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1. Introduction

The particle simulation methods, such as the molecular dynamics me-
thod [1-4] and the Monte Carlo method [3, 4], allow studying the behaviour
of matter at the atomic level. The validity and the quality of results obtained
from any atomistic simulation depends mostly on the adequacy of the poten-
tial function used to describe interatomic interactions [5, 6]. During the last 30
years an immense effort has been put into developing new empirical potentials,
and many new potentials of high quality have been proposed as a result [7—16].
Among them, the Tersoff potential [17] has turned out to be one of the most
successful approaches for investigating covalently bonded materials [17-27].

The overall success of the Tersoff potential mostly originates from the
fact that — unlike the traditional molecular mechanics force fields — it allows
the formation and dissociation of covalent chemical bonds. This is achieved by
explicitly accounting for the multibody effects, which within the Tersoff potential
are captured by the bond order. This parameter depends on the local chemical
environment of the bond in question and acts in such a way as to control
its strength. As a consequence the Tersoff potential is able to “automatically”
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recognize different bonding schemes, being able to simultaneously (7. e. within the
same framework) describe single, double and triple covalent bonds. It has been
recently shown that the Tersoff potential is even capable of correctly describing
materials which possess mixed hybridization [28].

The analytic formulas defining the first derivatives of the Tersoff potential
with respect to atomic positions are already known, since this knowledge consti-
tutes an obligatory prerequisite for carrying out any MD simulation employing
this potential. Second order derivatives (in the same sense as above) of this po-
tential are also known [29], as they serve as the basic input for the vibrational
analysis [30]. However, a more detailed analysis of the results obtained from ato-
mistic simulations often requires also the knowledge of the potential derivatives
with respect to interatomic distances. These very specific derivatives are used in
calculating e.g. stress fields [31-33] or elastic constants [34]. In the first example
the first derivatives are needed, while in the second one the knowledge of the
second derivatives is required.

The above mentioned first derivatives are of particular importance, as
they define the central-force decomposition (CFD) of the potential, which is
a prerequisite for calculating the spatial distribution of stress within Hardy’s
formalism [35, 36, 33]. Finding central forces for a multibody potential is not
a trivial task, as it requires a special procedure to be followed, which often
involves tedious calculations. The practical onerousness of this procedure depends
on the complexity of the functional form of the considered potential. These
inconveniences are the reason why till now CFDs have been found only for
potentials of low or moderate complexity, such as embedded atom method
potentials [37], spline based modified embedded atom method potentials [33] and
rather simple three-body [38] and four-body potentials [39, 40].

Although the functional form of the Tersoff potential is not very complex, to
the best of our knowledge, its CFD is still unknown. As this lack hinders, or even
prevents, the application of Hardy’s formalism, it strongly limits the possibilities
for performing — in the context of mechanics of materials — a detailed analysis
of results obtained for systems described with the Tersoff potential. It is worth
noting that these systems constitute a wide class of technologically important
materials, ranging from bulk semiconductors (such as silicon and gallium arsenide)
to nanostructures (such as fullerenes and nanotubes) and nanocrystals (such
as graphene or penta-graphene). In this work we have made an attempt to
fill the above mentioned gap and derive the expressions for the central-force
decomposition of the Tersoff potential.

This paper is organized as follows. In Section 2 we recall the basic informa-
tion about the Tersoff potential. We also remind the definition of central forces
and present the overview of the method for finding central-force decomposition.
In Section 3 we present the main result of this work, which is a step-by-step de-
rivation of the expressions for the CFD for the Tersoff potential. In Section 4 we
discuss the properties of the obtained decomposition. We conclude in Section 5.
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2. Theoretical
2.1. Notation used

The following notation will be used throughout this work. Scalar quantities
will be typed in italic and vector quantities will be denoted by bold letters. We
will consider an atomic system composed of N atoms. Small indices 7,7 and k will
be used to distinguish atoms. To denote the position vector of the i-th atom we
will use vector r; = [z;,¥;,%,;]. The bond vector joining atom ¢ with atom j will be
denoted with r;;, i.e.

=0, —TI;= [xjvyjyzj] — [T,y = [xj_xi’yj_yi,zj_zi] (1)

Its length will be denoted with r;;, i.e.

Tij -

(2)

The valence angle between bond vectors r;; and r;;, will be denoted with 6;;,, with

r;;

Ty Tk (3)
TiiTik

cos0;, =

The cosine rule will be often used in this paper, which for angle 6,;;, can be written
in the following form:
RN 7“]21@

(4)

costl;, =

2%‘72'1@
For the sake of brevity we shall also use
df(x)
! = 5
/(o) = “H o)
To

to denote the first derivative of f(z) evaluated at point & =x,. The ,x” symbol
will be used in this work to denote multiplication (and not the cross product) in
long-winded expressions, spanning several lines.

2.2. Tersoff potential

Within the Tersoff potential the total potential energy E,, of the system
composed of N atoms is written in the form:

1 NN
Ei= 5 Z;fC(Tij) [VR(%‘) +bijVA(7"ij)] (6)
K3 J 1
with the pairwise repulsive and attractive contributions given by:
Vi(r)= Aexp (—)\17‘) (7)
and
Vy(r)=—Bexp (—)\2r> (8)

Here, A, B, \; and \, are adjustable parameters.
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The cutoff function fn(r) is defined as:

1, for r<R—D
11 R

folr)= 2_25111(72”1) ) for R—D<r<R+D (9)
0, for r>R+D

and acts in such a way as to restrict the interaction range. The cutoff function
smoothly cuts off the contributions from pairs of atoms, which are separated by
more than R+ D. R and D are also adjustable parameters, which specify the
position and the width of the cutoff region. They are typically chosen in such
a way as to include only the first coordination shell in the summation present in
Equation (6).

Another summation, which is also limited by f(r), appears in the definition
of the bond order b,

;7> Which is given as:

by=(1+87¢) (10)
where
ij = Z fC zkr ) (COSQ ) (11)
k+#i,j
The h(r) function is defined as:
h(r) =exp ()\g”rm) (12)

Symbols 3, n, A5 and m represent other parameters. By reason of the non-linearity
present in the definition of the bond order (Equation (10)), the Tersoff potential
is a many-body potential. The function g(cosf) describes the angular dependence
and is defined as:

2 2
g(cosl) =~ +—— 13
(cos6) ( d? d2+(c059—00890)2) (13)

The angular function g(cosf) is determined by the parameters v,c,d and 6.
Therefore, fourteen parameters in total need to be specified for a single element
system. There are many different parameterizations of the Tersoff potential
available in the literature, mostly for elements of group IV [17-21]. However,
some parameterizations for elements of groups III and V also exist [22—-27].

2.3. Central-force decomposition

Knowing the potential function F,, the resultant force F; that acts on
particle ¢ can be always calculated using the fundamental relation:

9 9 9
Oz, Oy, 0z
For pair potentials, i.e. the potentials which have the form:

tot ZZV LJ (15)

i jFi

=V, B, =— [ (14)
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the resultant force F; can be written as a sum of pair interactions:
N N r
Fi:ZFij:ZV/(rij)# (16)
iti iti “
Here, F;; denotes the force which is exerted on atom 7 by atom j. Its signed value

is given by V’(r;;) and it acts along the vector r;;, i.e.
Fij [l (17)
From Equation (16) it also follows that:
Fji = _Fij (18)

Forces which satisfy Equations (17)—(18) are termed as central forces and play an
important role in physics, as they satisfy the strong law of action and reaction.

For all pair potentials the conditions (17) and (18) are automatically met,
and the total force F; can be always expressed as a sum of central forces F;;. In the
case of many-body potentials expressing total forces in terms of central forces is
not trivial, and requires a special procedure, which is known as the central-force
decomposition, to be taken. It has been shown by Admal and Tadmor [35, 36]
that for potential functions of the form

Etot :Etot(r127T137"'7r1N7r237r247"'7r2Na""TN—l,N) (19)

i.e. the potentials which are defined on the N(N —1)/2 dimensional shape space

S {r12,r13,...,r1N7r23,r24,...77”2N,...,7"N71,N}

the total force F; acting on particle ¢ can be always decomposed into central forces
F;; satisfying Equations (17)-(18), provided that the potential function (19) is
continuously differentiable. As has been also shown by Admal and Tadmor [35, 36],

a central-force decomposition can be obtained for such potentials by finding the

derivative of the potential Fi, with respect to the interatomic distance 7;;, and
is given by:
OE, Tyj
ij = T (20)
Or;j 1
It is easy to verify that the force F;; defined in such a way satisfies both conditions
of the strong law of action and reaction (Equations (17) and (18)). Since r;; = —r;;
and r;; =r;; Equation (20) can be written as:
F, = OB Ty _ OB i _ —F;, (21)
7 ry; 145 ory T J

The presence of the direction vector r;;/r;; in Equation (20) guarantees that the
force F;; is parallel to r;;.

It is worth noting that the central force defined by Equation (20) does not
have to depend only on the positions of particles ¢ and j, and in general may
depend on the positions of even all particles in the system. It does not follow
from the fact that the force F;; is not expressible as a function of only 7;; that
the considered potential is not decomposable into central forces.



266 T. H. Tran and S. Winczewski

3. Deriving CFD for the Tersoff potential

In this section we derive the expression for the first derivative of the Ter-
soff potential (defined by Equations (6)—(13)) with respect to the interatomic
distance, i.e. OE/0r,z. The central forces can then be obtained using Equ-
ation (20).

We start our derivation by differentiating £, with respect to r,z:

aEtOt— 9 (122]00 7.] VR< 1J>+b74]VA< ”>]>

87“a6 67‘ ,@ 3 ]757,
N 9
i J%z ab
8VR< ) abij 3VA(7"ij)
*Z:;fc i) (‘%ﬁ +8TWVA(Tij)+bijTaﬁ
o (22)
:722]0(] T4 VR z])+bUVA( 1])]
i J#l ﬂ
ar;
722.][(] ’Lj VR Z])+b’L]VA( zg)]a
i J%l aﬁ
7ZZfC z] lj VA( )
i g
=A+A,+ A,
Here, we apply the chain rule, i.e.
Of(r.. ..
f(rz]> _ r Tt] (23)

/
Or,s =7 ij)&raﬁ
when moving to the final form. We also employ a short notation of Equation (5).
We have also introduced symbols A;,A4, A; which represent three terms of the
final form of Equation (23). In order to facilitate further derivation we will handle
each of the A; — A5 terms separately.
Using the Kronecker delta d,; the derivative dr;;/0r,5 can be written as:

or;;
57‘ B

[

= 010015+ 01500 (24)

This allows us to write A, as:

ZZfC zg VR zy)+szVA( zg)]

i i Tap
722.](‘0 z] VR 1]>+bz]VA( 17)] (6ia5jﬁ+6i66ja)
i g
which accounting for the Kronecker deltas reduces to:

, bos+bs,
Ay = fi(rag) | Vilrag) + =5 Vi (rg) (26)
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We remind that

ba,@ 7/: b,Boc <27)
because of the definition of the bond order (see Equations (10)—(13)). A similar
procedure can be applied in order to simplify A,, for which we obtain:

0
ZZfC Z] VR zy)+b17VA( z])] ar
i J#l of
- 722]% Tij VR l])erZJVA( U)] <5ia5jﬂ+5i66ja> (28)

i jFi
’ ba +b o ’
= fo(rap) VR<raﬁ>+52f’vA<raﬁ>]

Now we find the derivatives f((r), V() and V{(r) which appear in the final
forms of A; and A,.
For the cutoff function f-(r) we obtain:

T cos(ﬁrR>, for R—D<r<R+D

fo(ry=<"4D 2 D (29)
0, otherwise
For the repulsive term Vi (1) we get:
Vi(r)=—X Aexp (—)\11") (30)
and for the attractive term V) (r) we get:
Vi(r)=AyBexp (—)\27“) (31)

Now we can proceed with the last term A; which is the most complex among
A - As.

We start with the derivative of the bond order b;;. By differentiating
Equation (10) and applying the chain rule we obtain:

by, by 9C; OG,

g 32
8Ta5 8C 8raﬁ K 8’]"(%3 ( )
where b 5
g 1
b, =—4 = (1+5n " 2“)
b=, =g, \( )
1 nn 7%71 n—1 33
=g, (LHA"G) A %)
_ Bn nn 715%" n—1
Y (1 +8 ) ij
By plugging this result into the expressmn for A5 we obtain:
U
Z;fc zg 87’ ( )
. (34)
7722.]0(‘ Tij ;](Q) ” VA( )
i jFi

Now we need to find the derivative of the (;; term.
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Accounting for its definition we obtain:

8Cij 1o} (
- Folrihlry —ri)g(cost) )
87'(15 araﬁ k;j k gik

_ {afc:( ),

ar(xﬁ (r” —7 k)g(costik)—i—

(35)
ah(ﬁ'j —T)

g(cost;;,) +

dg(cos Hﬂk)

fC(rik)h(Tij —Tik) 3%{3

Using the chain rule once again this can be written as:

a¢. N
i Z lfc( zk) 8% h( —7i1,)9(cosbj,) +

k#i,j
falrig )b (ry—r; )MQ(COSQ»- )+
C\"ik ij ik a,’,aﬂ Jik (36)

, dcosb;y,
fo (Tik)h<rij —T)9g (Cosajik)T

Totﬂ
=B, +By+ B3

where the derivative of the h(r) function (defined by Equation (12)) is given as:
B (r) = A0'mr™ Lexp <)\§”rm) (37)

and the derivative ¢’(cosd), found by differentiating Equation (13), can be
expressed as:
27y¢? (cosfl—cosby)

[dQ + (COSQ—COS@O)Q} ’

In Equation (36) once again we have introduced new symbols (B;, B, and Bj)
to denote three sums present. For the sake of clarity we will elaborate them
separately.

We start with the sum By which accounting for Equation (24) will take the
following form:

g (cosf) = (38)

87",
B, = ch Fik) e s =Tk 9(c080)
k#m
= Z (51a5kﬁ+5z[35ka)fC( Tig) (T —1ip)g(cosb;)
k#w
= Z‘Smékﬁfc Tig) R (i =130 ) g(c0s0) + (39)
k#i.5

N
Z 5i/35kaf(/j (Tik>h(rij —7,)g(cos ojik)

k#i,j
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=By1+B,

Here, once again we have introduced additional symbols, to simplify further
presentation.

Now we move to the sum B,, which is given as:

(ry;—mrit)

N
B, = Z fC(rik)h/(rij_rik) Ores

ki,

g(cos ejz‘k) (40)

By using Equation (24) the derivative d(r;; —7;;,)/0r, 5 can be expressed as:

Orij—rig) _ Oryy Iy
s B Ors o, 5ia5j/3 + 5i/35ja o (5ia5kﬂ + 5i66ka> (41)

ap

which allows us to write B, as:

N
B, = Z 8ia0ipfc(ru )W (1i;—7ik)g(cos ;) +
ki

N
Z 5iﬁ5jaf0 (Tik)h/(rij —Tik)g(COSjSk) _
ki,

N
Z diaOrpfc (ry )b’ (Tij - rz‘k)g(cosejik) -
ki,

N
Z 51‘B6ka fe(ry ) (Tij - Tik)g(cosejik)
k+i,5
=By 1+ By 5+ By 3+ By 4

Here, once again we have introduced new symbols, which represent four sums that
appear in B,.

Elaboration of the last term of Equation (36), i.e. the sum Bs, requires
knowing the derivative dcos0;,/0r,5. As the angle 0, can depend on 7,4 in
six ways (through 04,1, Opk, O;0p, and 0;5,; through 6,5, 05, ), the derivative
dcosl;, /O, 5 can be written as:

Ocosl;;. Ocost ;.
Ta; = (0;00;5+0;50)4) ij
0cost.;,

(0;005+0;30ka) Tz: (43)
Jcost;y,
(5ja5k6+5jﬁ5ka) T]k

Here, we have used the fact that r;; =7,

Three derivatives required in Equation (43), i.e. dcost);, /Or;

and thus dcosf;, /Or;; = dcosb;,. /Or;.
Jcost;y, /Or;;, and

7
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dcos0;./Orjy., can be found using the cosine rule. By differentiating Equation (4)

we obtain: s
dcosb;,  cosbyy, =Ty 1

ory; Tij Tk rfj (44)
Ocost;,  cosb;, B T%—szk 1 (45)
or;. Tk Tij 2,
and
dcosb;y, i (46)
arjk TiiTik

We note that after performing the differentiation we need to employ the cosine
rule and identify the resultant terms, in order to obtain the final forms presented
above. By combining (44), (45) and (46) with (43) the final expression for the
derivative dcost);;,/Jr, s is obtained:

0cost.;. cost.. r3 =13 1
VCOSjik 5.5 5.5 Jik ik Jjk
Orap = Biadi+ 0l )l Tij T T !
cosl;;. T2 —r3 1
B1aBs+ 0150 sk 47)
( o kﬁ+ i3 ka)l Tin rij Ti2k
Tik
(65005 +0;50ka) 71@
zg T

Now once we have dcosf;,/0r,5 we can return to the By term, which —
after plugging Equation (47) into its definition (Equation (36)) — will be given as
a sum of the ten terms:

By=DB3 1+ B3 o+ B33+ B3+ B35+ By g+ By, + By g+ B3 g+ B3 g (48)

where:
N , cosf.,.
B3,1 = Z 5ia5j/3fc(7”ik)h(7"ij_7"ik)9 (Cosejik) ri] (49)
k#i,j ij
, Tizk*rgzk 1
B3 2= Z 51015J[3fc( Tie)h (7" —Ti)g (Cosgjik) - 2 (50)
k+i,j ik ij
N cos;;.
Bs,g = Z 6iﬁ§jafc(rik)h(rij_Tik)g/(cosejik> — (51)
ki, Vi
2 2
Tik Tk 1
B34**Z5g afo(ra)h(ryj—rip)g’ (cosby,) - ’ 2 (52)
k#i,j ik (%)
N cosl;;.
B3,5 = Z 5ia5kﬁf0<rik)h(rij_Tik)g/<cosgjik> 7"7,: (53)
k#i,j i
, =T 1
B3 6= Z 5ta6k,8fC( Tip)h (7" —Ti)g (Cosejik) , 5 (54)

k+#i,j i Tik
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, cosl;;.
B 7= Z 0i50ka S (T )h(r; —1ip) g (cosOy) ’ (55)
k#i,j ik
N , rfj—rfk 1
Byg=— Z 5iﬁ5mfc(7"ik>h(7"ij—7"ik)g (COngm) 5 (56)
k#i,j ij ik
/ Tk
By o= Z oS (ra)h(r; —ry)g (cost,) —2— (57)
ki,j TijTik
’ Tk
Bs 10 = Z i80kafo (T ) h(ri; —Ti)g (Cosgjik)ji (58)
k4,5 TiTik

Now, once we have expanded all the terms in the expression for 9¢;;/0r,4
(see Equation (34)) we are ready to go back to Equation (29) and elaborate the
expression for As. It will be composed of sixteen terms, because B;, B, and By
are composed of two, four and ten terms, respectively. The expression for A, was
(compare with Equation (34)):

ZZfC Zj ;78 Zj VA( ) (59)
i j#i

which after plugging formulas for B;, B, and B; (see Equations (39), (42) and
(48), respectively) will read:

ZZfC Ti;) (r3;) % (31,1 + By s+ By 1+ By o+ By g+ By g+
i j#i

60
B3+ B3 o+ B33+ B3 +Bs s+ By g+ B3+ Bs g+ Bs g+ Bs,w) (60)
1
= 5(03,1 +C?,,2+~~+Ca,16>

Now, we will separately elaborate each of the sixteen triple sums which originate
from this expression.

We start with C5 ;, which is given as:

N N
03,1:Zch(’"ij VA w Zamékﬁfc( Tig)h (7" —Tk)g(cosejik)

i gt ki,
N
= ZfC(Taj)b;zjVA(Taj)fé(raﬁ)h(rozj_Taﬁ)g(cosajaﬂ>
JFen N (61)
= f(/}(raﬁ) ZfC(Taj)b:ijA(Taj)h<raj_raﬂ)g(cosejaﬁ)
J#a.B

N
= fé (%,@) ch (i )i Va (T ) 1T —Ta5)9<C059w/3)
i#o, B
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The final form was obtained by accounting for the Kronecker deltas. We also
renamed dummy indices so that only «, f and i remained. We will use this
convention consequently We process C3 o in a similar way:

03,2*ZZfC Z] szVA ij Zal,ﬁékafc 1k) ( )g(C089 )

i jF k#i,5

N
= Zf(j(rgj>b23jVA(7ﬂﬁj)f(lj(rﬁa)h(rﬁj_rﬁa)g(cosejﬁa)

J#Bsex N (62)
= fé (rﬁa) ch (rﬁj)blﬁjVA(rﬁj)h(rﬁj - Tﬁa)g(cos oj,Boz)
J#B,
N
= fé(rﬁa) ZfC(rBi)b/ﬁiVA<rﬁi)h(rﬁi _Tﬁa)g<coseiﬁa)
i#6,a

The next four terms, which correspond to B,, will be given as:

CSB_ZZfC rii)0iVa(ri;) Zézadjﬁfc (rig)B (15 —13,)g(cosb;.)

i gt N b
= fC(TaB)b;f}VA(Taﬁ) ZfC(Tozk)h/ (Taﬁ *Tak)g(coseﬁak) (63)
k#a,ﬁ
:fC(raﬁ> ,BVA aB ch Tai) aB )(COS%M)
i#+a,f
N N
03742221"0(723‘ VA ij Z@ﬁ afelrip) ( Tk)ﬂ(cosejm)
i j#i N k#i,j
= fC(rBa)blﬁa VA(’”ﬁa) ch (Tﬁk)h/(rﬁoz —Tﬁk>9(0059a3k) (64)
k+8,a
N
= fc(rﬁa)bfaaVA(Tﬁa) ch (Tﬁi)h/(rﬂa —Tﬁi)Q(COS%Bi)
i#8,a

N N
03,5:*22fc(7"ij VA ij Zdlaékﬁfc( Tig)h (7" *Tk)g(cosejik)

Y ki, j
:_ch a] VA a])fC( OLB) ( -—7’ B)g<COS9jaﬁ) (65)
J#o,pB
N
- *fC (raB) ch (rozi)b:xivA (rozi)h/ (Tai 7raB)g<CosoiaB)
i#+a,f

and

N N N
03,6 = _ZZfC(Tij)b;jVA<rij> Z 5i65kafc(rik)h/(rij —Tik)9<C059jik)

i Fi ki,

N
= Z fe (rﬂj)b,z?jVA (T,Bj)fc (TBa)h/ (7’5]' - Tﬂa)g(cosejﬂa) (66)
J#Ba
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N
= —fc(rﬁa> ch(rﬁi)b;ﬁVA (Tﬁi>h/(rﬁi —Tﬁa)9<COS Gwa)
i#B,0x
Now we will elaborate terms which originate from Bj, i.e. U5 ;—Cj 15. They are
given as:

N N , N , cosgjik
Cs7= ZZfC(Tij>bijVA(rij) Z 5ia5jﬁfc(7‘ik)h(7"ij_7"ik>g (Cosgjik)f
i jFi k#i,j 9
o fC( ) ’ /
- b ﬂVA aB ZfC ak aﬁ_rozk)g (Cosaﬂak)cosgﬁak (67)
Tap s
o f ( )b/ V /( ‘9 ) 19
- r afB A aB ch az aB_roci)g COs Bai CO8 Bai
of ita,pB
& u 7"1'21@_7"]21@ 1
Cs5= _ZZfC(Tij)bz{jVA(rij) Z 5ia5j/3fc(7”ik)h(7“ij—Tik)g/(cosejik) I )
i i k#i,j g &
fc( 3) , TR~ T
b/ﬂVA Tap ch Tok) aﬂ_rak)g (COSHﬁak)u (68)
r k#:a 8 Tak
fe(ry ) , , 7"341'_7"21‘
= 7“2 b ﬁVA aﬂ ZfC az aﬁ_rai)g (Coseﬁozi) ] g
of i#a,B o
NN , cost;y,
03,9:Zch(7"ij VA ij Z 57,55]0¢f0( ik )h (7’ —T)9g (COSjSk)f
i g# k#i,j R
fC(Tﬁa) ’ I /
= b,@aVA<rﬁa) ZfC(er>h(rﬁa —Tﬁk)g (Cosaaﬁk)coseaﬁk (69)
"o KEB .o
_Jelraa)y, h ’(cosf, ;) cosf
= " Box A(T,Ba) ch(rm) (Tﬁa_rﬁi>g (cos aﬂi)COS aBi
o i#B,a
2 2
, Tie T 1
Cs 10:_sz0 7i)biVa(ri; Z 030 0 fc (i) 1Ty —7ip )9 (cosbyy) Tik : rZ
i g k#i,j v v
fe(raa) N TR~ T
= 26 b/BaVA(Tﬂa) ZfC(Tﬁk)h<rﬁa _rﬁk)g/(cosea6k>u (70)
"Ba #p o "ok
fo ( ) , rzi_rgzi
=72 bBaVA Ta) ch (i) (T30 —T3i)9 (Coseaﬂi) ﬁr
"Ba i#B.0 pi
, cosl,,;.
C3 11— ZZfC Tij bl]VA ij Z 5za5kﬂf0 zk (T -7 k)g (COSHjik)%:
togF k#i,j v
, cosb,
- ZfC a] VA a])fC( a,B) ( '_raﬁ)g (Cosejaﬁ>7 (71)
JFa,pB Tap
_ felr ,
< aB ZfC az (T )h(rozi_ a,@)g (COSHi(XB)COSGiaﬁ

"aB  ita,p
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N N r2 7T2IC 1
CB,lZZ_ZZfC(riJ VA 2] Zawzékﬁf()( zk) (T _rk)g (COSQ ) = 2
i J#z k#i,j i Tik
, Taj—"p 1
= ch aj VA a])fc( aﬂ) ( j Ta,@)ﬂ (Cosejaﬁ)riT (72)
J#ouB aj  Tap
P
= fC Otﬂ ZfC az VA(Tai)h(rai_Taﬂ)g/(coseiaﬁ> =~ Lo
045 i#+o,B T
, cosl,;;.
03,13*22:% Tij bngA ij 2555kafc Ti)h(ri;—1ir) g’ (cosbi) <J
i g k#i,j ik
- / / ©080;50
= ZfC(Tﬁj)b,@jVA(rﬁj>fc(r6a)h(r5j_Tﬁa)g (costgy) " (73)
J%Ba Lo
T
Bﬂa ch 7’61 VA Tﬂz)h<r,8i_Tﬁa)g/<cosei/3a)cosoi,8a
@ itBa
N N N rzzj_rzk 1
Cs14= _Zch(Tij)bngA(Tij) Z 5iﬂ5kafc(7'ik)h(7“ij_Tik)g/(cosejik) ! 2
i ki Tij Tk
N 2 _ .2
’ / Tﬂj rjll 1
=—- ch(Tﬁj)bngA(Tﬁj)fc(T5a>h(7"5j—Tﬁa)g (Cosgjﬁa)iT (74)
J#B,a rﬁj T,Boz
fC(T (e , T2i_ri2a
= 76 ch T'gi bﬁzVA(T,Bz)h(T,Bv T’Ba)g (Cosewa)ﬁri
"o i, Bi
N N N T
03,15 :_Zch(rij>b£jVA(rij) Z 5ja5kzﬁfC(rz’k>h(Tij_rik>g/(coseji )¢
3 j;/:i kit Tighik
.f 7,04 / fC(ri ) ,
=- QBZ ey Vi) == h(ri —7i5)9 (c0504,5) (75)
ita,B Tiox riﬁ
and
N N N o
C3,16 :*ZZfC(Tij)bngAmj) Z 5jﬁ5kafc(7“ik)h<7"ij*Tik)gl(cosgji )4
T A ) "ij"ik
X fo(rip) folr;
c\'q 2}
=T34 Z 2 b;BVA(Tiﬁ)Lh(TiB_Tia)g/(coseﬁia) (76)
itha B Tia

At this point it is worth analyzing the structure of A,. It is composed of
two equivalent sets of eight terms, which transform into each other under the
following exchange of indices:

(. B,1) & (B, a1) (77)

This can be written as: )
Ay = 5 [A3,a,8+A3,5a] (78)
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where
A3 05=C311tC33+C55+C37+C55+C5 11 +C515+C5 15 (79)
A3 80 =C39+C5 4 +C36+C39+C510+C513+C5 14 +C5 16 (80)

In what follows we will focus only on the first term A3 ;.
It can be further simplified by a pairwise combining of its terms. By adding
C5 7 and Cj g we get:

fe(rap)
C3,7+03,8— , 10 ap) b/ﬁVA Tap ch Toi) ozB_rai)g/(coseﬁai)cosaﬁai_
of z#a,ﬂ
fo(rap) r24—r%‘
2 b/BVA aﬁ ch az aﬂ_rai)g/<coseﬁai) = - (81)
Tap @7&@ B Toi
fe(rap)
= r2 b/ 5VA Tap ZfC az aB_rai)g/(Cosaﬁai)x
aﬁ i+,
2 2
re.—rs.
raﬁcos%m— 7‘1; Bz}

at

The cosine rule (4) allows us to write:

2 2 2
re.—Tra. T
o B 27,5080, — e (82)
Toi Tovi

which can be used to simplify Equation (81):

fe(rag),, N
CortCss="73 Eb VA (Tap) D fo(rai) h(Tag—Tai)g (c0805,,) %
of ita,B
r2. —r2
{raﬂ C080; — —— BZ}
fC(Ta ) N ,
= "R Vaap) D folran)hlras —Tai)g (c08050,) %
ap i#+a,B
2
{raﬁcoseﬁm—27”015005950”-—1—%} (83)
fC( T'a ) , ’
- - b ,BVA Tap ch az aBirai)g (Coseﬁai)x
Tap ita,B

r
[—raﬁcoseﬁai + TLB}

fC( a ) , /
= r B b 5VA aﬂ ZfC az aﬁ_rai>g (COSQB(M»)COSHB(M' +
of i#a,B

N
’ f Tai ’
fC(TaB)bQBVA(Taﬁ)Zici _ )h(raﬁ_rai)g (COSGﬂm‘)
ita,f
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In a similar way we can elaborate the sum of Cj;; and Cj 5, which will be
given as:

C13,11_|_C’3,12_ ZfC az )h(rai_Taﬁ>g/(coseiaﬁ)coseiaﬁ
Tap l#aﬁ
, 7"341'—72‘23
ZfC az )h(rai_ra,@)g (Coseiaﬂ)i
Tap Z%a,ﬂ Tai
ZfC az )h(rai_ra,@>g/(coseiaﬁ)x
aﬁ i+,
r2, —r?
{raﬁcosemﬁ—u]
Tai
fC « /
2 ch i)V Vi (rai MlTas —Tap)g (co86i0,5) X (84)
a5 i#a,B
7,,2
{raﬂcosﬁmﬁ—%aﬂcosﬂmﬂ+ :6}
fC Ta /
ﬂ ZfC az VA(Tai)h(rai_ra,@)g (Coseiozﬁ)x

0‘5 i#+o,B
2

Ta6:|

Otl

[—raﬁ cosb;, 5+

= fC Oéﬁ ZfC az iVA(rai)h<rai7Taﬁ)gl(coseiaﬁ>coseiaﬁ+
Tap #aﬁ

f az
aﬁ Z < ] b/ )h(rai _Taﬁ)g/(coseiaﬁ)
ita,p o

This almost completes the simplification of A; , 5, which, owing to (61), (63), (65),
(83), (84) and (75), can be written as:

Az 0p=C3; +03,3+C’3,5+(C:a,7+c3,8> + (03,11 JrC3,12>+C3,15

N
= f(/J (raﬁ) ZfC (Tai)b(/xiVA (Tai)h(rai _Tozﬁ)g(cosaiaﬁ> +

i+,
N
fC(raﬁ?)b;ﬂVA(raﬁ) ch(rai)h/O“a,B—Tai)g(coseﬁai) -
i#+a,B
aB ZfC az VA az) (raiiraﬁ)g(coseiaL%)*
i+,
fC(W)b/ % 3 h /(cosd) 0 85
r 5 af A(raﬂ) ;fC(rai) (Taﬁ_rai)g (COS ﬁai)cos ﬁai+ < )
@ iFa,3

N
’ f Tai /
fC(Taﬂ)baﬁVA(raB)Zici _ )h<7"a5—7"ai)g (Coseﬂai)_
ita,8 A
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fC‘ « /
B ZfC (m VA(Tai)h(Tai_raB)g (COSGiaB)COSGiaB-F

Tap uéa B
f ou, ’ ’
04[3 Z C b VA az) (T i_raﬁ>g (Cosgiaﬁ)_
ita,B T
f za fC(Ti )
Tap Z ¢ 4 )Tﬂh<ria_riﬁ)g/<cosaaiﬁ)
ito,B Tia i3

This can be written in a more compact way as:

N
As 0p=16(Tap) ch(rai)b;iVA(Tai)h<rai —74p3)9(c080;,5) +
iFon

fC( ) BVA aﬁ ch az ocﬁ )g(COSQﬁOﬂ)*

iFo, 8
S|
Z(Bcosaﬁaz 4)fC(Tai)h<raB_Tai)g/(cosaﬁai)] -
i+a,B T ar
(86)
fe(rap) ch(rai)b;iVA(Tai)x

i%a,B

1 1
(. — 0, 080, 5 — — h(r, =1 5)g (cosB; ) | —
[ (rou, Taﬁ)g(COS zaﬁ) + <Ta5 Cos iaf ) (Taz raﬁ)g (COS wzﬁ)‘|

at

g 2L Sy 7 S, — i) (conto)
ifap Tia  Tip

This completes the elaboration of the A; 5 term. We remind that the A; 5, term
is obtained from Aj .5 by exchanging o and 3 indices.

Now, since we have found the expression for dF, /0r,s, we are ready to
give the expression for the central force F, 5. Returning to the original indices 4,
j and k, and employing intermediate results of (22), (26), (28), (78) and (86), we
can express the central force with which particle j acts on particle ¢ as:

Lij /
Fijzfx fc(rij)
ij

fc i ch Tk )i Va (rig) B (ryy, —1;5) g(cos b)) +

k#i,5

%fc(ﬁ'j) lz Jo(ra )W (rij—rip)g(cosOy,) —

k+#i,5

bjj+0b

i b;:+0b
VR(%’) M NG ) :

9 = VX(%)

+fo(riy) | V(r) + +

SN 1 ,
Z (700593‘1‘19—f)fc(%k)h(rij—ﬁk)g (Cosejik) -
ki 4 ik

N
%fc(rij) Z Jo(rip)bip Vi (rip,)

ey
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/ 1 1 /
lh (Tik_rij)g(cosajik)+ (Fcosejz‘k—E)h(rik_Tij)g (cosojik) +
17 7
*fc i ch Tk bjkVA<]k>h’( ik —7;:)9(cos0; ;1) + (87)
k+#7,1
1
§fC(Tji) [Z fel _]k 7" *Tk)g(cosoijk)*
k#7,1
Mo 1 )
Z (rcosaijk_T)fc(rjk)h(rji_rjmg (Coseijk) -
kj,i ~ i jk
1
jZ ch ]k bjkVA( jk)
k#j,i
1 1
cos&uk) (:cos&ijk—ﬁ>h(rjk—rﬁ)g (cos@uk)
Jji J
1 N rk fC kj)
= g’ (cosb;,) ¥
2 ; Thi Tk kj

[bi/ciVA(Tm)h@"ki —Tp;) + b Va(reg) h(ry; *Tkz')}

The derivatives f(,(r), Vi(r), Vi(r), bj;, h'(r), and g'(cosf) are given by Equ-
ations (29), (30), (31), (33), (37) and (38), respectively. When writing the final
expression we used the fact that cosf;, = cosf;,;. We also combined the last terms

of A; .3 and A3 5, and wrote them together.

4. Discussion

Before we will discuss the properties of the obtained central-force decompo-
sition (87) it is worth introducing some short notation which will facilitate further
analysis. Therefore, for the sake of brevity, we will denote the sums appearing

in (87) as follows:

2 B @ ..
1. @jzk, Ok Ojiks Gjik sums containing cost;;,
2. 01 0@ 0B W _ sums containing cos;
ijky “Tigkr “ijko 1]k g ijk>

3. ng ~ sum containing cosf,;

Using this notation we can rewrite Equation (87) as

b—l—b

i b +b
VR,<Tij)+ : NG ) s

9 = VA(TU)

+fe(rij) [Va(ry)+ +

1 4 1 /
§fc(7"¢])9](2113 + §fc(7'ij>bijVA(7"i ) X

o e;fz] Loty oll+
(88)
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2
*fc( i) O5it 3 = Fo ) Va (r50) x [@gz CHel fc( i) Op —
LIPNE)
Qrij@ikj}
where
(1) S
@jik = Z fe (Tik)bz{kVA(Twh(Tik*Tij)g(cosejm) (89)
kg
2)
O = 3" folri (ry —rug(cost) (90)
k#i,j
3 a1 1
O = D (ot — - ) folrahlry, — g’ (cost) o)
ki N i Tik
(4) S
Ojin= D Solrip)biValry) (92)
kti,j
/ 1 1 /
B (ry, —1i;5)9(cost.) + (fcosgjik—a)h(ﬁk—rij)g (costir)
ij 7
and
folri) forg)
zk] Z C k —= — 9 (COSHikj>X (93)
k#1,j Tki ’f]
bl/eiVA(’"ki)h(rki_Tkj)"'b;chA(rkj)h(Tkj_Tki)}
The @Z ik G) ]1 sums are obtained from Equations (89)—(92) by exchanging indices
i and j.

In what follows we will identify atoms which contribute to the central force
F;; with which atom j acts on atom . It is even intuitive that this force depends
mostly on the positions of atoms ¢ and j. This is evidenced by the fact that all
the terms of Equation (87) depend on r; or r;, being functions of r;;, r;, and
7;x- The central force F;; depends also on the p0s1tlons of other atoms, which is
a consequence of the many-body character of the Tersoff potential. In what follows
we will analyse which other atoms k= 4,j contribute to F;;. We will answer this
question by analysmg the structure of Equation (88), with particular focus on the
@](ll,i @;?,1, @Z ik @fj,i and 91(2; sums.

All the terms of Equation (88) contain the cutoff function fn(r) and/or its
derivative f((r), both of which are zero above the cutoff radius r,, which for the
Tersoff potential is equal to 7., = R+ D (compare with Equation (9)). The presence

of these functions is the reason why the first eight sums of Equation (88):
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(i) either run over the nearest neighbours of atom ¢ (this holds for sums 9;11,1 - @J(f,i
and is evidenced by the fact, that fq(r;;) — which is nonzero only for atoms k
which are the nearest neighbours of atom i — appears in these sums, as an
element of the product),

(ii) or run over the nearest neighbours of atom j (this holds for sums el e

ik Jijk
and can be explained by the presence of fq(r;;))-

Therefore it is concluded that the corresponding terms of Equation (88)
describe:

(i) the influence of the nearest neighbourhood of atom i on the central force F;;
(second line of Equation (88), i.e. terms from 3'd to 5th),

(ii) the influence of the nearest neighbourhood of atom j on the central force F;;
(third line of Equation (88), i.e. terms from 6th to 8th).

It is worth noting that these contributions are nonzero only if the central
force between atoms which are nearest neighbours is considered. This originates
from the fact that:

(i) f&(r;) and fo(r;;) appear before sums @](;,1765?11

ation (88)),

(ii) f&(rj;) and fe(r;;) appear before sums @fjl,i - Z(;l,i (third line of Equation (88)).

(second line of Equ-

The above observations are also true for the first two terms of F;; (fist line
of Equation (88)), which also encopass the nearest neighbours of atoms ¢ and 7,
because of the presence of the bond orders b;; and b;;,. However, the repulsive
part, i.e.

Je(ri) Ve(riz) + fo(riy) Ve (riz) (94)
must be excluded from this generalization as it describes — in fact, the only —
purely two body contributions to the central force F;;.

The analysis of the last term of Equation (88), i.e.

[NG!
*irij@z‘kj

(95)
reveals its somewhat different role. First of all, this term does not vanish for atoms
1 and j which are not nearest neighbours, which is evidenced by the fact that none
of the fo(ri;), f&(ri5), fo(rj), f&(r);) functions appears in its definition. A further
analysis of this term shows that it describes the contributions to F;; which depend
on the positions of atoms which are common neighbours of atoms ¢ and j. This
originates from the fact that the @f;?; sum runs over the atoms which — at the
same time — belong to the nearest neighbours of atom ¢ and atom j, as indicated
by the presence of the product fu(ry;)fc(ry;) in Equation (93).

The significant dissimilarity of the last term becomes better visible when
one tries to identify pairs of atoms for which the central force F;; is non-vanishing.
In this case the analysis of the last term leads to the conclusion that two atoms
1 and j may interact centrally even if they are mot nearest neighbours. For such
atoms the central force F;; may be non-zero if (and only if) there is at least one
atom k which is — at the same time — the nearest neighbour of atom ¢ (providing
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fo(ry;) #0) and the nearest neighbour of atom j (providing fo(ry;) # 0). This
means that two atoms ¢ and j that are separated by 7, <r;; <27, may interact
centrally. For such pairs (characterized by fu(r;;) = f((r;;) =0) the central force
is completely given by the last term of Equation (87), i.e.:

r,. /1 1 Y i "kj
= (‘*nﬁiﬁ?) =0T ) Jelr) Mg/(cos@kj)x
i\ 2 2UES T Th (96)

[b;ciVA<rki>h(Tki — 1) F 04 Va (1 )A(Ty —7)
To complete the picture it is worth noting that the central force F;; vanishes

identically, i.e. F;; =0, when the distance between atoms i and j is greater or
equal 2r,.

ij

The above observations lead to another important conclusion. Despite the
fact that it explicitly includes a cutoff radius 7., the Tersoff potential has an
effective cutoff radius (in the sense of non-vanishing central forces) of 2r,. This
conclusion shows the similarity of the Tersoff potential to the spline based modified
embedded atom method potential, for which the same conclusion was drawn
in [33], also based on the analysis of the obtained CFD.

5. Summary

In this work we derived a central-force decomposition for the Tersoff
potential, which is commonly used in atomistic simulations to describe interatomic
interactions in covalently bonded materials. The main outcome of this work is
the expression (87). We followed the derivation with a brief discussion of the
obtained decomposition, demonstrating that the Tersoff potential is characterised
by non-vanishing central interactions between not only first-nearest, but also
second-nearest neighbours.

In this work we did not present any application of the obtained decompo-
sition. However, we note that there are many computational techniques which
require the CFD as a prerequisite. For an overview of the methods which benefit
from the CFD we refer the interested Reader to our previous work [33] where
we have presented the CFD of the spline-based modified embedded atom method
potential and applied it to study stress fields around edge dislocation in bce mo-
lybdenum. We hope that in the near future we will be able to present the results of
similar (7.e. also employing Hardy’s formalism) studies on the stress fields around
point defects in carbon nanostructures modeled with the Tersoff potential.

References
[1] Alder B J and Wainwright T E 1959 The Journal of Chemical Physics 31 459
[2] Rapaport D C 1995 The Art of Molecular Dynamics Simulation, Cambridge University
Press
[3] Leach A R 2001 Molecular Modelling: Principles and Applications, Prentice Hall
[4] Frenkel D and Smit B 2002 Understanding Molecular Simulations: From Algorithms to
Applications, Academic Press



T. H. Tran and S. Winczewski

(10]
(11]
(12]

[13

(14]
(15]
(16]
(17]
(18]
(19]
(20]
21]
(22]

23]

24]
(25]
(26]
(27]

(28]

Voter A F 1996 MRS Bulletin, Cambridge University Press, 21 (2) 17

doi: 10.1557/S0883769400046248

Dziedzic J, Winczewski S and Rybicki J 2016 Computational Materials Science 114
(Supplement C) 219 doi: 10.1016/j.commatsci.2015.12.014

Stillinger F H and Weber T A 1985 Phys. Rev. B, American Physical Society, 31
(8) 5262 doi: 10.1103/PhysRevB.31.5262

Daw M S and Baskes M 1 1984 Phys. Rev. B, American Physical Society, 29 (12) 6443
doi: 10.1103 /PhysRevB.29.6443

Baskes M 1 1987 Phys. Rev. Lett., American Physical Society, 59 (23) 2666

doi: 10.1103/PhysRevLett.59.2666

Baskes M I 1992 Phys. Rev. B, American Physical Society, 46 (5) 2727

doi: 10.1103 /PhysRevB.46.2727

Lee B-J and Baskes M I 2000 Phys. Rev. B, American Physical Society, 62 (13) 8564
doi: 10.1103 /PhysRevB.62.8564

Dongare A M, Neurock M and Zhigilei L V 2009 Phys. Rev. B, American Physical Society,
80 (18) 184106 doi: 10.1103/PhysRevB.80.184106

Lenosky T J, Sadigh B, Alonso E, Bulatov V V, Rubia T D de la, Kim J, Voter A F
and Kress J D 2000 Modelling and Simulation in Materials Science and Engineering 8
(6) 825

Brenner D W 1990 Phys. Rev. B, American Physical Society, 42 (15) 9458

doi: 10.1103 /PhysRevB.42.9458

Stuart S J, Tutein A B and Harrison J A 2000 The Journal of Chemical Physics 112
(14) 6472 doi: 10.1063,/1.481208

Brenner D W, Shenderova O A, Harrison J A, Stuart S J, Ni B and Sinnott S B 2002
Journal of Physics: Condensed Matter 14 (4) 783

Tersoff J 1988 Phys. Rev. B, American Physical Society, 37 (12) 6991

doi: 10.1103 /PhysRevB.37.6991

Tersoff J 1989 Phys. Rev. B, American Physical Society, 39 (8) 5566

doi: 10.1103/PhysRevB.39.5566

Erhart P and Albe K 2005 Phys. Rev. B, American Physical Society, 71 (3) 35211
doi: 10.1103 /PhysRevB.71.035211

Lindsay L and Broido D A 2010 Phys. Rev. B, American Physical Society, 81 (20) 205441
doi: 10.1103 /PhysRevB.81.205441

Agrawal P M, Raff L M and Komanduri R 2005 Phys. Rev. B, American Physical Society,
72 (12) 125206 doi: 10.1103/PhysRevB.72.125206

Smith R 1992 Nuclear Instruments and Methods in Physics Research Section B: Beam
Interactions with Materials and Atoms 67 (1) 335 doi: 10.1016/0168-583X(92)95829-G
Sayed M, Jefferson J H, Walker A B and Cullis A G 1995 Nuclear Instruments and
Methods in Physics Research Section B: Beam Interactions with Materials and Atoms
102 (1) 218 doi: 10.1016/0168-583X(95)80144-B

Nordlund K, Nord J, Frantz J and Keinonen J 2000 Computational Materials Science 18
(3) 283 doi: 10.1016/S0927-0256(00)00107-5

Moon W H and Hwang H J 2003 Physics Letters A 315 (3) 319

doi: 10.1016,/S0375-9601(03)01039-9

Goumri-Said S, Kanoun M B, Merad A E, Merad G and Aourag H 2004 Chemical Physics
302 (1) 135 doi: 10.1016/j.chemphys.2004.03.030

Powell D, Migliorato M A and Cullis A G 2007 Phys. Rev. B, American Physical Society,
75 (11) 115202 doi: 10.1103/PhysRevB.75.115202

Winczewski S, Shaheen M Y and Rybicki J 2018 Carbon 126 (Supplement C) 165

doi: 10.1016/j.carbon.2017.10.002



Central-force decomposition of the Tersoff potential 283

[29] Powell D 2006 Elasticity, Lattice Dynamics and Parameterisation Techniques for the
Tersoff Potential Applied to Elemental and Type III-V Semiconductors, University of
Sheffield

[30] McIntosh, Douglas F. 2010 Theoretical Chemistry Accounts 125 (3) 177
doi: 10.1007/s00214-009-0575-3

[31] Hardy R J 1982 The Journal of Chemical Physics 76 (1) 622 doi: 10.1063/1.442714

[32] Murdoch A 11983 Q. J. Mech. Appl. Math. 36 163

[33] Winczewski S, Dziedzic J and Rybicki J 2016 Modelling and Simulation in Materials
Science and Engineering 24 (7) 75003

[34] Zhen Y and Chu Ch 2012 Computer Physics Communications 183 (2) 261
doi: 10.1016/j.cpc.2011.09.006

[35] Admal N C and Tadmor E B 2010 Journal of Elasticity, Springer Netherlands, 100
(1-2) 63 doi: 10.1007/s10659-010-9249-6

[36] Admal N C and Tadmor E B 2011 The Journal of Chemical Physics 134 (18) 184106
doi: 10.1063/1.3582905

[37] Yang J Z, Wu X and Li X 2012 The Journal of Chemical Physics 137 (13) 134104
doi: 10.1063/1.4755946

[38] Chen Y 2006 The Journal of Chemical Physics 124 (5) 54113 doi: 10.1063/1.2166387

[39] Fu Y and J-H Song 2014 The Journal of Chemical Physics 141 (5) 54108
doi: 10.1063/1.4891606

[40] Vanegas J M, Torres-Sanchez A and Arroyo M 2014 Journal of Chemical Theory and
Computation 10 (2) 691






