (g+a)+1
Z ((r+1) q+Q1)+2)( )
47‘
-5 T —¢)r(a+a)+1
§r<r<q+q1>+2>( )

=I(g)(T— t)q_lEquql,q (4(T_ t)q+q1)

~T(g)(T— )" [Eq+q1,q(4<Tt>q+q1) - ﬁ

+5(T—t) [Eggqy 2 (4T —)7T9) 1] =5(T— ) Egy g, 2 (4(T—1)979)
=(T—t)97 ' —5(T—1)

(65)
Now, solving the system:
z(t)+yt)=(T—t)T " +4(T—t)*+5(T—1)
L S (69
we see that the solution (z,y) of (60) is given by
a(t)=(T—t)7" +2(T—1)?
ot S (o7
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Example 4. Consider the problem:

T
Dix(t) = )\ﬁ/t (s =) YT —s)"x(s)ds, t€Jy=[0,T) (68)
z(T)=k

where M,k € R, r > —q, ¢1 >0; so g(s) = (T—s)" in comparing with the operator
F from problem (3). Problem (68) is equivalent to the integral equation

(1) :k(T—t)q‘l—s—m /t Y5ty [ / o gyut (T—T)Tx(T)dT} ds. (69)

To find a solution of (69) we use the method of successive approximation, so

T T
$n+1(t> :l‘o(t)—i—m/f (S—t)q_l |:/ (T—S)Q1_1(T—T)T$n(7')d7':| ds
' | (70)

forn=0,1,---.
Indeed,
x1(t) =z (t) + 7F(q)>\1i€(q1) /t (s —t)q_l {/ (r— S)ql_l(T—T)T+q_1dT:| ds

Ak T(r+q)
L) T(r+a+a

B I'(r+q)
=o(?) [l“mﬁ—mql)

T
=zo(t) + )/t (s—t) T YT —s)rtata—lgs (71)

(T— t)q+r+q1:|
and

xg(t):xo(t)—i—m/t (s—t)7! [/ (T—S)ql_l(T—T)rlvl(T)dT‘| ds

L(q)I(

L(r+q) /T -1 2 -
A _ N T— r+2q+q1 ld d
+ T2gtr+q) S(T s) (T—71) 7| ds
Me T(r+q)
L(g) T(g+r+a
N Nk T(r+qT(2r+29+aq1)
I'(q) T(2q+7+q)l(2(r+q+a
[(g+r)
—ao(t) |14 A= I
IO()[ T(2q+r+q1)

,  T(g+r)TRg+r)+a) T_t)Q(q+r+q1):|
L2q+r+q)I'Be+2(r+q)

:fo(t)ﬁ-%‘/t (S—t)q_l [/ (T_S)ql—l(T_T)r+q_1d7_

T
=o(t) + )/t (s—t) T YT —s)rTetn—lgs

)) /T(s — 1) (T—s)2at2a+2r-1

T— t)quTthh

+A
(72)
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By induction, we can show

2o (t) =m0 (t) Y Ny (T—t)/@HrHa) - p=12... (73)

Jj=0

where

co=1, ¢ HF Zq+7’+q1)+q+T) J=12- (74)

+1)(g+r+aq1)+q)’

Now, taking the limit as n — oo, we obtain a solution of (68), by formula:
o(t) = k(T—t)T 1Zc [ T—t <q+r+q1>} (75)

This solution of (68) can be written in the form

r(t)=k(T—t)9'E

A YOO (76)

q+ay

q+q1

where E, ,, » is the Mittag-Leffler function given by

Eymon( Zc 2 (77)

with

v(im+n)+1) )

= = =12, 78

) C HF Zm+n+1)+1) j ) ( )

see p. 48 of [1]. Indeed, ¢; =c¢] for v=q+q, m=1+ ﬁ, n=1+ Tqi—;fl. Ifr>0,

then, = given by (76) is the unique solution of (68), by Theorem 1. Note that if
— L I'(g) —

r=0, then, ¢; = w57 ,55g and Eq+q1’17%(z) =Fqyiq,.4(2). |

6. Existence results for fractional problems of type (3)
with g=1

In this section, we consider the existence of extremal solutions of prob-
lem (3) in the case ¢ =1. To obtain it, we apply the monotone iterative technique,
therefore we first formulate a comparison result which will play a very important
role in our research.

Lemma 3. Let a € C(J,J), t <a(t) <T on J. Suppose that M € C(J,R),
peCYJR) and

{702 100 160, 1< ro)
p(T) <0
where operator G is defined by

Gp(t) =N (t)p(a(t)) + P(t) 17 p(t) (80)

with nonnegative functions N, P integrable on J and the right-sided fractional
integral I%' p of order g1 >0

In addition, we assume that
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Hy: r<1 with

e /O T[N( exp(af(t)M >+Ifj(f;1)) /t T(s—t)‘h_lexp( jM(T)dT)ds] dt (81)

Then, p(t) <0 on J.

Proof. Put
q(t) =exp (jM(s)ds)p(t), teJ (82)

This and (79) give ¢(T) =p(T) <0, and

t

T T
¢'(t)=exp (fM(S)dS (=M (t)p(t)+p'(t)] = exp <fM(8)d8> gp(t)
t (83)
a(t) T s
= N(t)exp( / M(S)d3> q(a(t))+ (@) /t (s—t)"texp <th(T)dT> q(s)ds

t

SO

a(t)
—d () <-N() exp(fM ) (a(t))

_ P /t =ty Lexp ( jM(T)dT) a(s)ds 34

L'(q1)
q(T) <0
We need to prove that ¢(t) <0, t € J. Suppose that the inequality ¢(t) <0,t€ J
is not true. Then, we can find ¢t € [0,7) such that ¢(t9) > 0. Put

q(t) = [mi;l]Q(t) <0 (85)

05

Integrating the differential inequality in (84) from ¢ to ¢1, we obtain

t1 a(t)
q(to)—q(h)é—/t [N( eXP( J M(s > (a(t))

U / T(s—t)‘“_lexp< jM(T)dT)q(s)ds] a Y

D(q1) J;
< —rq(t) < —q(t1)

It contradicts the assumption that ¢(t9) > 0. This proves that ¢(¢) <0 on J. This
also proves that p(t) <0 on J and the proof is complete. [

Remark 5. Assume M (t) >0 on J and

T r P(t) T q1—1 r
/0 [N(t)exp (!M(s)ds) + 1) /t (s—1) "exp <th(T)dT> ds] dt<1 (87)

Note that the above condition does not depend on « and moreover Assumption
Hs holds.
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T
Remark 6. Assume that 1 < Agexp <fM(T)dT> (T—s)*, Ap>0, a>0.
Then,

T a(t) AOP(t) T T - .
rg/o lN( exp(fM ) (@) EXp<th(T)dT>/t(8—t) (T—5) ds]dt

T a(t) a
:/0 [N( exp ( [ M(s ) +%exp (jM(T)dT) (T— t)“J”h] dt=ry
(88)

Indeed, Assumption Hs holds if r{ <1.
We can also obtain another condition for r from Assumption Hs, namely
using the following estimation

exp (fM(THdT) <P (89)

Then, it is easy to see that Assumption Hy holds, if we assume that
r a(®) P(t)P,
N(t)ex M(s 4+ —"—(T-8)"|dt<1 90
/ [ (1) p<f ) Rl (T0) (90)

Now, we are going to use the monotone iterative technique to find a solution
of (3) for ¢=1. Let us introduce the following definition.

Let ¢g=1 and q; > 0. We say that u€ C1(J,IR) is a lower solution of (3) if

u'(t) <—Fu(t), ted, h(u(T))<0 (91)
and it is an upper solution of (3) if the above inequalities are reversed.

A solution y € C*(J,IR) of problem (3) is called maximal if z(t) <y(t), t € J
for each solution = of (3), and minimal, if the reverse inequality holds. If both
minimal and maximal solutions exist, we call them extremal solutions of (3).

If we know the existence of lower and upper solutions g,z of problem (3)
such that zo(t) <wyo(t), t € J, then, under corresponding conditions, we can prove
the existence of the extremal solutions of (3) in the sector

o0l = {w e C IR):  2o(t) Sw(t) <yolt), teT} (92)
It is the content of the next result.

Theorem 5. Let ¢=1, and g1 >0. Let Assumption Hy hold (with g(t) =1,
teJ) and he C(R,R). Let yo,20 € C*(J,R) be lower and upper solutions of (3),
respectively and zo(t) <yo(t), t € J. In addition, we assume that

Hj: there exist functions M € C(J,R), N,P € C(J,Ry) such that Assumption
Hy holds and

f(t,l/l,’Uz,Ug)—f(t,ul,UQ,u;),) 2 —M(t)[vl—ul] —N(t)[vg—’UQ] —P(t)[’Ug—Ug] (93)

if 20(t) <up <wi <wol(t), z0(a(t)) <wg <wa <yolalt)), I z0(t) <uz<wz <
It yo(t)
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Hy: there exists a constant >0 such that
h(u) = h(uo) < puo —w) if 20(T) <u<uo <yo(T) (94)
Then, problem (3) has extremal solutions in the sector [20,Yo)x-

Proof. Put (z0,y0)x = {w € C(J,R) : 2o(t) < w(t) < wyo(t), t € J}. Let

7775 € (Z07y0)* and let (10<t) = mln[n(t)?f(t)]a (I)(t) = maX[ﬁ@)aﬁ@)]
Consider the boundary value problems

V() =Mt)[v(t)—@(t)]+Gu(t) —GO(t) - FP(t), teJ
oT) = h(B(T)) +(T) (95)
w’(t)=J\14(t)[w(t)—w(t)]+gw(t)—gso(t)—F<p(t)7 teJ
w(T) = h(p(T)) +(T) (%6)

where operator G is deﬁned as in Lemma 3. By Theorem 2, problems (95), (96)
have a unique solution. Therefore, we can define the operator

B: Q—C(J,R)xC(J,R), (20,90)« CC(J,R), B(n,£)=(v,w) (97)

where v, w are solutions of (95) and (96), respectively with Q = (20,%0)x X (20,50 )«-
Now, we want to show that

2ot) Sw(t) <v(t) yolt), ted (98)
Put p=2zp—w. Then, in view of Assumption Hs, we have
p(t )> on( )= M (1) [w(t) = (t)] = Gu(t) +Gep(t) + Fo(t)

() [o(t) = 20(t)] = Go(t) +Gzo(t) = Gu(t) +Gp(t) — M (t) [w(t) — o(t)]

( )p(t) +Gp(t)
(99)
Moreover, in view of Assumption Hy,
I = ()~ [h(o(T) = k(o) b))

<20(T) = p(T) +¢(T) = 20(T) =0
This and Lemma 3 show that z¢(t) <w

(t), t € J. Similarly we can show
that v( )<y0( ), t € J. To show that w(t) <wv(t), t€J, we putp w—v. Then,
P'( (t)[w(®) —v(t) +@(t)] +Guw(t) - Go(t) — Fo(t) — Gu(t)
+g<1>(t)+ ( )
M(t)[2(t) = p(t)] = GR(t) + G (t) + M (t) [w(t) — (t) —v(t) + D(t)]
+gw(t) Go(t)—Go(t)+Go(t)
=M(t)p(t)+Gp(t)
(101)
Moreover 1 1
p(T) = ;h(s@(T)) +¢(T) - ;h(q’(T)) —®(T)<0 (102)

Hence B:Q — Q.
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Note that operator B :Q — Q is compact by direct application of Arzeli-
Ascoli theorem. Hence, by Schauder’s fixed point theorem, the operator B has a
fixed point, i.e. there exist (v,w) € 2 such that B(v,w) = (v,w) and w <v.

Now, by (95) and (96), we see that v,w satisfy the following relations

V' (t)=M(t)[v(t) —v(t)] +Gu(t) — Gu(t) — Fu(t), teJ

o(T) = ih(v(T)) +o(T) (103)

w'(t) = M(t) [w(t) —w(t)] + Guw(t) — Guw(t) — Fw(t), teJ

w(T) = %h(w(T)) +w(T) (104)

It shows that v,w € C*(J) are solutions of problem (3). This ends the proof. m

7. Existence results for fractional problems of type (3)
with ¢€(0,1)

In this Section, we will use the monotone iterative method to show that
problem (3) with ¢; >0, 0< ¢ <1 has a solution. First, we cite some comparison
results.

Lemma 4 (see [21]). Let q € (0,1), M € C(J,[0,R). Suppose that p €
Ci—¢(J.R) satisfies the problem:

Dip(t) < —M(t)p(t), tedo
s (105
Then, p(t) <0 on J.
Lemma 5 (see [21]). Let ¢ € (0,1), M € R. Suppose that p € Ci_q(J,R)

satisfies the problem:

Dip(t)<—Mp(t), teJ
{ﬁ(TZ;(g)o p(t), t€do (106)

Then, p(t) <0 on J.
Now, we introduce the following definition.
Let ¢1 >0, 0< ¢ < 1. We say that ue C1_,(J,R) is a lower solution of (3) if

Diu(t)< Fu(t), teJy, h(u(T))<0 (107)
and it is an upper solution of (3), if the above inequalities are reversed.

Theorem 6. Let g1 >0, 0<g<1. Let Assumption Hy hold (with g(t)=
1,teJ) and he C(R,R). Let yo,20 € Ci—q(J,R) be lower and upper solutions
of (3), respectively and yo(t) < zo(t), t € J. In addition, we assume that

Hs : there exist a function M € C(J,IR1) such that
f(tur,ug,uz) — f(t,01,02,03) < M (t)[v1—u] (108)

if yo(t) <ur <1 <2zo(t), yola(t)) <ug <wg < zo(a(t)), IF yo(t) <usz <wvs <
I zo(t),
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Hg: there exists a constant >0 such that
h(ug) —h(u) < p(ug—u) if go(T) <u<ug < zo(T) (109)
Then, problem (3) has extremal solutions in the sector

[0, 20] = {w € Cr—g(JR) : yo(t) Sw(t) <zo(t), tE€ Jo, Fo(T) <w(T)<z(T)}

(110)
Proof. Let
Diyn41(t) = 1F Yn(t) = M () [yn1(t) —yn(t)], tE€Jo
{ynH(T) =~ h(@(1) +30(T) (111)
Dizpia(t)= 1Fz"(zt) —M(t) [zn1 () — 2 (1)], t€ o
{znﬂm == h(E(T) +20(T) (112

for n=0,1,---. Note that problems (111) and (112) have a unique solution, in
view of Theorem 1.
Put p=yo—y;1. Then,

Dip(t) < Fyo(t) — Fyo(t) + M (t) [y2 (t) —yo(t)] = —M (t)p(t)

ﬁ(T):Qo(T)Jrih(gjo(T))7gO(T)§0 (113)

Hence, yo(t) <yi(t), in view of Lemma 4. Similarly, z1(t) < zo(t). Put p=y;— 2.
Then,

D%p() Fyo(t) = M(t) [y1(t) —yo(t)] — Fzo(t)+M(t) [21(t) — 20(t)]
M(t)[20(t) —yo(t)] — M(t )[yl t)—yo(t) —z1(t) +20(t)) =—M
ﬁ(T)Z—%h( (D) +50(T)-+ 1o )—ZO 7)
<2(T) = yo(T) +50(T) — Z(T) =0
(114)
by Assumptions Hy, Hg. This proves that
yo(t) Syr(t) <z1(t) <zo(t), teJ (115)
Now, we prove that y; is a lower solution of problem (3). Indeed,
Dy (t) = Fyo(t )—M( )[yl( ) —yo(t)] —Fyl(t)+Fy1(t)
< M(#) [ya( ()] =M () [y1(t) —yo(t)] + Fya (t) = Fyr (2)
1 (116)

?1(T):*;[ (7o( ) h (o (T )+h(y1( N]+50(T)
< (T) = 50(T) +50(T) = h(71(T))

so h(g1(T)) <0. This proves that y; is a lower solution of problem (3). Similarly,
we can show that z; is an upper solution of (3).
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By induction, we can prove that
Yo(t) Syr(t) < Syn(t) S zp(t) < <z(t) < 20(t), ted (117)

Sequences {y,},{zn} are monotone. It is easy to show that they converge
to y and z, respectively, and y < z. Indeed, there is no problem to prove that
problem (3) has minimal and maximal solutions in [yo, zo]. This ends the proof. ®

Remark 7. If we extra assume that M (t) =0, t € J, then, f is nondecreas-
ing with respect to the last three variables.

Remark 8. If condition (108) holds for M € C(J,IR), then, it is also satisfied
for some M € C(J,R).

Example 5. Consider the problem:

Dia(t)=Ae™") + B (a(t ())—I—C’I%lx(t)—i—LEFx(t), teJo

T(1—1) (118)
0=z(1)[1-z(1)]

where Jo=1[0,1), ¢=1, ¢ >0, € C([0,1],[0,1]), a(t) > t. Moreover, we assume
that A, B,C,D >0 and such that

. . 1 1—¢ D
AeT 2B+ COA-" | x| w(1—t) (119)
1 2
<t VL tE)

Put yo(t) =0, zo(t) =2—t, s0 §o(1) = Zo(1) = 0. Note that M (t) = Ae?, u=1, from
Theorem 6. Indeed, yo is a lower solution of problem (118). Moreover,

T
FZO(t):Ae_(Q—t)—l—B(Q—a(t))‘f'%/t (S_t)ql—l(lﬂ_s)dﬁﬁ
—1 @ 1 1—t¢ D
SAe +2B+O(17t) |:F(q1+1) + F(q1—|—2):| —+ W(l_t) (120)
v = D7 z0(t)

m

in view of (119). This proves that z( is an upper solution of problem (118). Hence,
problem (118) has extremal solutions in the region [yg,z2¢], by Theorem 6.

Remark 9. We can also discuss the problem with more right-sided frac-
tional integrals, namely

{DEl0 = F e e Fal) - a0 €

with 41,492, "5 qr > 0.
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